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Abstract

An important problem in principal component analysis (PCA) is the estimation of the correct number of components to retain.
PCA is most often used to reduce a set of observed variables to a new set of variables of lower dimensionality. The choice of this
dimensionality is a crucial step for the interpretation of results or subsequent analyses, because it could lead to a loss of information
(underestimation) or the introduction of random noise (overestimation). New techniques are proposed to evaluate the dimensionality
in PCA. They are based on similarity measurements, singular value decomposition and permutation procedures. A simulation study
is conducted to evaluate the relative merits of the proposed approaches. Results showed that one method based on the RV coefficient
is very accurate and seems to be more efficient than other existing approaches.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In many fields such as ecology, chemometry or economy, multivariate analyses are widely used to describe and
summarize large data sets (many variables and/or individuals) by removing any redundancy in the data. When only
quantitative variables are considered, principal component analysis (PCA, Hotelling, 1933) is a standard approach.
PCA searches for linear combinations of original variables to construct a set of new axes (principal components).
The principal components are orthogonal by construction and account for decreasing amounts of variance in the data.
Hence, PCA allows the reduction of the dimensionality (number of variables) of the data set but retains most of the
original variability of the data. Classical output of PCA consists of graphical summaries that are then interpreted for
the first few axes in order to reveal the underlying structure of a large data set. PCA is often used as a first step of data
reduction in order to replace original variables by the first few principal components in subsequent analyses.

One crucial step of PCA concerns the choice of the number of axes to be retained for interpretation and subsequent
analyses. This decision is often made according to practical considerations (e.g., two axes retained because only
two dimensions can be represented on a sheet of paper) and not statistical ones. The consequences of this choice
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are important: if the number of axes is not correctly estimated, one can introduce noise (overestimation) or loss of
information (underestimation) in the analysis. A number of approaches to estimate the dimensionality of a data table
(i.e., number of axes) have been proposed and evaluated in the literature (e.g., Jackson, 1993; Peres-Neto et al., 2005;
Ferré, 1995). Jolliffe (2002, pp. 112–132) reviews the most frequently used approaches and distinguishes three types of
rules. The first type corresponds to ad hoc rules which are intuitively plausible and work quite well in practice. The other
two types have a formal basis. Some of these approaches make distributional assumptions (the second type) that are often
unrealistic and, in practice, frequently overestimate the dimensionality. The third type corresponds to methods that do
not require distributional assumptions. These methods use computationally intensive procedures such as permutation,
cross-validation, bootstrap, or jackknife. In this paper, I will focus on the third type of methods. Recently, Peres-Neto
et al. (2005) conducted an extensive simulation study and compare the merits of 20 tests of dimensionality. They have
shown that the results of the different approaches are very sensitive to the level of correlations among the variables and
to the number of observations and variables.

In this paper, I propose a new approach to estimate the dimensionality of a data table based on the link between PCA
and the approximation of a matrix by another of lower rank (Eckart andYoung, 1936) using singular value decomposition
(SVD, Good, 1969). The similarity between a matrix and its approximation is measured, and its significance is evaluated
by a permutation procedure (i.e., computationally intensive procedure). Finally, I conduct a simulation study to evaluate
this new test of dimensionality.

2. Principal component analysis

2.1. Diagonalization of a covariance matrix

Let X be a table with the measurements of p centered variables (columns) for n individuals (rows). I consider the
covariance matrix C= (1/n)XtX. Note that if the variables in X have been standardized to mean 0 and variance 1, then
C is a correlation matrix.

PCA is based on the diagonalization of C (CA = A�), where � is a diagonal matrix (r × r) with the r non-null
eigenvalues of C (�=diag(�1, �2, . . . , �r )) sorted in decreasing order (�1 > �2 > · · · > �r > 0) and A (p × r) contains
the r associated orthonormal eigenvectors (AtA = Ir ).

