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M. Rattray Université de Manchester examinateur
J.-P. Vert Mines ParisTech rapporteur





Introductory acknowledgements

I (scientifically) grew up in Paris, being (well?) educated by a circle of brilliant statisticians who
were working on sequence analysis, motifs exceptionality, and then microarrays. At that time,
computers were invading biology wet-lab benches, and our colleagues were getting nervous about
not being able to keep and analyze their data on their own. I worked on the modelling of copy-
number data that had just come out. We proposed a method to detect chromosomal abnormalities
using change-points in Gaussian series that were 2,500 point long for the whole genome. The first
part of this presentation will end up with projects involving high-density microarray data that are
500,000 long, and that are available for thousands of patients, illustrating the flood of genomic
data we have faced the past years. I defended my PhD in 2005 (date from which this manuscript
begins), and then started a postdoc, in the Statistics & Genome Lab of Evry (I would like to thank
here B. Prum for welcoming me during these two years). We kept on working on copy-number
analysis and generalized our approach to the multisample case, as more and more studies were go-
ing clinical. Multiple change-point models were still at the core of these works, and surprisingly,
our approaches were also of interest for other scientists working on climate change detection, as I
will explain later. During my postdoc (2005-2007), I also started working on a new project on bio-
logical networks. “Complexity” and “networks” were undoubtedly among the fanciest (scientific)
keywords at that time, and I must confess, I succumbed. I learned many things working on random
graphs, and I am very grateful to S. Robin & J.-J. Daudin, my former PhD advisors for inviting me
to join them on the MixNet project, which will be the subject of the second part of this manuscript.
This part will be complemented by recent projects on networks that involve my eternal office-mate,
V. Miele, and also V. Viallon and S. Lambert-Lacroix, who introduced me to penalized estimation
and to the “lasso” (that is a technical term, despite what non-initiated ones might think).

In 2007 I had the unique chance to get a permanent position from the Centre National de la
Recherche Scientifique (CNRS), and I went to the laboratoire de biométrie et biologie évolutive
(LBBE) in Lyon were I am currently doing my research. I would like to thank the group leaders
who welcomed me, M.-F. Sagot and M. Gouy, and most importantly D. Mouchiroud as the leader
of this incredible lab, for her constant support and encouragements. Among the infinite number
of exciting questions that were possible to tackle, I chose what I thought would be an “easy” one,
which is the study of the inter-individual variability of copy-number data. Then I realized that
multiple change-point models would not be the most appropriate to tackle this issue: they are very
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efficient in detecting breakpoints but the associated models are highly irregular and do not handle
the whole signal as a series on which such statistical questions could be easily addressed. Thanks
to the proximity with my shadow advisor1 A. Antoniadis, I got involved in functional data analysis,
and I started to consider copy-number studies as high-dimensional longitudinal analysis, with the
genome being the observation grid. We started a collaboration with S. Lambert-Lacroix on func-
tional mixed models and curve clustering, and we co-supervised our first graduate student on the
subject (2009-2013). The question of functional inter-individual variations has been much more
complex than I thought, and Part 1 ends with current projects on the subject.

As the LBBE is a real Biology lab (contrary to the other labs I worked in), I quickly got involved
in next-generation sequencing data analysis which has become inevitable nowadays. Thanks to the
request of my dearest colleagues L. Duret and M.-N. Prioleau we started working on the “replica-
tion” project. This sequence will be the subject of Part 3, and I must say that this project has been
one of the most inspiring and exciting to work on. I quickly realized that clever computational
biologists like L. Duret usually do not need complicated statistics to answer their questions. It was
cruel to me, but I learnt to focus my energy on questions that could not be answered by simple
statistics, such as the differential analysis of peak-like data or the modelling of interacting epige-
netic marks along the genome. The last chapters of this manuscript will be dedicated to these new
projects. They deal with the modelling of NGS data by either multivariate analysis, point processes
or functional models for counts, with A.-L. Fougères, G. Marais, P. Reynaud-Bouret, V. Rivoirard
and E. Roquain as my new research-mates.

This manuscript is the result of all those wanders in the field of statistical modelling. Every-
thing that will be written in this document can be hold against me, since I have this incredible
chance of conducting my research with no constraint. It is just a snapshot on the 2005-2014 period
which resulted in the creation of a new group “Statistics in high dimension for genomics” with
the adventurous L. Jacob who recently joined the lab, and whom I thank for having defended this
project with me. The “snapshot” also involves that the presented research projects are still ongoing
and I am still learning things and (I hope) still making progress on the long path of multidisci-
plinary research and applied statistics. I am very grateful to the members of my jury who accepted
to review and comment this work. It is the result of all these collaborations I mentioned above,
scientific and personal encounters, and of the involvement of the students I worked with (I. Bardet,
G. Durif, M. Giacofci, S. Ivanoff, F. Mifsud, L. Modolo, A. Muyle) whom I would like to thank
for their contributions and patience, and for letting me teach them some things.

?

1I have had other shadow advisors whom I would like to thank also, S. Robin of course, A. Bar-Hen, and C. Gautier.
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Chapter 1

Joint segmentation for copy number
profiles

Cancer bioinformatics has received enormous attention in the past ten years, and studying the struc-
ture of cancer genomes has been a productive research direction. Linking chromosomal aberrations
and cancer is far from new: oncogenes and tumour suppressor genes are known to be frequently
amplified or deleted, leading to DNA copy imbalances. In the late 1990s the microarray CGH
technology has allowed the investigation of copy number changes at the genome scale in one ex-
periment [112]. To date statistical efforts have mainly focused on the recovery of the segmental
structure by segmentation and the unknown discrete copy number values from the raw data with a
“calling” step, at the single sample level. During my PhD (2002-2005) we worked on the applica-
tion of change-point models to the analysis of array CGH data. Briefly, we proposed to model the
array CGH signal by a Gaussian process organized at different positions along the genome, such
that when a deletion or an amplification is present, the signal is supposed to jump abruptly from a
segment to another. In this model, each segment represents a portion on the genome on which the
model has detected no change, but the number, position and level values of segments are unknown.
We first proposed the application of a Dynamic Programming algorithm to the search of breaks
position, and to compare different model selection criteria to select the number of segments [93].
In a second step, we enriched the model by supposing that all segments corresponding to a similar
copy number, or “state” (such as amplified once, or deleted twice), were sharing the same level
on average, which resulted in what is called a “calling” step, since this model calls the segments
into a finite number of states [94]. More than 30 methods have been published on the subject,
and reviews concerning array CGH data analysis are now available [89, 121]. The proposed statis-
tical frameworks range from breakpoint detection [88, 93, 97], to smoothing [63, 15] and hidden
Markov models [76, 113]. Existing methods have already been compared, and one consistent result
is that segmentation methods perform best for the analysis of array CGH data [72, 126].

As the array CGH technology has become more popular, biologists now face the problem of
analysing profiles associated with several patients simultaneously. Even though breakpoint detec-
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tion can easily be achieved at the single patient level, new modelling and computational challenges
arise at the multi-patient level. Many questions need to be addressed such as the joint analysis of
chromosomal alterations for a set of profiles [95, 120], the detection of recurrent alterations within
this set [102, 107, 105, 101] and the clustering of patients according to their CGH profile [124, 74].
In this chapter, we present our main results [FP10, FP9, FP12, 121], concerning joint analysis issue
that we addressed in three main points.

(i) The efficiency of the segmentation approach is based on the use of Dynamic Programming
(DP) [93]. However, a drawback of this algorithm is its complexity in O(Kn2), with n being the
length of the signal and K the number of segments. Consequently, segmenting multiple profiles
raises a major computational issue. In Picard et al. (2011) [FP10] we propose a trick to use DP on
multiple profiles, whose complexity is reduced thanks to a second layer of DP. In a further work
[FP12] we investigated other computational issues, by using parallel programming to deal with the
multisample issue, and linearized dynamic programming to analyze high density array signals.

(ii) The calling step consists in the assignment of copy number values to probes to determine
which probes are in the “deleted”, “amplified” or “normal” state for instance. One limitation of
pure segmentation methods is that they do not give information about the copy number values.
‘Merging’ steps have been proposed to cluster segments into groups of homogeneous copy number
values. These strategies are based on statistical tests [126] or on clustering [122, 94]. This down-
stream step was shown to be of ‘paramount importance’ when using segmentation for array CGH
[126]. But the merging step only constitutes a second-stage procedure, whereas segmentation can
also learn from the calling step in a unified model to gain in power in the detection of breaks that
correspond to changes in copy number values [94]. Considering multiple profiles gives the oppor-
tunity to perform global calling for the whole dataset, since the average signal associated to each
copy number change is likely to be common across profiles.

(iii) By normalization we refer to a step that removes or accounts for possible artefacts of
the aCGH technology. Performing a joint analysis constitutes an opportunity to correct for this
bias which is shared by all signals measured on the same type of arrays. The origins of this bias
is unclear, but a consensus exists on its link with GC content [26, 95]. It can be viewed as a
heterogeneity between hybridization intensities that would be observed even when dealing with
DNA without aberration. When considering one profile only, correcting this bias is dangerous,
since there exists an aliasing between copy number changes and wavy patterns. Consequently,
this correction may be suitable for single profiles, but not for cancer profiles for which aberrations
could be smoothed as well. When considering multiple profiles, a calibration set can be used to
estimate this wave bias and to remove it from the data [120]. However, when no calibration set is
available this bias can be modelled for by adding a correction term within the segmentation model.

In Picard et al. (2011) [FP10] we proposed a unified statistical framework to correct for those
effects. The model we proposed can be viewed as a generalization of existing strategies [95, 120]
by the integration of the calling method within the segmentation model. We also proposed a general
normalization strategy that may include probe-specific bias correction or account for any exoge-
nous covariate such as GC-content.



1.1 Multiple change points for joint segmentation

Notations for segmentation models In the following chapter, Yi(t) will denote the log-ratio
measured at position t for patient i, each position stands for a probe on the array and thus we
consider that t is discrete with t = 1, . . . , ni. Yi will denote the single profile for patient i =
1, . . . I of size ni. Then we suppose that the mean of profile Yi is subject to ki − 1 abrupt changes
at breakpoints {tik} (with convention ti0 = 0 and tiki = ni) and is constant between two breakpoints
within the interval ]tik−1, t

i
k]. In the following we denote by K =

∑I
i ki the total number of

segments across profiles, and N =
∑I

i ni the total number of observations. Thus we consider the
following model:

∀t ∈]tik−1, t
i
k], Yi(t) = µik + Ei(t),

where Ei(t) stands for a Gaussian white noise with variance σ2. In order to use the matricial
formulation of linear models, we introduce notations BlockIi=1 [Ai] the diagonal block matrix with
Ai the ith diagonal block, and 1In the column vector filled with n ones. Then we consider the [N×
K]-incidence matrix of breakpoints denoted by T = BlockIi=1 [Ti] with Ti = Blockkik=1

[
1Inik

]
of

size [ni × ki] being the incidence matrix of breakpoints in profile i, and with nik = tik − tik−1 + 1
being the length of segment k for profile i. We also introduce notation µ = [µik] (of size [K × 1]).
Then our model is Y = Tµ + E, where Y ([N × 1]) stands for the observed data, and where E
is centered Gaussian vector with diagonal covariance matrix σ2I. Further work (posterior to this
project) generalized this framework to Poisson and Negative Binomial models [34].

Using Dynamic Programming for joint segmentation The main challenge of the multiple sam-
ples strategy is to find the best global segmentation according to the maximum likelihood criterion
[93]. For this purpose Dynamic Programming is the computational key ingredient. However, the
question of computational efficiency is asked when considering I joint profiles because DP com-
plexity is quadratic with the size of the data. We propose a computational trick to reduce this
burden when segmenting multiple profiles. The minimization problem reduces to finding {T̂, µ̂}
such that:

{T̂, µ̂} = argmin
{T,µ}

RSSK(T,µ),

with RSSK(T,µ) the residual sum of squares of a segmentation model with K segments such
that:

RSSK(T,µ) = ‖Y −Tµ‖2 =

I∑
i=1

RSSiki(Ti,µi)

=

I∑
i=1

ki∑
k=1

∑
t∈]tik−1,t

i
k]

(Yi(t)− µki)2.