2.2. Singular value decomposition

Now, I consider the SVD of X∗ = (1/
√

n)X = UDVt , where D is a diagonal matrix (r × r) with the r non-null
singular values (D = diag(d1, d2, . . . , dr )) sorted in decreasing order (d1 > d2 > · · · > dr > 0). The column vectors in
U = [u1| · · · |ur ] (n × r) and V = [v1| · · · |vr ] (p × r) are orthonormal and verify UtU = VtV = Ir . It can be easily
demonstrated that � = D2 and A = V. Hence, computation procedures involved in PCA can also be achieved through
the SVD of X. Moreover, it is well known that the SVD is intimately linked to the approximation of X by a matrix X̂m

of rank m. The best approximation of X in the sense of least squares (i.e., minimization of ‖X − X̂m‖2) is given by
(e.g., Good, 1969):

X̂m =
m∑

i=1

diuivi
t =

m∑
i=1

Xi ,

where Xi = diuivi
t . We denote the residuals:

Ri = X −
i−1∑
j=1

dj uj vj
t =

r∑
j=1

dj uj vj
t −

i−1∑
j=1

dj uj vj
t =

r∑
j=i

dj uj vj
t =

r∑
j=i

Xj .

We can then rewrite X:

X = R1 = X1 + R2 = X1 + X2 + R3 =
i∑

j=1

Xj + Ri+1.
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Using these results, the test of dimensionality in PCA can be restated as a problem of approximation of X: Does the
addition of an element Xi introduce relevant information or random noise? In other words, is X̂i a significantly better
approximation than X̂i−1? Using this point of view, I propose a new methodology to answer this question based on the
measurement of the similarity between two matrices.

3. Measuring the similarity between two matrices

Let Y1 (n × p) and Y2 (n × q) be two matrices corresponding to two sets of observation made on the same
n individuals. Let �(Y1) and �(Y2) be two associated configurations in Rp and Rq , respectively. I assume that all
variables have been centered to mean 0.

The RV coefficient (Escoufier, 1973; Robert and Escoufier, 1976) is a measurement of the closeness between the
two configurations �(Y1) and �(Y2) and is defined by:

RV(Y1, Y2) = tr(Y1Y1
tY2Y2

t)√
tr(Y1

tY1Y1
tY1)tr(Y2

tY2Y2
tY2)

.

The numerator of the RV coefficient corresponds to the co-inertia criterion (Dray et al., 2003a), which is a measurement
of the link between the two tables Y1 and Y2:

COI(Y1, Y2) = tr(Y1Y1
tY2Y2

t) = tr(Y1
tY2Y2

tY1).

Another measurement of similarity is given by Gower (1971) and Lingoes and Schönemann (1974):

RLS(Y1, Y2) = tr((Y1
tY2Y2

tY1)
1/2)√

tr(Y1
tY1)tr(Y2

tY2)
.

Peres-Neto and Jackson (2001) showed that a testing procedure based on RLS is as powerful or more powerful than
the usual Mantel test (Mantel, 1967). Some elements of comparison between these three measurements can be found
in Dray et al. (2003b). Note that RLS and RV coefficients are “scaled” so that they vary between 0 and 1.

4. Test of dimensionality in PCA

4.1. The RVDIM, COIDIM and RLSDIM statistics

In order to know if an element Xi adds relevant information to the decomposition X̂i−1 of rank i −1, I propose to use
the RV, COI and RLS coefficients. The test proposed, for the ith dimension, is based on the similarity between Xi and
Ri . The configuration �(Xi ) corresponds to the representation of the individuals in the unidimensional space formed
by the ith principal axis, while �(Ri ) is the configuration of individuals in the (r − i + 1)-dimensional space formed by
the last (r − i + 1) principal axes. If the ith dimension adds relevant information, the two configurations are close and
their similarity can be measured by the RV, COI or RLS coefficient. If the RV coefficient is used, the corresponding
RVDIM statistic is defined by

RVDIM(i) = RV(Xi , Ri ) = tr(Xi
tRiRi

tXi )√
tr(Xi

tXiXi
tXi )tr(Ri

tRiRi
tRi )

.