When dealing with multiple profiles this minimization must be done under an additional constraint
which is :

∑
i ki = K. The computational trick we propose is based on the following breakdown:

min
{T,µ}

RSSK(T,µ) = min
k1+...+kI=K

{
I∑
i=1

min
Ti,µi

RSSiki(Ti,µi)

}
.

Since the RSS is additive according to the patients and to the number of segments, we propose
a double stage Dynamic Programming to solve this optimization problem. Let us introduce a new
notation to explain the core of the algorithm, and denote by T̂i(ki) the set of optimal breaks with
ki segments for profile i.

Stage-1 The first step consists in finding all optimal breakpoints for each profile for ki = 1, . . . , kmax

segments: T̂i(ki). This step is done using classical Dynamic Programming.

Stage-2 The second step consists in the allocation of the optimal number of segments to each
profile. We aim at determining the optimal sequence k̂1, . . . , k̂I , such that

∑
i k̂i = K for a

given K. We denote by RSSK(T̂1(k1), . . . , T̂
I(kI)) the total sum of squares for a model with

K segments spread over I profiles, each having ki segments. This step is solved using recursion:

∀i ∈ [1 : I],

{k̂1, . . . , k̂i} = argmin
k1+...+ki=K

RSSK

(
T̂1(k1), . . . , T̂

i(ki)
)

= argmin
k′+k′′=K

{
RSSk′

k′1+...+k
′
i=k
′

(
T̂1(k′1), . . . , T̂

i−1(k′i−1)
)

+RSSik′′
(
T̂i(k′′)

)}
.

At the end of this double-stage Dynamic Programming, we have the optimal breakpoint posi-
tions for the optimal number of segments in each profile.

T̂(K) =
{
T̂1(k̂1), . . . , T̂

I(k̂I)
}
.

Complexity in time. The first stage corresponds to the segmentation of individual profiles into
kmax segments each, with complexityO(n2Ikmax). The complexity of the second stage isO((Ikmax)2×
I) which makes the overall complexity of order O(In2kmax + k2maxI

3). Assuming that the major
term is n (which is consistent with the ever increasing density of aCGH) the second term re-
main negligible and the complexity becomes O(Ikmaxn

2). This complexity should be compared
with the one of Dynamic Programming applied to the complete dataset with N = In points into
Kmax = Ikmax segments, that isO(KmaxN

2) = O(I3kmaxn
2). The 2-stage DP therefore reduces

the complexity by a factor I2.



Model selection. In practice the total number of segments K as well as the number of segments
for each profile {k1, . . . , kI} are unknown. Based on our computational strategy that is based on a
2-stage Dynamic Programming we choose to select K by model selection, and stage 2 of the DP
is used to determine the best combination of numbers of segments among profiles. As discussed
by many authors, segmentation models raise a difficult issue in terms of model selection. The
question has been studied in the single profile context [93, 127], and the work had to be done for
joint segmentation. Zhang and Siegmund (2007) [127] developed a very powerful framework for
model selection in change-point models by considering a continuous time version of the model
that solves the irregularity issue associated with the discrete nature of the break points. Due to the
excellent performance of this strategy, we proposed a generalization of their framework to the joint
segmentation setting [FP10].

1.2 Joint normalization and calling

Integrative normalization. The interest in considering many profiles is that if a systematic bias
is observed for every profile, considering the joint analysis can help in its correction. In the follow-
ing, we will denote by b(t) this bias at position t (for probe t = 1, . . . , n), and we suppose that it is
present and common accross profiles, such that the segmentation model becomes:

∀t ∈]tik−1, t
i
k], Yi(t) = µik + b(t) + Ei(t).

Then we use a unified matricial formulation such that Y = Tµ+XB+E, with X = (In, . . . , In)T

(I blocks) which spreads the common fixed effect B = (b(t1), . . . , b(tn))T over the I patients. We
proposed different strategies to model this bias [FP10].

A first model consists in considering a model where b(t) = βt stands for a probe effect, or a
reference hybridization intensity as already proposed [95]. This modelling would consider that if a
probe shows a systematic bias, it would be detected by this effect. This is the simplest correction
that could be made on the data. We get the following model:

∀t ∈]tik−1, t
i
k], Yi(t) = µik + βt + Ei(t).

This new part of the model can be estimated using an iterative least-squares algorithm such that
β̂
[h+1]
t =

∑I
i=1(Yi(t) − µ̂

[h]
ik )/I , and breaks are updated with dynamic programming on Y −

XB̂[h+1]. We also proposed to introduce some control on the regularity of the bias function using
splines and wavelets [FP10].

Multivariate Calling. The principle of the segmentation/clustering model we developed [94]
is to integrate in the segmentation model that different segments with the same underlying copy
number should share the same mean signal on average. Suppose we observe P distinct states,
then the mean of each segment should lie in a restricted set m = {m1, . . . ,mP }, where m1 is
the inferred mean from all segments in cluster 1 that share the same copy number. This is why



we introduce random indicator variables [Cikp](kp) that give the state of each individual’s segments,
and the joint segmentation/clustering model is such that:

{Cikp = 1}, ∀t ∈]tik−1, t
i
k], Yi(t) = mp + b(t) + Ei(t).

We use a modified version of the EM algorithm to estimate the maximum likelihood parameters
adapted from [94]. Briefly, the E-step is used to assess {τ ikp } the posterior probabilities of mem-
bership to clusters for each segment using a classical Bayes rule, and the mean corresponding to
each state is estimated in the M-step such that:

m[h+1]
p =

∑I
i=1

∑ki
k=1 τ

ik[h]
p

∑
t∈]tik−1,t

i
k]

(Yi(t)− b[h](t))∑I
i=1

∑ki
k=1 n

i
kτ

ik[h]
p

.

Then the question is to update b(t). If considering the probe-effect model (βt), the maximum like-
lihood estimator is β[h+1]

t =
∑

i,p τ
ik(t)[h]
p (Yi(t) −m[h+1]

p )/I which corresponds to the weighted
residuals at position t after segmentation/clustering.

Application to the study of climate change. Multiple change-point models have long been used
to detect variations in climate series [27]. Interestingly, the approach of joint segmentation was also
of interest for climate scientists that are interested in the detection of changes in grapes harvest dates
across several French regions. The aim was to detect changes in terms of agricultural practices that
may affect the harvest date in specific stations. As harvest are made earlier in hot years, we typically
wanted to distinguish station-specific variations from those due to variations of the climate. For
this purpose we developed a joint segmentation model with random effects to model the common
climatic effect on temperature variations [FP9, FP3].

1.3 Package and performance

All models that were developed for single or multiple sample analysis were implemented in the
cghseg R/C++ package . From a performance point of view, DP-based segmentation methods
have always shown the best performance among other methods [72] even in the most recent com-
parisons [60]. However, the computational burden associated with the quadratic complexity (in
signal length) has limited the use of DP on high density arrays (with ∼ 500, 000 points), the issue
being even more problematic for multiple samples. Fortunately, two independent studies proposed
a linearization of the dynamic programming algorithm with a pruning strategy [99, 70], and the ver-
sion of [99] has been included in the cghseg package. Moreover, in a recent publication [FP12]
we proposed a linearization of the dynamic programming algorithm in the case of segmentation-
calling, with a modified cost function derived from the k-means algorithm. We also proposed to
deal with the joint segmentation issue by providing a parallel version of existing algorithms im-
plemented in the cghseg package. With the growing availability of multicore computers (from
laptops to many-core servers), it has become essential to provide software that use every available



ressource. R has been a tremendous plateform for package distribution, this is why we worked on
a new version of the new cghseg package, a next generation package that is adaptive to available
computing power. The performance of cghseg are impressive : segmenting 1,000 profiles of
length 100,000 can now be done in few hours, which was impossible before. This makes segmen-
tation models a new exact investigation method that can be used in routine for exploratory as well
as deep analysis.





Chapter 2

When Genomics goes functional

Functional data analysis has gained increased attention in the past years, with a particular focus
on mass-spectrometry data when applied to high-throughput biology. In this context, the aim is to
characterize the protein content of biological samples by separating compounds according to their
mass to charge ratio (m/z), and mass-spectromety has become standard to improve proteomic
profiling of diseases as well as clinical diagnosis. Dedicated methods have been developed to
analyze such data for differential analysis, supervised classification and clustering [59]. One central
element is the modelling of the inter-individual variability by using functional random effects,
since subject-specific fluctuations are known to be the largest source of variability in mass-spec
data [41]. In [FP2] we focused on the non supervised task which consists in finding groups of
individuals whose proteomic landscape is similar. Surprisingly the clustering task received less
attention, and is mainly based on hierarchical clustering on the set of peaks detected across spectra
[16, 82]. However such method is known to depend heavily on the peak detection method and
has the strong dis-advantage of neglecting the inter-individual variability, whereas this information
should be central for subgroup discovery. Thus our main focus was to model and cluster curves of
this type in a functional mixed model framework.

However, our first motivation was not to analyze mass-spectrometry data, but copy number
profiles! Clustering patients based on their CGH profiles is very promising and has been success-
fully used to identify molecular subtypes of cancer [44, 124]. However, clustering CGH profiles
based on segmentation has the same drawbacks as clustering mass spectra based on detected peaks:
results highly depend on the segmentation methods. Moreover the inter-individual variability has
never been investigated in this type of data, whereas it is likely to represent an important part of the
variability of the data especially for cancer profiles. This point is of particular interest in this chap-
ter. The inter-individual variability of copy-number profiles has been often mentioned but never
completely assessed. For instance, when considering cancer data, it has been long known that
contamination with normal tissue could modify both the level of the microarray signal (decreasing
the log ratio in the case of normal contamination at amplified loci), as well as the location of the
break along the genome. Moreover, the field of human genetics has been investigating the impact

17



of polymorphic copy number variations along the genome, and estimates suggest that 10% of the
human genome is subject to polymorphic copy number variation. In other words, this means that
when the purpose is to determine chromosomal aberrations that are specific of a given phenotype
(like cancer subtype, [32]), there exists a potentially important inter-individual variability in the
data that has never been accounted for.

It appears that the framework of change-point detection was not necessarily the most appro-
priate one to tackle this question. This framework is very powerful to detect the changes, but the
discrete modelling of time-points makes the model highly irregular. This is why I chose to focus
on functional models using wavelets to consider the observed profiles as functions belonging to
some functional space. When dealing with curve clustering in the presence of individual variabil-
ity, a pioneering work was based on a spline decomposition of the signal [65], which reduces to
a linear mixed effect model on which clustering and low-dimensional representation can be per-
formed. However splines show two main drawbacks: i) they are inappropriate when dealing with
functions that show peaks and irregularities, ii) they require heavy computational efforts and so
are not adapted to high dimensional data. On the contrary, wavelet representations appear to be
a natural framework to consider such irregularities through the sequence space of (usually sparse)
Besov representation. Recent works have attempted to estimate and infer the functional mixed ef-
fects framework based on a wavelet decomposition approach. A fully Bayesian version has been
proposed [83], with non-parametric estimates of fixed and random effects as well as between and
within-curve covariance matrix estimates to accomodate a wide variety of correlation structures.
Estimation and inference have also been preliminary investigated in the frequentist framework [7].

From 2010 to 2013 we co-supervized a graduate student with Sophie Lambert-Lacroix (Pr.,
Grenoble University) on this subject. We published a first article [FP2] on curve clustering with
functional random effects, with application to array CGH data analysis. Following this work,
we investigated statistical questions related to dimension reduction in wavelet-based functional
models, which will be the purpose of the last section that presents on-going work on the subject.

2.1 Functional modelling of copy number profiles

We consider that we observe I curves Yi(t) over n equally spaced time points t = (t1, . . . , tn) in
[0, 1], with n = 2J for some integer J and we model these data by the linear functional model of
the form:

Yi(t) = µi(t) + Ei(t), Ei(t) ∼ N (0, σ2E). (2.1)

In the following we will use notation Yi(t) = [Yi(t1), . . . , Yi(tn)]. In the preceeding chapter, we
focused on the detection of abrupt changes in µi using change-point models. Here our aim is not to
identify breakpoints precisely, but we rather focus on the global modelling of µi as a function that
is organized along the genome. If only one group of individuals is observed, then ∀i ∈ {1, . . . , I},
µi = µ, which makes µ the common copy number profile among the samples. In the functional
clustering setting we suppose that individuals are spread among L unknown clusters of prior size
π`, ` = 1, . . . , L, and we denote by ζi` the indicator variable that equals 1 if the ith individual is in



the `th group. Given {ζi` = 1}, model (2.1) becomes

Yi(t) = µ`(t) + Ei(t), (2.2)

where µ`(t) is the principal functional fixed effect that characterizes cluster `. To handle subject-
specific random deviations from the cluster average curve we introduce random functions Ui(t)
that are modelled as centered Gaussian processes not necessarily stationary but independent from
Ei(t). Then given {ζi` = 1}, model 2.2 becomes

Yi(t) = µ`(t) + Ui(t) + Ei(t), Ui(t) ∼ N (0,K`(•, t)). (2.3)

Once defined in the functional domain, the classical approach is to convert the original infinite-
dimensional clustering problem into a finite-dimensional problem using a functional basis repre-
sentation of the model. Briefly, we are working with an orthonormal wavelet basis

{φj0k(t), k = 0, 1, . . . 2j0 − 1;ψjk(t), j ≥ j0, k = 0, . . . , 2j − 1}

generated from a father wavelet φ and a mother wavelet ψ of regularity r, (r ≥ 0). In this basis the
response curve Yi(t) has the following decomposition:

Yi(t) =

2j0−1∑
k=0

c∗i,j0kφj0k(t) +
∑
j≥j0

2j−1∑
k=0

d∗i,jkψjk(t).

In practice we use the Discrete Wavelet Transform (DWT) which can be performed thanks to
Mallat’s fast algorithm withO(n) operations only. We denote by W the (n×n)-matrix containing
filter coefficients of the chosen wavelet basis (full details on the discrete wavelet transform can be
found here [84]). The resulting scaling and wavelet coefficients ci = [ci,j0k](k) and di = [di,jk](jk)
of the individual curves are empirical coefficients (with j0 = 0). They are related to their theoretical
continuous counterparts c∗i,j0k and d∗i,jk by: ci,j0k ≈

√
nc∗i,j0k and di,jk ≈

√
nd∗i,jk. When applying

the DWT to model (2.3) we have

WYi(t) = Wµ`(t) + WUi(t) + WEi,

which reduces to a linear mixed-effect model in the coefficient domains such that

ci = α` + νi + εi

di = β` + θi + εi.

(α`,β`) stand for the scaling and wavelet coefficients of the fixed average curveµ`(t), and (νi,θi)
are the scaling and wavelet random coefficients of Gaussian process Ui(t) such that[

νi
θi

]
∼ N

([
0
0

]
,G =

[
Gν 0
0 Gθ

])
,



and ε ∼ N (0, σ2εI) ⊥ (ν,θ)′, with σ2ε = σ2E/n.

The complete estimation framework of the functional clustering model relies on the EM algo-
rithm and is fully detailed in Giacofci et al. (2013) [FP2]. By using the Maximum a posteriori
rule, we provide a prediction of the labels ζ̂i` which allows us to cluster individuals based on their
wavelet coefficients. We also studied model selection issues to select the number of clusters, and
performed a simulation study to assess the clustering performance of our method. We developed
the curvclust package for curve clustering with (or without) functional random effects (avail-
able on the CRAN).

2.2 Modelling inter-individual functional variations

A very critical point in the functional modelling of random effects is the specification of the dis-
tribution of their wavelet coefficients. Indeed, thanks to the whitening properties of the wavelet
transform [43], even if Ui is non stationary and dependent, the covariance of its wavelets coeffi-
cients V(θi) = Gθ can be supposed to be diagonal. Consequently, rather than defining a precise
form for Ui such as Brownian motion for instance, a common strategy consists in imposing a diag-
onal form for Gθ (which is also very convenient from a computational point of view). However this
strategy alone is not sufficient. Indeed, if Ui is defined through Gθ directly, one must be sure that
the induced process shares the same degree of smoothness with the fixed effect µ (ie that Ui and µ
belong to the same functional space). In other words, when dealing with functional mixed-effect
models, the difficulty is that if the fixed-effect curve µ is supposed to belong to some functional
space, then the subject-specific deviations arising from the random functions Ui should be con-
troled so that Ui belongs to the same space. This issue has been investigated in the context of
functional mixed-models [1, 7], and this goal is achieved by controlling the exponential decrease
of the variances of the random wavelet coefficients such that:

Gθ = Diag
jk

(
2−jηγ2θ

)
, ∀j ∈ {0, . . . , J}, k ∈ {0, . . . , 2j − 1}. (2.4)

This control requires the introduction of parameter η which is associated with the regularity
of process Ui. This assumption has important implications in terms of modelling. Since the Ui
functions are governed by their covariance structure, the exponential decay of the variance terms
implies that the deviations modelled by the random effect will roughly occur at the same scales as
the signal. If random variations around the fixed effect are present at large scales (j close to zero)
then they will be related to inter-individual variations. On the contrary, random variations occuring
at small scales (j close to J) will be considered as noise with no biological information. In other
words, the random effect is supposed to be at least as regular as the fixed effect, and more regular
than the noise [7]. Also, it may be necessary to allow variance γ2θ to depend on scale, position and
cluster membership (γ2θ,`jk) [83]. This modelling can be very powerful to consider different types
of random functions Ui.



2.3 Functional clustering of CGH data

We considered the clustering of breast-cancer tumors based on their copy number aberration pro-
files measured by array-based Comparative Genomic Hydridization [44]. We used our curve clus-
tering framework with the Haar basis (piecewise constant basis) to perform subgroup discovery by
considering random effects. In the initial publication, the genomic profiles of 62 samples were an-
alyzed using P1/BAC CGH arrays (2464 genomic clones) [44]. We used the 55 profiles for which
additional clinical information were available. The authors identified 3 main subtypes of breast
cancer that differ with respect to level of genomic instability. Interestingly, a re-analyzis of the
data concluded on the lack of correspondance between the two clustering results [124]. Moreover,
they discovered many more subgroups and noticed that “the samples in the study could be more
heterogeneous than previously implied”.

We also find more subgroups than the original study. First, this suggests an increased power
gained from considering the random effect in the selection step. Then we were able to identify the
1q/16p subtype on the complete dataset (with 1 mismatch). This subtype was identified in the first
study [44] but not by other clustering methods [124] whereas it is associated to the best patient
outcome. Since 2 of the 3 identified clusters in the original paper concern ER (Estrogen Receptor)
positive tumors, we also performed our method on this subset of patients and retrieve the 1q/16p
subtype without mismatch. In this classification, one cluster was made of 3 tumors also identified
as similar in the original paper.

Also we proposed some criteria to quantify the signal to noise ratio as well as the strength of the
random effect in functional data such that SNR2

µ quantifies the strength of the signal with respect
to measurement noise, and λU is the ratio of the noise variance to the random effect variance:

SNR2
µ =

1

nσ2E

L∑
`=1

π`

2j0−1∑
k=0

α2
`,j0k +

∑
j≥j0

2j−1∑
k=0

β2`,jk

 ,

λU = σ2E/

(
γ2ν +

γ2θ
1− 2(1−η)

)
.

When estimated on real data (Table 2.1), the estimated signal to noise ratio appears to be
low contrary to the strength of the random effect (λ̂U ∼ 10−4) which indicates that the inter-
individual variability is ultra-high in these data. As a consequence, finding clusters with biological
significance and outcome prediction will require rather hundreds/thousands of patients compared
with 55 in the original study.

2.4 Dimension reduction in functional models

Following our work on curve clustering with random effects, we wanted to address the question
of dimension reduction that is specific to the use of wavelets. In a first step, using a wavelet
representation of the functional model has allowed us to characterize different types of smoothness



Table 2.1: Estimated SNR2
µ and λU for the breast tumor dataset of [44].

Complete dataset

cluster ID ŜNR
2

µ λ̂U

1 2.1e-4 3.9e-04
2 2.3e-3 3.8e-05
3 1.3e-3 6.4e-04
4 (1q/16p) 1.5e-3 1.3e-04
5 9.3e-4 4.3e-05

ER+ dataset

cluster ID ŜNR
2

µ λ̂U

1 2.1e-3 2.2e-04
2 7.8e-3 1.9e-05
3 1.1e-2 3.8e-05
4 (1q/16p) 4.4e-3 4.4e-04

conditions assumed on the response curves Yi(t) by the mean of their wavelet coefficients. But the
wavelet representation offers another advantage, that is a sparse representation for a wide variety
of functional spaces, which is crucial when dealing with high dimensional data. The underlying
idea of thresholding is to take advantage of the compression properties of wavelets coming from
their spatially adaptive characteristics [40]. On one hand the main fixed effect µ is assumed to
have a certain regularity and hence its representation in the wavelet domain will be supported in
a (relatively) few number of “large” coefficients. On the other hand, the noise in the data will
uniformly contaminate all coefficients. The goal is then to recover those containing information
about the estimated functions by shrinking coefficients, eventually to zero if they contain only
noise. Interestingly, even if it is well known that wavelets offer a sparse representation in the
coefficients domain, little methodology has been proposed so far in the case of functional data
analysis with multiple individuals, except in the Bayesian setting [83]. In addition, the presence of
random effect is likely to influence the thresholding of fixed-effects coefficients: if inter-individual
variability is present on some coefficients, should they be “more” thresholded for instance ?

In our first article on curve clustering [FP2] the procedure we proposed was based on the union
of non-null coefficients across individuals obtained after individual-wise thresholding, but it was
heuristic and our aim was to propose an integrated framework for wavelets thresholding in the
presence of repeats and random effects. The following work is still on-going and we will present
some main directions we have investigated. Facing the diversity of possible models (Table 2.2),
we first focused on models without clustering in order to study dimension reduction for functional
mixed models “only”.

Heteroscedastic thresholding

The following results were obtained by M. Giacofci during her PhD [49], and concern the recon-
struction properties of the functional fixed effect in the case of heteroscedastic functional regres-
sion. We first focused on the heteroscedastic version of the mixed model, that can be written in two



Yi(t) Without Clusters With Clusters
Without random effect µ(t) + Ei(t) µ`(t) + Ei(t)

With random effect µ(t) + Ui(t) + Ei(t) µ`(t) + Ui(t) + Ei(t)

Table 2.2: Different functional models that can be used depending on the presence of clusters
and/or random effects. i stands for the ith curve, and ` stands for cluster structure.

forms:
Yi(t) = µ(t) + Ui(t) + Ei(t),

with Ui(t) ∼ N (0,KU (•, t)) independent of Ei(t) ∼ N (0, σ2E). Equivalently we can write:

Yi(t) = µ(t) + Fi(t), Fi(t) ∼ N (0,KF (•, t)),

which reduces to a heteroskedastic functional regression model. Thanks to the whitening property
of wavelets mentioned above, the covariance matrix of the coefficients of Fi is still diagonal with
variance terms depending on the scale j and on the location k such that:

∀i ∈ {1 . . . , I}, di,jk = βjk + fi,jk, fi,jk ∼ N (0, σ2jk).