After some matrix manipulations, RVDIM can be rewritten:

RVDIM(i) = RV(Xi , Ri ) = di
4√

di
4

r∑
j=i

dj
4

= �i
2

�i

√
r∑

j=i

�j
2

= �i√
r∑

j=i

�j
2

.
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For the COI and RLS coefficients, the corresponding COIDIM and RLSDIM statistics are

COIDIM(i) = COI(Xi , Ri ) = tr(Xi
tRiRi

tXi ) = �i
2

and

RLSDIM(i) = RLS(Xi , Ri ) = tr((Xi
tRiRi

tXi )
1/2)√

tr(Xi
tXi )tr(Ri

tRi )
=

√
�i√

r∑
j=i

�j

.

4.2. Testing procedure

I propose two randomization procedures to test the significance of the RVDIM, COIDIM and RLSDIM coefficients.
I present the procedures only for the RVDIM statistic but it is strictly equivalent for COIDIM and RLSDIM. The first
procedure is based on the permutation of values within each column of the original table X. The complete procedure
consists of:

(1) Perform the SVD of X.
(2) Compute the observed values of RVDIM(i) for each axis i.
(3) Repeat a large number of times (e.g., 999 times):

(3.1) Randomize the values within each column of X.
(3.2) Perform the SVD of the permuted matrix.
(3.3) Compute RVDIM(i) for each axis i of the permuted matrix.

(4) Estimate the p-value pi for the ith axis (e.g., (number of random values equal to or larger than the observed
+1)/1000). Note that the observed value is included as one of the possible values of the randomization procedure.

(5) Choose a significance level �i for the ith axis. The procedure is defined by keeping the axes 1, . . . , i where pi < �i

and pi+1 > �i+1. If p1 > �1, then no axes are retained.

The decomposition of X on the ith axis (Xi) corresponds to the first order decomposition of Ri . Hence, it is equivalent
to test the ith dimension of X or the first dimension of Ri . The second randomization procedure is based on this
equivalence. The test of the ith dimension is achieved by permuting within each column of Ri , while the previous
randomization is based on the permutations of the values of the original table. The complete procedure consists of:

(1) Perform the SVD of X.
(2) Compute the observed values of RVDIM(i) for each axis i.
(3) For each dimension i (1� i�r), repeat a large number of times (e.g., 999 times):

(3.1) Randomize the values within each column of Ri .
(3.2) Perform the SVD of the permuted matrix.
(3.3) Compute RVDIM(1) for the first axis of the permuted matrix.

(4) Estimate the p-value pi for the ith axis (e.g., (number of random values equal to or larger than the observed
+1)/1000). Note that the observed value is included as one of the possible values of the randomization procedure.

(5) Choose a significance level �i for the ith axis. The procedure is defined by keeping the axes 1, . . . , i where pi < �i

and pi+1 > �i+1. If p1 > �1, then no axes are retained.

For both randomization procedures, one can choose a significance level of �=�i =0.05. In order to control the increase
in Type I error due to multiple testing, a correction can be used. For instance, one can adjust the significance levels �i

using the sequential Bonferroni procedure (Holm, 1979). The adjusted significance levels are then �i = �/i.
It should be noticed that the permutation procedure (permute values within each column) breaks the links between

the variables but does not modify the structure of each variable. Hence, the procedure is only designed to test for
the dimensionality that is due to the correlations between variables but not the part that could be related to their
variances. The proposed test can then be used for PCA on correlation matrices, but it is not suitable for covariance
matrices.
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5. Simulation study

I have conducted a simulation study to evaluate the performance of the testing procedures based on RVDIM, COIDIM,
and RLSDIM. I also included the classical procedure based on the eigenvalues (LBD), which has been also evaluated
in Peres-Neto et al. (2005). The protocol is the same as the one used by Peres-Neto et al. (2005). I briefly present this
protocol. For more details, the reader should consult Peres-Neto et al. (2005). I considered either 9 or 18 variables.
Various scenarios have been considered using 18 structures of correlation matrices where between-groups (0.5, 0.3,
0.2, 0.1, or 0) and within-groups (0.8, 0.5 or 0.3) correlations of variables were fixed (Fig. 1). Sample sizes have been