In the mixed version of the model, σ2jk would be further written as the sum of 2−jηγ2θ,jk+σ2ε , how-
ever, when the purpose is to assess the reconstruction properties of an estimator of function µ, the
mixed version (with the random effect specification) is not mandatory in a first step. Then we con-
sidered thresholding procedures like soft thresholding [40] that consists in respectively shrinking
or thresholding, i.e setting to zero, coefficients whose absolute value are below a suitably chosen
threshold. In the case of heteroscedastic regression with replicates, the soft thresholding functions
that can be expressed formally such as:

β̂jk(λjk) = sign(d•,jk) (|d•,jk| − λjk)+ , (2.5)

with d•,jk = 1/I
∑I

i=1 di,jk the averaged empirical coefficients, (•)+ = max(•, 0). We adapt λjk
to the heteroscedastic model such that:

λjk = σ̂jk
√

2 log n, with σ̂2jk =
1

I

I∑
i=1

(di,jk − d•,jk)2. (2.6)

In the traditional framework (without replicates), the thresholding parameter would be set to σ̂
√

2 log(n),
with σ̂ a MAD (Median Absolute Deviation) estimator of the error variance. Thanks to the I repli-
cates, we can estimate σ2jk in the parametric framework. We also considered the Smoothly Clipped
Absolute Deviation (SCAD) method [6] as a thresholding rule making a continuous trade-off be-
tween hard and soft thresholding. During her PhD [49] M. Giacofci studied the asymptotic proper-
ties of the quadratic risk of µ̂. By considering replicated, two different asymptotic trends emerge:



when the variances are known, the risk associated with the fixed effect depends on the signal size
n and is bounded from above by the minimax convergence rate in O(n−2s/2s+1). At each position
(j, k), I repeated measurements are available to parametrically estimate the parameters σ2jk. The
expected quadratic risk is then the parametrical one in O(I−1).

Penalized maximum likelihood for wavelets thresholding

Parallel to the investigation of theoretical properties of the mixed model in its heteroscedastic
form, we have also investigated computational strategies to propose a thresholding procedure for
the functional mixed model and to investigate its performance, even if theoretical results were not
yet available. For this purpose we considered the penalized estimation framework that has been the
subject of many developments in the past years with the explosion of high dimensional statistics.
Thanks to historical connections between `1-based penalization strategies and thresholding [30],
we propose to embed the functional model in the framework of maximum likelihood estimation.
First considering the model without cluster and without random effects, in the coefficients domain
we have (for wavelet coefficients):

∀i ∈ {1 . . . , I}, di = β + εi,

with εi ∼ N (0, σ2εI). Then we consider logL(β) the log-likelihood of this model, and using the
Lasso to get thresholded coefficients, we solve:

β̂(λβ) ∈ arg max
β

{logL(β)− λβ‖β‖1} ,

which allows us to give a very simple solution to the thresholding issue in the multiple sample case,

β̂jk(λβ) = sign(d•,jk) (|d•,jk| − λβ)+ , (2.7)

with d•,jk = 1/I
∑I

i=1 di,jk the averaged empirical coefficients and λβ = σ̂ε
√

2 log(n)/I the
universal threshold adapted to multiple measurements. This strategy confirms empirical results on
baseline estimation in the context of noisy repeated measurements [4] that pointed out the advan-
tage of applying the thresholding procedure to the averaged wavelet coefficient instead of averaging
the thresholded individual coefficients in order to use all information available in the regularization
stage and enable better performance in finite sample situation.

In a second step we considered functional random effects with the following model on coeffi-
cients

∀i ∈ {1 . . . , I}, di = β + θi + εi,

with θi ∼ N (0,Gθ), and Gθ = Diagjk(2
−jηγ2jk). We propose to estimate the parameters of

the model ϕ = (βT ,γT , σ2ε)
T by penalized maximum likelihood using the EM algorithm [39]

that is now well established in the context of parameter estimation for mixed linear models [123].



The key ingredient of this estimation sheme is the conditional expectation of the complete-data
log-likelihood given d:

Eϕ[h] [logL(d,θ;ϕ)|d] = Q(ϕ,ϕ[h]),

with Eϕ[·] standing for the expectation operator using ϕ as the parameter value and Vϕ[·] the
corresponding variance.

Our proposition is to introduce two lasso penalties on both fixed and random effects: the first
one is to ensure the sparse representation of the fixed effect, the second one is based on the hypoth-
esis that among all scales and positions (j, k), only few are subject to inter-individual variations,
such that γ = [γjk](jk) is a sparse vector. Then a reparametrization is needed for the penalized
likelihood of the model to be convex in both β and γ [31], such that

∀i ∈ {1 . . . , I}, di = β + G
1/2
θ θi + εi,

with θi ∼ N (0, I), which only modifies the interpretation of the parameters: “variances” γ2jk
become regression coefficients, but the statistical properties of the estimators remain unchanged.
The penalized quantity to maximize is then:

Q(ϕ,ϕ[h])− λβ‖β‖1 − λγ‖γ‖1.

We also developed a similar strategy using the SCAD penalty instead of the lasso (not shown here)

Thresholding the coefficients. In the M-step of the algorithm, the fixed-effects coefficients are
updated such that:

β[h+1](λβ) ∈ arg max
β

{
Q(ϕ,ϕ[h])− λβ‖β‖1

}
.

Introducing notations θ̂
[h]

i = Eϕ[h] [θi|di] and r̂i = di − Ĝ
1/2
θ θ̂i, this steps reduces to updating

β̂jk(λβ) such that

β̂
[h+1]
jk (λβ) = sign

(
r̂
[h]
•,jk

)(
|r̂[h]•,jk| − λβ

)
+
, (2.8)

with r̂•,jk = 1/I
∑

i

(
di,jk − 2−jη/2θ̂i,jk

)
, which corresponds to the thresholding of the observed

wavelet coefficients corrected by the predictors of the random effects. As for the selection of the
variance parameters, it is based on the thresholding of:

ρjk =

∑I
i=1 2−jη/2θ̂i,jk(di,jk − β̂jk)∑I

i=1 2−jη(θ̂
2[h]
i,jk + V(θi,jk|di,jk))

that can be interpreted as a correlation coefficient between the random effect predictor and the
residuals of the fixed-effects. Other derivations concern the use of the SCAD penalty that we use
in practice [49] .



Where are we on this project ?

Everything works ! But, as any method with tuning parameters, the calibration of λβ and λγ is of
central importance and has currently limited our progression. This step is even more complicated
by the necessity to tune two parameters instead of one. Basically, two practical choices are possible.
The first one consists in the exploration of a bi-dimensional grid to select the most appropriate
couple (λβ, λγ) adapted to the data. The second choice consists in using the special form of
λβ = σ̂ε

√
2 log(n)/I , and explore a 1D grid for λγ . In any case, we will need a criterion or a

procedure for selection. Traditional strategies consist in using either the BIC or cross validation.
However, the first option is known to be inefficient in high dimensional models, and the second is
computationally intensive (given that the estimation framework is iterative itself). Another option
would be to derive theoretical forms for these tuning parameters. We will show in the last Part that
this option has been very successful in the Poisson case for which the theoretical form of the penalty
constant has lead to excellent selection and estimation performance without much computational
effort. However, in the case of mixed functional models, given the complexity of the model, it is
not sure if this theoretical lead would be feasible. Another very interesting direction would be to
study the theoretical reconstruction properties of Ûi, the functional predictor of the random process
Ui (analog of the Best Linear Unbiased Predictor in the linear case). Results exist in the spline
framework only [62]. The step forward will be to include the clustering step, in order to answer
the question we first asked, that is dimension reduction for curve clustering in the presence of
inter-individual variations. The last step will be to study the application of such strategy to copy-
number data, but we believe that this methodology will be general enough to be applicable to many
situations in practice.



Part II

Some statistical aspects of the analysis of
biological networks
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Chapter 3

Mixture Models for random graphs

With the increasing power of high throughput technologies and storage capacities, it is now possible
to explore datasets which are in the form of complex networks. One characteristics of interest
when studying complex networks is their topology or the way particles, proteins or social agents
interact [114]. More generally, studying the topology is crucial to understand the organization of
networks, as structure often affects function. Since networks show complex structural patterns,
one common task is to find an appropriate way to summarize their structure. Many indicators have
been proposed for this purpose: the degree distribution [14], the clustering coefficient [86, 3], and
the small world property [114] are among the most popular. Clustering methods that have been
proposed are mainly focused on community detection, i.e. they aim at finding groups of nodes that
are highly intra-connected and poorly inter-connected [55]. However, when performing exploratory
data analysis, it may be difficult to search for a particular structure. Real networks may not show
community structure for instance, or may be characterized by various connectivity patterns among
which community is only one feature.

Model-based clustering is a powerful alternative to those methods, as the model underlying
the algorithm allows the blind search of connectivity structure without any a priori [87, 85, 37].
The basics of this strategy is to consider that nodes are spread among an unknown number of
connectivity classes which are unknown themselves. Many names have been proposed for this
model, and in the following, it will be denoted by MixNet, which is equivalent to the Stochastic
Block model [87]. In the following Chapter we present the MixNet model with its associated
inference framework, and some examples of applications.

3.1 Presentation of MixNet and its applications

Our method belongs to the general framework of model-based clustering of network data. This
family of models includes the Stochastic Block Model [2] and the MixNet approach we devel-
oped [37, 75]. In our framework, we consider data in the form of networks, that are modelled
by a random graph G = (V,E) made of a set of n vertices V and a set of random edges E =
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{(i, j) ∈ V 2, i ↔ j} (i ↔ j standing for nodes “i and j are connected”). We denote by
Y = {Yij , (i, j) ∈ E} the observed measures of these interactions. When the graph is only
made of binary connections, Yij is a random indicator variable that equals 1 when i and j are con-
nected and 0 otherwise, but Yij can also be quantitative when modelling valued graphs (Yij ∈ R or
N for instance).

Our model is based on the group-membership of nodes based on their connections charac-
teristics. We denote by Z = (Z1, ...,Zn) the matrix of labels of nodes 1, .., n, i.e. Ziq = 1 if
node i belongs to group q and 0 otherwise. In the context of unsupervised clustering, this matrix
is unknown and we aim to recover these labels using the observed information contained in Y.
Model-based clustering hypotheses that if labels were known, the distribution of the interaction
data would be completely determined. Hence, we start by assuming that there are Q groups with
proportions α = (α1, ..., αQ) such that the distribution of labels Zi = (Zi1, ...ZiQ) is Multinomial
with parameter α. The number of groups Q is unknown and will be estimated by model selection.
The distribution of the interaction data is specified conditionally to the labels:

Zi ∼M(1,α), Zj ∼M(1,α), Yij |{ZiqZj` = 1} ∼ f(•, θql), (3.1)

where distribution f(•, θql) can be Bernoulli to model presence-absence data [2, 37], Gaussian or
Poisson to model fluxes or abundance data [75]. The parameters of this model are the proportions
of the groups (α) and the parameters governing the conditional distribution of the observations
(θ = (θq`)). In the following, we note γ = (α,θ).

From a modelling point of view, MixNet constitutes a very flexible framework that can catch
different topological structures, and thus is not reduced to a method that searches for modules only.
The simplest situation arises with binary connections that can be modelled by Bernoulli random
variables such that:

Yij |{ZiqZj` = 1} ∼ B(θql).

In this model θql describes the frequency of interactions between clusters q and `, and θ becomes a
summary of the connectivity matrix. According to the form of θ, different connectivity structures
can be detected in the network, as shown in Figure 3.1. Moreover, MixNet can be used as a
generative model under which theoretical characteristics of random graphs can be derived, such as
network motifs [FP8].

3.2 Inference and adaptation to high dimensional datasets

The objective is to estimate γ and to recover the unobserved labels of the data using the poste-
rior expectation of membership E(Z|Y). This is achieved using the EM-algorithm to maximize
the observed-data log-likelihood denoted by logL(Y;γ). Unfortunately, the direct maximiza-
tion of this likelihood is untractable due to the total number of possible partitions (L(Y;γ) =



Table 3.1: Some typical network configurations and their formulation in the MixNet framework for
networks with binary connections. Each class is represented by a different color.

Description Network Q θ

Random 1 θ

Stars 4


0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0


Clusters (af-
filiation net-
works)

2
(

1 ε
ε 1

)

∑
Z L(Y,Z;γ)). Hence, we use an iterative algorithm that maximizes the complete-data likeli-

hood:

logL(Y,Z;γ) = logL(Z;α) + logL(Y|Z;θ)

=
∑
iq

Ziq log(αq) +
∑
ij,q`

ZiqZj` log f(Yij ; θq`) (3.2)

The labels being unknown, the algorithm proceeds as follows: the E-Step computes the conditional
expectation of the complete-data log-likelihood defined as:

Q(γ,γ[h]) = Eγ[h] {logL(Y,Z;γ)|Y}

=
∑
iq

Eγ[h](Ziq|Y) log(αq) +
∑
ij,q`

Eγ[h](ZiqZj`|Y) log f(Yij ; θq`), (3.3)

for a current value of the parameters (γ[h]). Then the M-step maximizes Q with respect to α
and θ. Computational difficulties often arise at the E-step, mainly due to complex dependency
structures that can govern the posterior distribution of labels given the data. This issue has mo-
tivated many methodological developments, in particular in the context of network data, with the
use of variational methods [67] to approximate this posterior distribution [37, 75]. In Daudin et
al. (2008) [37] we propose to approximate the posterior distribution of Z|Y by a factorized dis-
tribution, which results in the so-called mean-field approximation. This allows us to compute an
approximation of Eγ[h](Ziq|Y) from which we infer the labels Ẑi by using a maximum a posteriori
rule.



In Zanghi et al. (2010) [FP16] we adapted the estimation framework to large or growing net-
works, by considering so-called online strategies which are suitable when data arise sequentially,
or when the network is so big that it can not be downloaded at once.

The last step of the inference procedure is to select the number of clusters that is unknown.
By using an integrated-likelihood strategy [19], we provided a BIC-like criterion (called ICL for
Integrated Classification Likelihood) that is adapted to the case of networks. For a model with Q
groups:

ICLQ = max
γ

logL(Y, Ẑ;γ)− 1

2

Q(Q+ 1)

2
log

(
n(n− 1)

2

)
− 1

2
(Q− 1) log(n).

Interestingly, we end up with a two-term pernalty, the first one focusing on the estimation of con-
nection parameters θ, with n(n− 1)/2 edges as statistical units, and the second one for proportion
parameters, with n nodes as statistical units.

3.3 Applications of MixNet

In Vernoux et al. (2011) [FP14] we used the MixNet framework to investigate the global struc-
ture of the interaction network of the auxin plant hormone. The control of gene expression in
response to auxin involves a complex network of over 50 potentially interacting transcriptional ac-
tivators and repressors, the auxin response factors (ARFs) and Aux/IAAs (Auxin Indole-3-Acetic
Acid). Our colleagues performed a large-scale analysis of the Aux/IAA-ARF pathway in the shoot
apex of Arabidopsis, where dynamic auxin-based patterning controls organogenesis. The global
structure of the Aux/IAA-ARF network was investigated using a high-throughput yeast two-hybrid
approach, and MixNet was used to explore the organization of this network (to determine sets of
proteins with similar interactors, Figure 3.1). Three well separated clusters, characterized by con-
trasting probabilities for within- and between-cluster connectivity, were uncovered. Our results
indicate that the topology of the network relies on three principal features: (i) Aux/IAA proteins
interact with themselves, (ii) Aux/IAA proteins interact with ARF activators and (iii) ARF repres-
sors have no or very limited interactions with other proteins in the network. This topological study
was the first step towards a deeper understanding of the Auxin signalling in shoot meristem. In
Picard et al. (2009) [FP11] we also proposed different fields of application of MixNet to trophic,
metabolic, and brain connectivity networks, field in which MixNet has recently been emphasized
[90]. Finally, the MixNet framework has also been derived to perform sequence clustering [FP4].
Parallel to the statistical developments we published we also developed the mixnet software, that
has been also adapted to R with the Mixer package.

3.4 Spatial clustering and application to ecological data

Our first motivation in the development of MixNet was the analysis of networks arising in molec-
ular biology. However in many ecological studies, researchers also analyze data describing the



Figure 3.1: Structure the auxin signalling network as proposed in Vernoux et al.
(2011). (A) Visual representation of the Aux/IAA-ARF interactome using Cytoscape
(http://www.cytoscape.org). The proteins are grouped according to their biological iden-
tity as indicated. Note the global differences in connectivity of the three biological groups (BD)
Connectivity graph and clusters identified by the MixNet algorithm. The probabilities associated
with the connectivity structure for the global network are indicated in (B). The three clusters are
mainly composed of Aux/IAA (I), ARF activators (II) and ARF repressors (III) as indicated in
brackets in (B). The identity of the proteins in these clusters for both the global network (C) and
the SAM-specific network (D) is shown. The proteins are ordered from the most to the least central
in each cluster based on the distance of the protein to the cluster. (E) The topology of the net-
work relies on stereotypic interaction capacities for the different classes of proteins as represented.
ARF+: ARF activators;ARF-: ARF repressors.



interactions between individuals, populations, species or communities. These interactions can be
directly observed like trophic relationships in a food-web [71] or they can be inferred from com-
puted distance/similarity measures like genetic distances that have been developed to summarize
allele frequency differences between populations [68]. Describing and summarizing these sets of
pairwise interactions is an important step to better understand the functioning of ecological sys-
tems. These interactions would be denoted by Y to keep notation homogeneous with the MixNet
framework.

Moreover some ecological data have also explicit geographic locations transforming ecological
networks into spatial networks [35]. When available, this spatial information is often used posterior
to the identification of groups to improve their ecological interpretation [81, 8, 36]. However,
if the aim of a study is to identify spatially-coherent groups (e.g., habitat patches), this indirect
approach may not be optimal as it considers the spatial aspect only after summarizing the network
structure. We choose to use what we called a structural network that records the spatial proximity
between ecological entities of the ecological network Y (see Figure 3.2). Structural networks are
sometimes directly available such as road networks [111], but they are usually constructed using
geographical data with ad-hoc techniques such as maximum spanning trees [9], k-nearest neighbors
[56], distance thresholding [91] or edge-thinning [119, 69]. In the following we suppose that the
structural network is given and fixed. It is denoted by X = (Xij) such that (Xij > 0) is the
geographical proximity between entities i and j and Xij = 0 if they are not connected. We assume
X is symmetric. The entities are the same as in the ecological network Y.

In Miele et al. (2014) [FP5] we propose to embed the geographical information within a regu-
larization framework by adding some constraints in the maximum likelihood estimation of param-
eters. In regularization techniques, a constraint defined by a network can be introduced using the
graph Laplacian [64]. For a network with connection matrix X = (Xij), the Laplacian is defined
by LX = D − X where D is the diagonal matrix of degrees with diagonal terms di =

∑
j Xij .

The Laplacian LX can then be used as a semi-metric to measure the spatial variability. Indeed, for
a given vector u = (u1, ...un), we have:

‖u‖2LX
= uTLXu =

∑
i∼j

Xij(ui − uj)2,

which is the squared distance between values of u weighted by their spatial proximities contained
in X. We develop an original regularization procedure aiming to reduce the variation of labels
along the structural network. Whereas the vector of parameters is traditionally regularized, our
approach considers that the vector of labels can be regularized using the structural network X.
Denoting by Zq = (Z1q, . . . , Znq) the vector of individuals for label q, we propose the following
penalty:

pen(Z;LX) =

Q∑
q=1

‖Zq‖2LX
=

Q∑
q=1

∑
i∼j

Xij(Ziq − Zjq)2.



Let us consider the case where Xij ∈ {0, 1} to interpret the penalty. In this case,

pen(Z;LX) =

Q∑
q=1

∑
i∼j

(Ziq − Zjq)2 =

Q∑
q=1

∑
i∼j

1{Ziq 6=Zjq}

with i ∼ j standing for entities i and j connected in the structural network, so that the penalty
accounts for the number of edges in the structural network that have discordant labels.

Considering the new penalized likelihood, the regularized EM algorithm is based on the con-
ditional expectation of the penalized complete-data likelihood

Q(γ,γ[h])− λ× Eγ[h] {pen(Z;LX)|Y} ,

with λ a penalty constant. Since the penalty term does not involve the parameters but only the la-
bels, the maximization step is unchanged [75]. As it is the case in the standard MixNet framework,
the posterior distribution of labels given the observations is not tractable and is approximated within
the variational framework. Keeping similar notations, τiq ' Eγ {Ziq|Y} the approximate posterior
expectation of labels, the computation of these approximate posterior probabilities is achieved by
solving a fixed-point algorithm [5, 75] and we account for spatial constraints through the penalty
term, which induces the spatial homogeneity of the labels (we refer to the original article for further
details [FP5]).
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Figure 3.2: Framework of the spatial version of MixNet. The ecological network (top) records the
ecological distance between entities. The structural network (bottom) summarizes the proximity
between geographical locations. Our method deciphers groups of entities (black squares on the
right) using both networks into a model-based strategy associated to a regularization framework.
While entities A,B,C and D,E form two groups in the ecological data, the geographical constraints
leads to lastly grouping C with D and E.



Chapter 4

The generalized fused lasso

Network data have become so common that they now constitute some prior knowledge for down-
stream statistical analysis: for instance, two proteins of the same biological pathway are likely to
share similar effects on the response to a treatment or on disease development. Consequently, sta-
tistical methods, like regression and model selection have recently focused on structured sparsity.
In addition to the classical sparsity assumption (under which only a small fraction of the variables
are relevant), these methods work under the assumption that two connected covariates in the net-
work may share similar effects on the response variable. Consequently the objective of structured
sparsity is twofold: improve model selection by using some prior knowledge on the structure; in-
crease prediction performance by effective dimensionality reduction based on the prior knowledge
that several covariates may share the exact same coefficient.

Most methods proposed so far use a penalized version of the log-likelihood based on some
structured sparsity-inducing penalty. The fused lasso of Tibshirani [116] is one particular example:
in addition to the `1-norm penalty of the lasso [115], the fused lasso penalizes the `1-norm of the
vector of successive differences. It is therefore especially adapted for smoothing, when covariates
are ordered and are likely to share similar effects with their direct neighbor. In particular, it has been
applied to the analysis of copy number data [117] and the fused penalty was further developed in the
context of patient status prediction using Support Vector Machines based on a fused penalty [98].
Our first motivation in the following developments was to investigate the performance of logistic
regression based on the fused lasso for discriminating cancer subtypes based on copy number
data (Figure 4.1). However, the fused-lasso has further been generalized to handle more complex
structure among feature effects, in particular networks of features [61]. The network is modelled as
a graph with vertices standing for the p coefficients of the model, and with a set of edges. It is used
in the penalty as prior information to penalize the absolute value of the difference of connected
coefficients, leading to the generalized fused lasso.

As any prior information, the underlying graph can be more or less informative. For instance,
the clustered lasso [109] was proposed when only the existence of a structure is assumed but no
particular knowledge allows for its precise description. Its main step involves a penalty based on
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Figure 4.1: Illustration of the use of the fused penalty with logistic regression for array CGH data
analysis. If Yi = 1 corresponds to cancer status in a logistic model with parameters β, positive
coefficients are associated with increased risk for instance. As measurements are organized along
the genome, the fused penalty may help in the identifying chromosomal regions associated with
similar risk.



the `1-norm of the vector of all the p(p − 1)/2 differences among the parameter values. This
strategy corresponds to the generalized fused lasso with the graph set to a clique that connects all
coefficients. When penalizing all differences, it is very likely that some differences are unnec-
essarily penalized, which raises the question of the method robustness to graph misspecification.
Interestingly, any structured-sparsity approach is concerned by this robustness property, but this
question has never been thoroughly investigated [12].

In Viallon et al. (2014) [FP15] we focus on the adaptive generalized fused lasso in the context
of generalized linear models. In the following, “adaptive” refers to the use of adaptive weights
as developed for the lasso [129]. We prove that adaptive generalized fused lasso estimators enjoy
asymptotic oracle properties in the fixed p setting. In particular, we observe that only adaptive
versions of the generalized fused lasso enjoy asymptotic oracle properties (i.e., such that, as n
grows to infinity, the correct support is recovered with probability tending to one and estimates of
non-zero coefficients perform as well as if the true underlying model were given in advance). In
a further step we investigate the empirical benefits of using an `1-based fusion penalty on support
recovery and prediction as compared with other penalization strategies, under logistic models.