1 (3) 2 (3) 3 (3) 4 (3) 5 (3) 6 (3)

7 (3) 8 (3) 9 (3) 10 (2) 11 (2) 12 (1)

13 (1) 14 (1) 15 (1) 16 (1) 17 (1) 18 (0)

1 (3) 2 (3) 3 (3) 4 (3) 5 (3) 6 (3)

7 (3) 8 (3) 9 (3) 10 (2) 11 (2) 12 (1)

13 (1) 14 (1) 15 (1) 16 (1) 17 (1) 18 (0)

0 0.1 0.2 0.3 0.5 0.8 1

Fig. 1. The 18 correlation matrices considered in the simulation study (9 variables above, 18 variables below).Values of the correlations are represented
by the grayscale. Numbers in parentheses correspond to the known dimensionality.
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Table 1
Results for the first (-1) and the second (-2) permutation procedures without or with the sequential Bonferroni adjustment (B-)

Procedures 9 variables 18 variables

Normal Exponential Exponential3 Normal Exponential Exponential3

n = 30 n = 50 n = 30 n = 50 n = 30 n = 50 n = 60 n = 100 n = 60 n = 100 n = 60 n = 100

COIDIM-1a 0.757 0.534 0.766 0.539 0.829 0.630 0.179 0.079 0.181 0.086 0.288 0.214
RVDIM-1 0.940 1.254 1.079 1.470 1.981 2.540 2.511 3.613 2.914 4.243 6.484 8.193
RLSDIM-1 1.183 1.572 1.403 1.867 2.498 3.051 3.472 4.294 4.038 5.112 8.246 9.475
B-COIDIM-1b 0.795 0.566 0.803 0.571 0.871 0.666 0.191 0.083 0.192 0.089 0.286 0.203
B-RVDIM-1 0.683 0.869 0.801 1.011 1.457 1.776 1.589 2.767 1.872 3.118 4.555 6.148
B-RLSDIM-1 0.838 1.172 0.996 1.354 1.830 2.233 2.592 3.485 2.938 3.982 6.201 7.462
COIDIM-2c 2.182 2.840 2.219 2.865 1.854 2.185 2.403 4.544 2.633 4.912 1.570 2.372
RVDIM-2 0.719 0.628 0.776 0.703 1.050 0.909 0.157 0.213 0.172 0.246 0.328 0.330
B-COIDIM-2d 1.443 2.202 1.515 2.264 1.312 1.424 0.597 1.871 0.701 2.179 0.470 0.579
B-RVDIM-2 0.681 0.442 0.723 0.488 1.041 0.819 0.076 0.068 0.085 0.082 0.271 0.201

Values of the average absolute difference between the known dimensionality and the result of the tests are presented according to number of variables,
sample size and distribution type. Values in bold indicate the best procedure for each scenario.

aSame results for LBD-1.
bSame results for B-LBD-1.
cSame results for RLSDIM-2 and LBD-2.
dSame results for B-RLSDIM-2 and B-LBD-2.

set to 30 and 50 observations (9 variables) and 60 and 100 observations (18 variables). For each scenario, I generated
1000 samples following the normal, exponential and exponential3 distributions. The two testing procedures have been
used with 3999 permutations and � = 0.05 while Peres-Neto et al. (2005) used only 999 permutations.

The efficiency of each method was evaluated by computing the absolute difference between the known dimensionality
and the estimated number of axes. Averages of these absolute differences over the 1000 samples for the 18 correlation
matrices are presented in Table 1. These values produce a measure of the overall quality of the different methods but
give no indication of the eventual tendency of an approach to underestimate or overestimate the number of principal
components. The procedure based on the RVDIM statistic using the second testing procedure with the Bonferroni
adjustment (B-RVDIM-2) is the most efficient one. It produces the best results for 10 out of 12 scenarios, and its
average absolute difference is always less than one component except for one case. In the case of correlation matrices
with 18 variables, the results become very accurate for B-RVDIM-2. It is noticeable that for some cases (e.g., RVDIM-1,
RLSDIM-1, COIDIM-2, LBD-2), results become worse when the number of observations and/or the number of variables
increases. This result could appear quite surprising, however, it reflects the fact that the second permutation procedure
is more suitable when the statistic is “scaled” (RLS, RV) while the first permutation procedure is not adapted for these
cases. Lastly, it could seem surprising that for some statistics (e.g., COIDIM) results are worse with the Bonferroni-
corrected procedure (e.g., COIDIM-1 versus B-COIDIM-1). The Bonferroni adjustment aims to reduce Type I error
by using a smaller significance level for each axis (except for the first one). This choice implies that the number of
significant axes as well as the estimated dimensionality will be smaller. Results, not presented in this paper, show that
the classical procedure (COIDIM-1) tends to underestimate the true dimensionality. Then, the sequential Bonferroni
correction (B-COIDIM-1) would increase this underestimation, and this explains why the procedure produces worse
results.

Detailed results for the B-RVDIM-2 procedure are presented in Tables 2 and 3 for normally distributed samples.
For each correlation matrix, we calculated the percentage of deviations between the result of the testing procedure
B-RVDIM-2 and the known dimensionality.

The method is very precise for uniform matrices (matrices 15–17) and uncorrelated data (18). For samples with 50
observations (9 variables), the method is quite efficient for non-uniform matrices when between-groups correlations are
greater than 0.3 (percentage of correct assessments varies between 50.3% and 97.9% for matrices 1–5,12–13). When
between-groups correlations are equal to 0.3, the dimensionality is often underestimated. The results are very accurate
for samples of 100 observations (18 variables). In this case, the percentage of correct assessments varies between 84.8%
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Table 2
Percentage of deviations between the result of the testing procedure B-RVDIM-2 and the known dimensionality

Matrix 9 variables (n = 30) 9 variables (n = 50)

�3 −2 −1 0 1 2 �3 �3 −2 −1 0 1 2 �3

1 3.7 0.4 80.3 13.5 1.7 0.4 0.2 77.7 18.7 2.4 1.0
2 7.3 0.7 79.6 10.7 1.4 0.3 0.2 80.9 15.5 2.5 0.9
3 7.0 6.6 73.5 11.3 1.4 0.2 0.3 0.6 81.0 15.2 2.2 0.7
4 9.9 26.0 33.7 28.8 1.4 0.2 5.9 16.7 68.0 8.0 0.7 0.7
5 1.6 42.0 38.4 16.7 1.1 0.2 14.4 29.2 50.3 5.5 0.6
6 45.9 42.8 10.3 1.0 18.9 45.4 29.4 6.0 0.3
7 25.1 59.1 12.4 2.7 0.4 0.3 2.6 66.1 17.4 7.1 1.9 4.9
8 21.3 64.0 12.0 2.0 0.6 0.1 3.0 68.4 17.4 5.3 1.7 4.2
9 1.7 33.2 39.8 23.4 1.4 0.4 0.1 6.5 30.1 54.2 5.2 1.2 2.8

10 0.5 34.6 63.1 1.8 8.1 91.0 0.8 0.1
11 41.5 49.5 8.9 0.1 7.4 55.7 36.0 0.6 0.3
12 0.2 96.3 3.4 0.1 97.9 2.1
13 38.9 59.6 1.5 8.0 89.1 2.9
14 80.8 18.7 0.5 61.2 38.3 0.5
15 94.1 5.8 0.1 92.6 7.2 0.2
16 95.6 4.2 0.2 95.6 4.2 0.2
17 1.4 94.4 3.9 0.3 94.2 5.7 0.1
18 95.0 5.0 93.7 6.2 0.1

Results are presented for each correlation matrix based on normally distributed samples for 9 variables (30 and 50 observations). Differences of
zero indicate perfect assessment.