4.1 The adaptive generalized fused lasso in generalized linear models

We consider the generalized linear models framework [77] with Yi the response variable i =
1, . . . , n and xi = (xi1, . . . , xip)

T a p-dimensional vector of features. We further set zi =
(1,xTi )T , and we consider the fixed design case with

∑n
i=1 xij = 0. For generalized linear models

the distribution of the response variable is given by

f(yi,β
∗, φ) = exp

(
yiηi − b(ηi)

a(φ)
+ c(yi, φ)

)
,

where φ is a dispersion parameter and functions b(·), a(·) and c(·, ·) are known. The linear predictor
ηi is given by zTi β

∗ where β∗ = (β∗0 ,β
∗
\0)

T ∈ Rp+1 stands for the vector of coefficients, with β∗0
the intercept parameter and β∗\0 = (β∗1 , . . . , β

∗
p). The mean µi = E(Yi) is related to the linear

predictor via the link function g: g(µi) = ηi. Here we consider the canonical link function.
Estimation of the parameter vector β∗ is usually performed by the maximum likelihood method.
It consists in minimizing J , given by J(β) = −

∑n
i=1 log f(yi,β, φ), with respect to β. In the

simulation studies and the applications below we focus on the logistic model for which Yi ∈ {0, 1},
a(φ) = 1, b(x) = log (1 + exp(x)) and c ≡ 0. Under logistic models, the mean and the linear
predictor are related by µi = 1/(1 + exp(−zTi β

∗)) = g−1(ηi).
As mentioned above, we further focus on the generalized fused lasso [61]. Consider a graph

G = (V,E), with node set V = {1, ...p} that corresponds to the coefficient indices in β\0, and
edge set E that corresponds to pairs of connected coefficient indices (j, `) with j > `. The graph
G that is used in the penalty is fixed and represents some prior knowledge, given by an expert.
The adaptive generalized fused lasso penalty consists in penalizing all coefficients along with all



coefficient differences for which an edge exists in G:

penAda(β;G,w) = λ(1)n
∑
j∈V

w
(1)
j |βj |+ λ(2)n

∑
(j,`)∈E

w
(2)
j` |βj − β`|.

In the fixed p case considered here, and following the idea of the adaptive lasso [129], adaptive
weightsw(1)

j andw(2)
j` are based on initial Maximum-Likelihood estimates β̃ ofβ∗. More precisely,

for some γ > 0, we set w(1)
j = |β̃j |−γ and w(2)

j` = |β̃j − β̃`|−γ . The rationale is to penalize more
heavily coefficients (or differences of coefficients) when their initial estimates are small. A typical
value (that we use) for γ is 1. The adaptive generalized fused lasso criterion Q is then simply
defined, for given graph G and weights w, as

Q(β) = J(β) + penAda(β;G,w). (4.1)

4.2 Asymptotic properties of the generalized fused lasso

We study the asymptotic properties of the adaptive generalized fused lasso estimator in generalized
linear models for fixed p and growing n. In the following we show that for appropriate choices

of λ(m)
n = O(

√
n) for m = 1, 2, the adaptive generalized fused lasso estimator β̂

ad
, defined as

the minimizer of criterion Q (Eq 4.1), enjoys asymptotic oracle properties, contrasting with its
non-adaptive counterpart.

Before stating our results some notations are needed (technical assumptions are fully detailed
in the article [FP15]). Let A = {1 ≤ j ≤ p, β∗j 6= 0} be the support of β∗\0 and p0 = |A| its
cardinality. Further consider the set

B = {(j, `) ∈ E, β∗j 6= 0 and β∗j = β∗` } ⊂ A×A.

Then the number s0 of distinct non-zero values in β∗\0 “supported” by G needs to be precisely
defined (s0 can be seen as the theoretical model complexity “supported” by G). To this end,
first observe that A ⊆ V and B = {(j, `) ∈ E : β∗j β

∗
` 6= 0, β∗j = β∗` } ⊆ E. Then consider

the sub-graph GB = (A,B) of G that corresponds to the sub-graph made of non-null and equal
coefficients. Let us denote by s0 the number of its connected components (e.g., in the particular
case where G is a chain graph, s0 is the number of segments consisting of non-zero and equal
coefficients). Observe that d0 ≤ s0 ≤ p0, where p0 = |A| is the number of non-zero coefficients
in β∗\0 and d0 is the number of distinct non-zero values in β∗\0. We actually have s0 = p0 if and
only if (β∗j = β∗` 6= 0 ⇒ (j, `) /∈ E). Moreover, two coefficients that are theoretically equal can
not be fused together if they do not belong to the same connected component in GB. Furthermore,
s0 = d0 if and only if for all (j, `) such that β∗j = β∗` , j and ` belong to the same connected
component of GB. Now denote by A1, . . .As0 the sets of vertices of each connected components
of GB. Of course, we have A =

⋃s0
s=1As. Further set js = min{As} for s = 1, . . . , s0.



Now we can define β∗B = (β∗0 , β
∗
j1
, . . . , β∗js0

)T , which is composed by the intercept and the s0

distinct non-zero values of β∗\0 supported byG; we further set β̂
ad

B its estimate. Now denote by XB
the matrix of size n× s0, whose s-th column is XBs =

∑
j∈As Xj , where Xj is the j-th column of

X. Further set ZB = (1n,XB) and denote by CB the (s0 + 1)× (s0 + 1) positive definite matrix
that is defined as the limit, as n → ∞, of I(β∗B)/n, where I(β) stands for the empirical Fisher’s
matrix of β, with I(β∗B) = ZTBDZB and D denotes an n× n diagonal matrix (Dii = µi(1− µi)
under logistic regression models for instance). Finally introduce An = {1 ≤ j ≤ p, β̂adj 6= 0} and
Bn = {(j, `) ∈ E, β̂adj 6= 0 and β̂adj = β̂ad` }. We have now all the ingredients to state our main
result.

Theorem 1 If λ(m)
n /
√
n → 0 and λ

(m)
n n(γ−1)/2 → ∞, m = 1, 2, then, under technical as-

sumptions (detailed elsewhere [FP15]), the adaptive generalized fused lasso estimator satisfies the
following properties:

1. Consistency in variable selection: P [An = A]→ 1 and P [Bn = B]→ 1 as n→ +∞.

2. Asymptotic normality:
√
n
(
β̂
ad

B − β∗B
)
−→d N

(
0s0+1,CB

−1) .
Interestingly Theorem 1 allows us to compare the asymptotic theoretical performance of vari-

ous graph-based methods. Observing that I(β∗B) is the information matrix of the true submodel as

soon as s0 = d0, Theorem 1 states that in the fixed p scenario, the estimator β̂
ad

B is asymptotically
efficient as soon as s0 = d0, which is notably the case for clique-based methods [108, 109]. More-
over, because adding edges in any given graph between coefficients with theoretical different values
does not modify the set B, and so leaves the quantity s0 unchanged, our theoretical results state that,
asymptotically, adding edges in the graph can only improve the adaptive generalized fused lasso
performance. However, removing edges between coefficients with theoretical equal value may
modify the set B and increase the quantity s0, leading to poorer asymptotic performance. These
results being asymptotic, we evaluate the finite sample properties of the generalized fused lasso in
the forthcoming simulation study, with an emphasis on its robustness to graph misspecification.

4.3 Performance of the generalized fused lasso

We performed an extensive simulation study to compare the performance of the generalized fused
lasso with other penalized strategies, in the logistic regression setting. Our main objective was to
study the impact of a graph misspecification on the generalized fused lasso performance. For this
purpose we developed a very detailed simulation framework. To study the robustness of selection
method to a graph misspecification, we generated graphs with varying suitabilities such that equal
(resp. non-equal) coefficients were connected with probability θ (resp. 1 − θ) as illustrated in
Figure 4.2.

When no prior information is available on graph G, a strategy can be to use no graph (with
the lasso) or to use a graph that connects all coefficients (clique-graph). This latter option was



Figure 4.2: Illustration of our pro-
cedure that generates graphs with
varying suitability. θ stands for
the probability for two nodes (two
elements of β∗) of being con-
nected. The p elements of β∗

are fixed with p0 non-null and
equal elements. When θ increases
fewer edges connect distinct coef-
ficients, the most [resp. least] fa-
vorable configuration for general-
ized fused estimates being when
θ = 1 [resp. θ = 0].

θ = 1 θ = 0.8

θ = 0.4 θ = 0

also considered here to compare the generalized fused lasso with clique-based methods [108, 109].
The adaptive generalized fused lasso was solved with the coordinate-wise optimization algorithm
of [61] implemented in the FusedLasso R package (developed by H. Hofling), that is available
from the CRAN. We also mention that λ(1)n and λ(2)n were calibrated using the BIC in practice. In
the following, we give a brief summary of our simulation results on support recovery. For this
purpose we define the accuracy in support recovery by the proportion of correctly assigned (null or
non-null) coefficients with respect to the true simulated coefficients (Figure 4.3).

In the best-case scenario (perfectly suited graph, θ = 1), all graph-based methods are more
accurate than the lasso for support recovery (and to a lesser extent for prediction), which reflects a
cooperative effect that is characteristic of `1-based fused penalties: we showed that `1-based fused
strategies needed less signal than the lasso to recover the support of vector β thanks to the edges
provided to the graph connecting null (or non-null) coefficients together. Then we showed that
using adaptive weights and/or relaxation increases the robustness to graph misspecifications. Next,
focusing on the strategy that consists in penalizing all possible differences using the clique-graph
[108, 109], we observe that they are close to those of graph-based methods with low suitability
(θ = 0; 0.4). Generalized fused lasso estimates obtained with the clique-graph never significantly
improve upon the lasso for support recovery in our experiments. These results complement those
of Theorem 1 above: while using a clique-graph is asymptotically optimal, this strategy is clearly
sub-optimal on finite samples.
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4.4 Network-based prediction of cancer status based on expression
data

Genomics has faced a flood of network data in the last years, ranging from protein-protein in-
teraction data, pathway data to regulation networks [52, 104]. The molecular characterization of
cancers has been at the core of many projects, especially to establish molecular subtypes of his-
tologically similar tumors. In particular finding genomic signatures has been the graal for many
studies to predict patient outcome, survival or relapse [54]. Such signatures can be determined
using a penalized logistic regression model based on gene-expression data as covariates. Here we
consider the prediction of the 5-year relapse status of 214 women with breast cancer (80 relapse in
the sample) [54]. Covariates correspond to the measurement of the p = 54, 613 gene expressions
reduced to the 248 genes differentially expressed (FDR=0.05), and we use 5-fold Monte Carlo
cross validations to assess prediction performance. Interestingly, the expression of different genes
is structured according to some unknown regulatory network that can be inferred from the data
using Gaussian Graphical models for instance [33]. Our hypothesis here is that using this inferred
network can help in the prediction of patients outcome. However, since this regulatory network
is not perfectly known, our strategy is based on the hypothesis that there is no “true” regulatory
network, and we explore the robustness of the generalized fused lasso to the addition/removal of
edges in the penalty, as we did in the simulation study. To proceed we consider the regulatory
network that is inferred on the training data by the SIMoNE package [33]. This package is based
on sparse Gaussian Graphical models, and by varying the amount of shrinkage, we were able to
consider networks with increasing number of edges, and then to assess the impact of changes in
the network on prediction performance and estimated model dimensions.

The first conclusion is that the gain in using fused-based strategies is massive: the AUC (Area
under the Curve) jumps from ∼0.7 for the lasso to ∼0.95 for generalized fused estimates, and the
empirical error rate drops from ∼0.3 to ∼0.1, which clearly indicates that the network has helped
in the correct classification of samples (Figure 4.4). Moreover, as previously mentioned in the
simulations, fused-based methods are more performant than the lasso, but there is no significant
difference among them for prediction. Very interestingly, the classification performance is main-
tained with the addition of edges, which suggests that the suitability of these new edges is about
θ ' 0.5. Then the number of non-null estimated coefficients is higher for all fused-penalties, and
the estimated number of distinct non-null coefficients (a crude estimate of quantity s0) converges
towards a set of ∼10 distinct values for estimated parameters.