Table 3
Percentage of deviations between the result of the testing procedure B-RVDIM-2 and the known dimensionality

Matrix 18 variables (n = 60) 18 variables (n = 100)

�3 −2 −1 0 1 2 �3 �3 −2 −1 0 1 2 �3

1 92.6 7.3 0.1 91.4 8.2 0.4
2 92.6 7.0 0.4 91.3 8.3 0.4
3 92.9 6.1 1.0 91.6 8.2 0.2
4 93.8 6.1 0.1 92.3 7.4 0.3
5 1.2 93.8 4.7 0.3 93.8 5.8 0.3 0.1
6 1.3 18.7 77.1 2.9 1.0 96.5 2.4 0.1
7 5.4 87.3 6.2 1.1 0.1 84.8 10.1 3.6 1.4
8 12.6 81.2 4.7 1.3 0.2 0.7 85.9 9.9 1.8 1.7
9 0.2 95.4 4.1 0.3 93.6 5.9 0.4 0.1

10 98.7 1.3 98.6 1.4
11 2.9 94.6 2.5 98.3 1.7
12 96.1 3.9 97.0 3.0
13 95.8 4.1 0.1 97.9 2.1
14 4.2 93.3 2.5 98.4 1.6
15 96.5 3.4 0.1 95.8 4.2
16 97.4 2.6 95.2 4.7 0.1
17 95.9 4.1 95.7 4.2 0.1
18 94.0 6.0 95.8 4.2

Results are presented for each correlation matrix based on normally distributed samples for 18 variables (60 and 100 observations). Differences of
zero indicate perfect assessment.

and 98.6% for the 18 correlation matrices and the majority of errors consists of an overestimation of the dimensionality.
Results in Table 1 suggest that the accuracy of the B-RVDIM-2 procedure is more sensitive to the number of variables
than to the number of individuals. For 18 variables, the results did not vary much with the number of observations
(Table 3). For 9 variables, results are slightly better for a higher number of observations (Table 2).
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Table 4
Pollution data: values of the four statistics and p-values obtained with 9999 permutations for the first (p1) and the second (p2) permutation procedures

Axis 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

LBD 4.611 3.096 2.506 1.334 1.227 0.787 0.704 0.435 0.263 0.200 0.178 0.129 0.112 0.082 0.050 0.020
p1 0.0001 0.0001 0.0001 0.9037 0.8365 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
p2 0.0001 0.0001 0.0001 0.0002 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

COI 21.266 9.584 6.278 1.779 1.506 0.620 0.495 0.189 0.069 0.040 0.032 0.017 0.013 0.007 0.002 0.000
p1 0.0001 0.0001 0.0001 0.9037 0.8365 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
p2 0.0001 0.0001 0.0001 0.0002 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

RV 0.712 0.682 0.754 0.611 0.710 0.646 0.757 0.716 0.621 0.602 0.670 0.656 0.753 0.836 0.927 1.000
p1 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0042 0.0001 0.0169 0.0009 0.0001 0.0003 0.8145
p2 0.0001 0.0001 0.0001 0.1736 0.0941 0.0005 0.0001 0.0001 0.0040 0.2268 0.0002 0.0009 0.0001 0.0001 0.0001 0.0001

RLS 0.541 0.528 0.559 0.492 0.541 0.516 0.569 0.544 0.504 0.509 0.558 0.573 0.651 0.734 0.844 1.000
p1 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0002 0.0001 0.0020 0.0002 0.0001 0.0003 1.0000
p2 0.0001 0.0001 0.0001 0.0002 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

Bold values indicate the dimension retained with the sequential Bonferroni adjustment, while italic values correspond to the dimension retained
without adjustment.

Here, the results have been evaluated in terms of the estimation of the number of components. Tables 2 and 3 can
also be used to evaluate the testing procedure in a more traditional way. Overestimation corresponds to cases where
the null hypothesis was true and was rejected (i.e., Type I error). On the contrary, underestimation corresponds to cases
where the null hypothesis was false and has not been rejected (i.e., Type II error). In this context, results in Tables 2
and 3 show that the testing procedure has correct Type I error in most cases, but it is too liberal for matrices with 3
dimensions and especially for samples with 50 observations (even if the sequential Bonferroni correction is used). For
these cases, estimations could be improved by reducing the significance level (�). As said before, Type II error was quite
high when correlations are equal to 0.3, but it decreases when the number of variables and individuals increases. If one
wants to reduce underestimation, a higher value for the significance level can be chosen. However, it must be noticed
that increasing � would also increase the proportion of false positives (i.e., overestimation). The effect of sample size
can also be evaluated. Increasing the number of observations produces a higher power. Hence, for a given correlation
structure, underestimation is always higher for a smaller number of observations.

Relative merits of the B-RVDIM-2 procedure can be compared to those of other approaches described in Peres-Neto
et al. (2005) since I use the same protocol for the simulation study. However, it must be noticed that I use 3999
permutations for the testing procedures while Peres-Neto et al. (2005) used only 999 permutations. Results for the
LBD-1 procedure (which has been used by Peres-Neto et al., 2005) are very consistent between the two papers,
except for the exponential3 distribution. This unexplained difference is quite important and I decided to exclude the
exponential3 distribution for comparison purposes. The global accuracy of the method can be assessed by averaging
among all scenarios (except the exponential3 distribution) of the values presented in Table 1. This average value is
equal to 0.390 for LBD-1 (0.396 in Peres-Neto et al., 2005). Among all the methods evaluated in the two papers, the
B-RVDIM-2 procedure produces the best results with an average value of 0.331.

6. Example

I illustrate the use of the different procedures on a real data set. I consider the data of McDonald and Schwing (1973),
assembled to study air pollution, which are available at http://lib.stat.cmu.edu/datasets/pollution and have been used
by Besse (1992) and Besse and de Falguerolles (1993) in the context of evaluation of dimensionality in PCA. Sixteen
variables were measured for 60 areas in the USA and three of them (HC, NOx , SO2) were log transformed. I used
PCA on a correlation matrix (i.e., variables were centered and scaled to unit variance) and applied the different testing
procedures with 9999 permutations. The screeplot (Table 4) and procedures proposed by Besse and de Falguerolles
(1993) suggests three dimensions. This is confirmed by six procedures (RVDIM-2, COIDIM-1, LBD-1, B-RVDIM-2,
B-COIDIM-1, B-LBD-1). For the 10 other procedures, the estimated dimensionality varies between 11 and 16.

http://lib.stat.cmu.edu/datasets/pollution
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7. Discussion and conclusions

Results obtained with the B-RVDIM-2 procedure are very promising. Simulation results showed that B-RVDIM-2
tends to underestimate the dimensionality in the case of low correlation structures (scenarios with 9 variables). When
the number of variables associated with each component increases (scenarios with 18 variables), the method is very
accurate (percentage of correct assessments varies between 84.8% and 98.6%) with a small tendency to overestimation
which corresponds to Type I error. This leads to the inclusion and the interpretation of random noise. Fava and Velicer
(1992) showed that consequences of overestimation are more problematic in cases of low correlation structures and
small sample sizes. In this context, results obtained by the B-RVDIM-2 procedure are quite satisfactory, because it
tends to underestimate the number of components with low correlations and small sample size. All of these results
have been obtained by a simulation study, which is the only way to test and to compare the methods (Ferré, 1995,
p. 670). Joliffe (2002, p. 130) stated that simulation of multivariate data sets can always be criticized as unrepresentative,
because they can never explore more than a tiny fraction of the vast range of possible correlations and covariance
structures. Like other simulation studies, this work suffers from this problem, and it must be stated that the hypothetical
superiority of the B-RVDIM-2 procedure cannot be extended into a more general context than the one presented in
this paper.