4.5 Discussion

We investigated theoretical and empirical properties of the generalized fused lasso, in various set-
tings. From the theoretical point of view, we especially show that using adaptive weights leads to
estimators enjoying asymptotic oracle properties. However, for the true underlying dimension of
the problem d0 (that is the number of distinct non-null values in β∗) to be equal to the asymptotic
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Figure 4.4: Performance of penalization strategies for AUC (Area Under the Curve) and Empirical
Error Rate on the breast cancer dataset with an increasing number of edges in the network provided
in the penalty. Bottom panels display the estimated model size and complexities (number of non-
null estimated coefficients, and number of distinct estimated coefficients) according to an increase
in the number of edges in the penalty graph. Fused lasso (dotted), adaptive fused lasso (dashed),
relaxed fused lasso (dotdash), relaxed adaptive fused lasso (longdashed), relaxed adaptive lasso
(plain), GE-Net (two-dash).



dimension s0 of the estimator, the graph G used in the penalty has to enjoy the following property:
for all (j, `) such that β∗j = β∗` , j and ` should belong to the same connected component of GB,
the sub-graph of G such that GB = (A,B). In particular, our results indicate that setting G to
the clique connecting all coefficients of β∗ together (in which case all the p(p − 1)/2 differences
are penalized) is asymptotically optimal. In other words, it means that, asymptotically, adding
misleading edges in the graph is harmless, while forgetting relevant ones can be harmful.

From the modelling point of view however, we empirically studied the robustness of general-
ized fused lasso estimates against graph misspecification on finite samples. We demonstrated that
the performance of generalized fused lasso estimates on finite samples are deeply related to the
suitability of the graph in the penalty, especially for support recovery. In particular, we show that,
under the designs considered in our simulations, the clique-based strategy is clearly sub-optimal
for support recovery, so that misleading edges are harmful on finite samples. The graph used in
the penalty constitutes a formal description of some prior knowledge on the problem that is inves-
tigated, and has to be determined with caution, especially if support recovery matters.

We established the asymptotic oracle properties of the adaptive generalized fused lasso esti-
mates under generalized linear models, for fixed p. These results are the first established for fused
lasso estimates in the setting of generalized linear models and for the generalized fused penalty
based on a graph, and they should be extended to cover the high-dimensional case. Most published
works on the fused lasso in high-dimension focus on the chain-based fused penalty in the Gaussian
sequence model. The extension to generalized linear models would be an interesting lead. From a
practical point of view, preliminary simulations (not shown here) showed that classification perfor-
mance were degradated in the high dimensional setting, which makes the application of the fused
lasso for cancer discrimination highly not performant. For now, an interesting direction would be to
develop a method for feature pre-selection, in order to focus on a subset of prior relevant features.
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Chapter 5

Analysis of replication origins data

The faithful duplication of mammalian genomes at each S phase1 of a mitosis is under the control
of a spatiotemporal program that orchestrates and regulates both the positioning and the timing
of firing of replication starting points also called replication origins. The molecular mechanisms
involved in coordinating the activation of 50,000 to 100,000 origins in each cell and at each cell
cycle are still poorly understood, despite the need for a comprehensive understanding of these
processes. Indeed, defects in the normal sequence of events leading to replication initiation may
be directly responsible for genomic instability and/or the deregulation of differentiation programs.
Consequently, the first and necessary step towards understanding this regulation is to refine our
vision of the spatiotemporal replication program. For this reason several laboratories have chosen
to map both the spatial and temporal programs of replication, in different systems and cell lines.

The temporal program of replication has been successfully analyzed in many laboratories with
no particular controversy. By contrast, attempts to identify replication origins remain a subject
of passionate debate in the field, as the intrinsic rarity of replication bubbles makes it difficult to
purify the genomic material. The most popular method for mapping replication starting points in
mammals is the purification of short nascent strands (SNS). Briefly, replication starts by an opening
of the double-stranded DNA molecule to be replicated, which forms a “bubble” that separates the
two strands and starts the replication fork. At these precise loci, new DNA is synthetized in order to
initiate the replication process, and these newly synthetized fragments are known as Short Nascent
Strands (Figure 5.1). These Short Nascent Strands can be isolated and sequenced. Once mapped
on the human genome (Figure 5.2), their accumulation indicate an “origin” activity [24, 28, 48].

Agreement on a consensual protocol for SNS enrichment and quantification has also become
a critical issue as the scale of investigation of replication origins has changed profoundly in recent
years. Beginning with investigations of individual loci, and continuing with the microarray tech-
nology, there has recently been another technological shift in this field towards the use of ultra-deep
sequencing [51]. Origin-omics has now become a way of thinking about replication that incorpo-
rates tens of thousands of loci embedded within various genomic landscapes. The emphasis also

1The S phase is the part of the cell cycle during which DNA is synthetized.
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Figure 5.1: An opened replication
bubble that separates the two na-
tive strands (in blue). New com-
plementary fragments called Short
Nascent Strands are synthetized
(in red) to initiate the replication
process. These fragments are iso-
lated and purified according to
their size (on a gel). They are
further amplified and sequenced.
Note that in one experiment there
are ∼ 108 cells that may use the
same origins. Consequently our
data are cumulated data on a popu-
lation of cells (we do not habe ac-
cess to single-molecule bubbles).

Extraction & Purification

Short Nascent Strand (SNS)

- qPCR analysis (local)
- DNA tiling arrays
- Sequencing (Ori-Seq)

Selection of 1.5-2kb SS fragments

lambda exonuclease Digestion

needs to shift from protocols to methods used for the analysis of genome-wide replication data.
Indeed, despite a spectacular increase in the sensitivity of detection, Origin-omics is already sub-
ject to the same pitfalls as all other types of omics: the difficulty achieving an appropriate balance
between the specificity and sensitivity of the analysis method. In a recent study based on the ultra-
deep sequencing of SNS, origins were detected using chIP-Seq tools [20] for peak detection. This
resulted in 250,000 identified origins in different human cell lines [18]. We noticed however one
possible caveat in the use of chIP-Seq tools for the detection of replication origins based on se-
quenced SNS. Indeed, prior to the sequencing, SNS are first selected based on their size (about
1.5-2kb). Hence the resolution of detection of replication origins cannot be less than this size. It is
therefore possible that chIP-Seq tools tend to split the signal into multiple peaks and hence tend to
overestimate the number of replication origins. In Picard et al. (2014) [FP7] we addressed this issue
of resolution of detection. We proposed a peak-detection method that is adapted to the special case
of SNS sequencing data, based on the prior control of the resolution of detection of exceptional
local enrichments of reads. The method relies on sliding windows, the size of which is imposed
by the size of the sequenced SNS fragments. We deal with multiple testing by providing a signif-
icance threshold that controls for false-positive detections, and that is adaptive to local coverage
variations. The consensus on the SNS purification protocol made it possible to apply our method to
our samples (K562 cells) and to published data [18] (from four different cell lines), which allows
us to compare detection methods on SNS data.



5.1 Sliding windows for the detection of significant read enrichments

OriSeq data analysis based on SNS material consists in detecting significant read enrichments cor-
responding to accumulations of SNS throughout the human genome. For a given origin, reads
accumulate around the initiation starting point with a span determined by the size of the SNS
fragments. It is important to notice that SNS are selected based on their size (between 1.5-2kb),
and then fragmented and sequenced. Hence, for a given origin the resolution of detection can not
be smaller than 1.5-2kb. Tools for the detection of peak-like patterns in ChIP-Seq data, such as
SoleSearch [18, 20], have been used for detection purposes, without controlling for the size of the
peak, which results in peaks smaller than 1kb on average. In our method we control the resolu-
tion of detection by considering sliding windows of size 2kb. We define an appropriate statistical
model for discriminating between signal and noise and controlling for false-positive peaks, while
accounting for the genome-ordered structure of the data. Read occurrences throughout the genome
are supposed to follow a Poisson process N(t) with a heterogeneous intensity λ(t) that can be
interpreted as the coverage process (Figure 5.2). We also assume that at a given position t along
the genome, the number of reads X(t) follows a geometric distribution G(p). We then consider
R(t) =

∑N(t)
i=1 X(i), which counts the number of reads along the genome and, to detect local

exceptional read accumulations, we compute ∆R(t, u) = R(t + u) − R(t), which quantifies the
number of reads within a window of size u = 2kb (Figure 5.3).

To assess the significance threshold of detection we used scanning statistic results for com-
pound distributions, making it possible to calculate the probability of the richest window actually
being a false positive [29]. The detection is performed at level α by setting threshold δα such that

P
{

max
t

(∆R(t, u)) > δα

}
≤ α.

Threshold α was calibrated using independent input DNA from public databases since input DNA
was not available at the time of the experiment. We applied the detection method to input DNA
(ie a dataset with no biological signal) and we assessed the percentage of nucleotides detected as
origins in the SNS data that were also detected as peaks in the input DNA data.

To account for coverage heterogeneities, we segment the coverage process (N ) into regions
of constant intensities (constant λ). We use a segmentation model for this purpose, based on the
Poisson distribution adapted from segmentation models we developed for array CGH data analysis
[92]. This segmentation step has two main advantages: First, it automatically detects regions of
constant coverage (constant λ) and regions with extremely low coverage that are excluded from the
study. Second, it allows our significance thresholds to adapt to coverage variations. An example
of detection is provided in Figure 5.3. Using the scan method, we detected between 60,000 and
90,000 replication origins (depending on read depth), which cover ∼12% of the genome [FP7].

Very interestingly, the field of OriginOmics has recently been enriched by another genome-
wide map of replication origins obtained by bubble trapping [80], which is based on the sequencing
of EcoR1 fragment containing at least one replication bubble. This new map consists of ∼125,000
EcoR1 fragments that cover 25% of the human genome. We took this opportunity to confront



Figure 5.2: Short Nascent Strands are
amplified and corresponding reads are
aligned along the human genome (bot-
tom).“Ticks” correspond to mapping posi-
tions along the genome that constitute the
coverage process, modelled by an inho-
mogeneous Poisson Process. In situations
where an origin is shared by many cells,
reads will accumulate at the approximate
same location along the genome. This
is modelled by an accumulation process
(X(t)). The task of the statistical analysis
is to detect significant enrichment along
the genome, coming from both coverage
and accumulation processes.

sequenced reads

scanning window (2kb)

significance
 threshold
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Figure 5.3: Snapshot of peak detection on a region of chromosome 20 from HeLa cells. Scanning
windows are represented according to their genomic position. The red line corresponds to the
threshold used in the scan methods, which adapts to regional coverage.

different genome-wide detections of replication origins based on different methods and protocols,
which had never been done before [FP7]. Comparisons between SNS-based origins and bubble
trapping based origins on different cell lines show a good agreement between maps. Furthermore
these comparisons (not detailed here) indicate that the sensitivity and specificity of the detection
of origins based on SNS data is significantly improved with our dedicated method compared to
previously used chIP-Seq tools.

5.2 Poisson functional regression to detect peaks in NGS data

In September 2013 we started a collaboration with V. Rivoirard and our graduate student S. Ivanoff,
on Poisson functional regression. The motivation of this new project was to investigate some
theoretical questions that have been raised by the analysis of NGS data. Even if the replication
origin project was a first motivation, our point was to propose general statistical methodology that
could be applied to any aligned-based NGS signal. The first issue we dealt with was the denoising
of the read-accumulation data using Poisson functional regression. Our first approach in signal
detection relied on a probabilistic modelling of the coverage and the accumulation process, mainly
because we wanted to assess a significativity threshold to the accumulation of reads. Here we



propose another model that is inspired from functional data analysis that was developed in Part
I. Indeed, OriSeq data (as well as ChIP-Seq) can be modelled as pairs (Xi, Yi)i=1...n, where the
Xis stand for the genomic location of read i, and Yi ∈ N are independent observations of random
Poisson variables that model the number of reads observed at positionXi. We consider the Poisson
functional model:

Yi|Xi ∼ P (f0(Xi)) ,

with f0 an unknown function to estimate. Our strategy is to estimate f0 using the so-called dic-
tionary approach. We start by setting a candidate log f as a linear combinations of elements of a
known finite dictionary Υ = {ϕj}j∈J :

log f(x) =
∑
j∈J

βjϕj(x),

with J a set of cardinal p. The dictionary functions ϕj are can be based on the Haar or Fourier
basis. However, the point of the dictionary approach is the ability to choose any combination of
these bases according to expected characteristics of the function to estimate. For example, the
Haar basis is most efficient if log f0 is piecewise constant, whereas the Fourier basis is best suited
to estimate a regular periodic function. If log f0 presents both of these aspects then it will be more
efficient to combine the Haar and the Fourier basis to catch both aspects of the signal. In the
case of SNS data analysis, peaks will be searched by adding Daubechies wavelets, and should the
resolution be a matter, focusing on a scale adapted to the length of the replication origins is also
feasible.