The approach proposed is a computationally intensive procedure. For the first testing procedure, np SVDs must be
performed while the second one requires np · na SVDs where np is the number of permutations and na the number of
tested dimensions. Moreover, the use of the Bonferroni correction implies a test where �i = �/i, and a great number
of permutations could be required to have enough precision to properly test a principal component for large i. I have
implemented an R function which calls C code and LAPACK Fortran routines. The test of the 20 axes of a 500 by
20 table using the B-RVDIM-2 procedure with 999 permutations requires 36.34 s on a desktop computer with an
Intel Pentium-4 3.00 GHz processor (R version 2.4.0 on a Debian distribution). In order to reduce the computation
time of the second procedure, one can define a reduced number of tested dimensions. Looking at the screeplot and/or
using the testing procedure with less permutations could help to choose this number. When the number of individuals
(respectively, variables) is much larger than the number of variables (respectively, individuals), SVD can be very time
consuming. In order to speed up this step, one can use eigendecomposition in the smaller dimension and matrices
multiplications to compute eigenvalues and matrix approximations instead of SVD.

For the two procedures, the estimated dimensionality is determined by the number of subsequent significant tests.
In some cases, this approach can be problematic. For instance, if there is a set of nearly equal eigenvalues that are
well-separated from all other eigenvalues, the associated subspace is well-defined and stable. However, individual
components are unstable and the procedure, which tests components one by one, could miss important information. In
this case, it would be more suitable to test the subspace induced by these components rather than individual components.
The procedure would also be inefficient if a random component has been permuted with a relevant one. In this case, the
test of the random component would be non-significant and the relevant one could not be selected even if its associated
test is highly significant. This is due to the procedure of estimation of the dimensionality which does not authorize the
selection of the subspace associated with the first k components if one of the first k − 1 components is not significant.
In this context, it is useful to study the stability of the subspace associated with the selected components. Several
approaches have been proposed for measuring the stability of components. For instance, Daudin et al. (1988) used
the bootstrap method and a stability measure that is equivalent to the RV coefficient. Besse (1992) and Besse and de
Falguerolles (1993) proposed another measure of stability and gave an asymptotic jackknife approximation. Sinha and
Buchanan (1995) presented another approach and recommended that their measure be used in conjunction with some
ad hoc rules (e.g., elbow in the screeplot) to determine the interpretability of principal components. I agree that the
stability of components is an important criterion which must be considered for dimensionality estimation. However,
most approaches devoted to evaluating the stability of principal components do not contain a statistical procedure to
evaluate the dimensionality and require a pragmatic step for this task (e.g., visual comparison of boxplots in Besse
and de Falguerolles, 1993). The use of the B-RVDIM-2 procedure in conjunction with a stability measurement could
provide an efficient way to estimate the dimensionality. Further work is required to evaluate whether the RVDIM
statistic could be used for this task.

The objective of this paper was to provide a new point of view for testing the dimensionality in PCA. The simultaneous
use of similarity measurements, SVD and randomization procedures offers new perspectives on this problem. The
coefficients proposed are quite simple to compute, as they are functions of eigenvalues. Moreover, its use is facilitated
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by the implementation of the complete procedure as a function of the R package ade4 (Chessel et al., 2004). The
use of similarity measurements could be used to evaluate the dimensionality in other multivariate methods. Numerous
techniques such as correspondence analysis (Benzécri, 1969), multiple correspondence analysis (Tenenhaus andYoung,
1985) or coupling techniques such as co-inertia analysis (Dolédec and Chessel, 1994; Dray et al., 2003a), redundancy
analysis (van den Wollenberg, 1977) or canonical correlation analysis (Hotelling, 1936) are based on the SVD of a
product of matrices. Further works are needed to develop randomization procedures adapted to these other multivariate
methods.
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