As estimating f0 will be equivalent to selecting the vector of regression coefficients β =
(βj)j∈J , f0 will have a sparse decomposition on this combined dictionary, which limits the accu-
mulation of estimation errors. To proceed we consider the penalized maximum likelihood frame-
work to estimate the coefficients of the model. Denoting by A the design matrix of size n × p
defined by Aij = ϕj(Xi) the log-likelihood associated with this model is, up to a constant,

logL(β) =
∑
j∈J

βj(A
TY)j −

n∑
i=1

exp
(∑
j∈J

βjAij

)
,

where Aj is the j-th column of the matrix A. The score function is then

∂ logL(β)

∂βj
= AT

j

(
Y − exp

(
Aβ
))
, (5.1)

where Y = (Y1, . . . , Yn)T and exp(Aβ) = (exp((Aβ)1), . . . , exp((Aβ)n))T . The high-dimensional
framework arises when considering rich dictionaries (p > n). In this situation there is no unique β
such that AT

(
Y− exp(Aβ)

)
= 0 and therefore no unique maximizer of the likelihood. The usual

way to bypass this issue is to add an `1-penalty to the log-likelihood which yields the Lasso [118]:

β̂ ∈ argmin
β∈Rp

− logL(β) +

p∑
j=1

λj |βj |

 . (5.2)



In many practical applications, parameters βj can be grouped: if we consider a wavelet dictionary
for instance, wavelets coefficients of the same scale can be grouped together so that each scale is
selected globally. Therefore we also consider the group-lasso strategy (not detailed here). Then
we can derive from the Karush-Kuhn-Tucker conditions [23] that β̂ satisfies the so-called Dantzig
constraint:

∀j, |AT
j (Y − exp(Aβ̂))| ≤ λj . (5.3)

Therefore even if we cannot require the score function to be equal to 0, it will be controlled by the
λj’s.

A first aspect of the project is to propose a theoretical derivation of the weights λj . This ques-
tion can be also viewed as the calibration of a thresholding rule for Poisson regression, inspired
from the hard and soft thresholding procedures proposed in the Gaussian framework [40]. Early
attempts to analyze functional Poissonnian data was to apply variance stabilizing transforms [17]
and to consider the transformed-data as Gaussian. However this method is only valid for high inten-
sities (in a regime where the Gaussian approximation is reasonable). The particularity of Poisson
regression is that the thresholding weights should adapt to the heteroscedasticity of the model. It
would indeed be poorly adapted to choose, say, the universal penalty λ = σ

√
2 log p, since in the

Poisson regression model the errors are necessarily tied to the intensity, as E[Yi|Xi] = V(Yi|Xi),
which makes difficult to consider a direct equivalent to σ2. Using the penalized likelihood frame-
work and concentration results on continuous Poisson processes, S. Ivanoff proposed theoretical
λjs that are used to control the fluctuations of AT

j Y. Consequently a key ingredient to get the
weights is to consider the variance Vj = V(AT

j Y) (that equals
∑n

i=1 f0(Xi)ϕ
2
j (Xi) if the model

were true). This quantity actually plays an analogous role to σ2 in our model, and λj will be pro-

portional to
√
Ṽj in the main result, with Ṽj an overestimation of Vj (see below).

The following theorem gives precise data-driven λj’s:

Theorem 2 Let j be fixed and γ > 1 be a constant. We define V̂j =
∑n

i=1 ϕ
2
j (Xi)Yi the natural

unbiased estimator of Vj and

Ṽj = V̂j +

√
2γ log pV̂j max

i
ϕ2
j (Xi) + 3γ log pmax

i
ϕ2
j (Xi).

Let us define

λj =

√
2γ log pṼj +

γ log p

3
max
i
|ϕj(Xi)|. (5.4)

Then
P
(
|AT

j (Y − E[Y])| > λj

)
≤ 3

pγ
.

In his work, S. Ivanoff also provides oracle inequalities to assert the theoretical efficiency of the
choice of the weights.
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Figure 5.4: OriSeq signal along chromosome X for Hela cells. The grey line represents the number
of reads that map each position along the genome, and the red line corresponds to the estimated
intensity function using the lasso. The dictionary was chosen by 2-fold cross validation. Vertical
dashed lines represent the origins that were detected using scan statistics.



Preliminary application and perspectives. Most effort from now has been put on the theoreti-
cal part of this work, and we are currently investigating the empirical performance of the method
on simulated data. Our results show that the lasso with theoretical weights is more performant than
other methods (like the Haar-Fisz transform [46]) for reconstruction for instance. The great inter-
est in having theoretical derivations for the weights λjs is that computations do not need heavy
ressources to obtain β̂ (we use available packages for this purpose [79]). Therefore, available
ressources can be dedicated to the choice of the dictionary, that can be performed by cross val-
idation. As a starting application, we considered the OriSeq signal that we analyzed using scan
statistics [FP7], and we estimated the intensity function on these data. Figure 5.4 shows that on a
portion of chromosome X, the lasso method identifies somes peaks that were detected as replica-
tion origins, but can detect smaller peaks as well. One origin is not detected though. These results
are very preliminary, but they illustrate how the present method could be used to denoise and detect
peaks in NGS data.

5.3 Differential analysis of peak-like data

With the identification of a consensus set of replication origin in the human genome, new questions
emerge concerning the regulation of this spatial program. Indeed replication origins must not be
fired more than once within the S phase, and forks can frequently stall for instance if they encounter
damaged bases [22]. Thus origins of replication are first “licensed” by the formation of a multi-
protein complex termed the pre-Replicative Compex (pre-RC) before entry into the S phase. Many
licensed replication origins remain dormant and thus constitute a pool of latent origins to survive
replication stresses that block replication for movement [50]. Our project is then to study the
plasticity in the replication process through the identification of activated dormant origins under
replicative stress. We will use ChIP-Seq data to localize the pre-RC in the human genome (and
thus to map the dormant origins) and we will confront this map with the map of activated origins
to unravel the dynamics of origins licensing.

Very interestingly this project raises methodological questions that may be of very broad inter-
est in the field of NGS data analysis. Indeed, among the application of NGS, ChIP-Seq (chromatin
Immuno-precipitation followed by NGS) is probably the most successful to date. Like SNS data,
ChIP-Seq data analysis consists in the detection of an exceptional local accumulation in reads with
respect to a reference (input data). The result of such procedure is a list of peaks positions along the
genome. While the analysis of single-profile data has raised considerable attention [103, 128, 125],
the differential analysis of peaks has been marginally studied to date [110, 66]. In the following is
presented a new strategy based on continuous Poisson Processes comparison that will constitute a
major direction of future research.

Our project is to compare the local densities of peaks between conditions, in order to assess the
significance of the difference. In a first step, let us consider two conditions A and B for which we
have a collection of peak positions along the genome. We start by modelling these positions by two
heterogeneous Poisson Processes denoted by NA and NB , with respective intensities λA and λB .



We will suppose that NA and NB lie on [0, 1] and that λA and λB are positive and in L1(0, 1). For
some resolution η ∈ (0, 1) that will define the resolution of the test (which can be determined by
the user for instance), for all t ∈ [0, 1], we aim at finding the intervals Iη(t) = [t−η, t+η]∩ [0, 1],
such that the intensities of the Poisson Processes are equal. More specifically, let us consider the
following testing problem:

Ht :
{
λA = λB = λ on Iη(t)

}
against At :

{
λA 6= λB on Iη(t)

}
(5.5)

Since NA and NB are independent, we can define the joint Poisson Process N = (NA, NB) of
intensity λA + λB , along with a Bernoulli process ε0 =

{
ε0t ∈ {−1,+1}, t ∈ N

}
. Thus NA

stands for the set of points t ∈ N such that ε0t = 1 and NB is the complement of NA in N .

Kernel-based statistics. To test the local differences between NA and NB based on sliding win-
dows, a first possibility can be to compare the number of points coming from A and B within
window Iη(t) [100]:

NA[Iη(t)] =

∫
Iη(t)

dNA(s)ds and NB[Iη(t)] =

∫
Iη(t)

dNB(s)ds.

However, this strategy does not account for the possible differences in points location that may
occur within the window. In other words, this strategy is not adaptive to the regularity of intensity
functions λA and λB . Following recent results on Poisson Processes comparison [45] and more
generally on the two-sample problem [53] we introduce the kernel-based statistics:

∀t ∈ [0, 1], Th,η(t, ε
0) =

∑
s,s′∈Iη(t)

Kh(s, s′)ε0sε
0
s′ ,

with Kh(s, s′) a positive symmetric kernel of bandwidth h. For interpretation purposes Th,η can
be re-written such as :

Th,η(t, ε
0) =

∑
s,s′∈Iη(t)

(s,s′)∈N2
A
∪N2

B

Kh(s, s′)−
∑

s,s′∈Iη(t)
(s,s′)∈NA×NB

Kh(s, s′).

In the following, we say that s and s′ are h-neighbors when |s − s′| ≤ h. Then when considering
the uniform kernel (i.e. Kh(s, s′) = 1|s−s′|≤h), the first term of Th,η(t, ε0) is the number of h-
neighbors coming from the same process (either NA or NB), within window Iη(t), whereas the
second term accounts from h-neighbors from different processes. This motivates the difference of
magnitude between resolutions h and η such that h = o(η). In the case where h = η the statistics
resumes to

Tη,η(t, ε
0) = (NA[Iη(t)]−NB[Iη(t)])

2 .



Given N , (NA + NB)[Iη(t)] is a constant, so that a decision rule based on Tη,η(t, ε0) consists in
rejecting Ht if NA[Iη(t)] is big/small enough. As already mentioned Tη,η(t, ε0) does not consider
any information regarding distances between the occurrences of processes NA and NB . Conse-
quently introducing smoothing parameter h = o(η) is thought to increase the power of the testing
procedure.

Distribution of the test statistics under Ht. Considering the joint process along with the asso-
ciated Bernoulli process (N, ε0), given that NA and NB are independent we have:

P{ε0t = +1|t ∈ N} =
λA(t)

λA(t) + λB(t)
=
H0

1

2

P{ε0t = −1|t ∈ N} =
λB(t)

λA(t) + λB(t)
=
H0

1

2

The key idea of the testing strategy is to work conditionally to the joint process. Indeed, since our
objective is to determine whether the two processes are different, by conditionning on N we just
have to focus on the labels A and B. As shown in Fromont et al. (2013) [45], conditionally on N ,
the distribution of Th,η(t, ε0) underHt is equal to the distribution of the bootstrapped version of

Th,η(t, ε) =
∑

s,s′∈Iη(t)

Kh(s, s′)εsεs′ ,

with ε = {εt, t ∈ N} a sequence of Rademacher random variables. This methodology provides a
direct way to compute the p-values of the tests. Given the joint process N , generate εb = {εbt ; t ∈
N} as a sequence of i.i.d. random variables with εbt ∼ (δ−1/2 + δ+1/2). In the following we will
use notation {εb}B0 = {ε1, . . . , εB0} for the sake of simplicity. Thus we consider the resampled
p-values defined by

p̂(t, {εb}B0 , ε
0) =

1

B0 + 1

(
1 +

B0∑
b=1

1I{T (t,εb)≥T (t,ε0)}

)
.

An illustration of the statistics and the p-value process is provided in Figure 5.5 on simulated data.

Control of the FWER and of the FDR in the continuous setting. An interesting question raised
by this testing strategy is the control of the level of the test. One particularity of our approach is that
the number of hypothesis tested in not finite as it is usually the case. By considering the continuous
Poisson Process framework, we basically suppose that the coordinates of the occurrences (peaks)
are intrinsically random over a continuum of possible locations. Consequently, the number of
tested hypothesis is infinite, and the correction of the multiple testing should be adapted to this
“continuous” setting [21]. It generalizes some approaches that we developed recently with hidden
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Figure 5.5: Simulated example for the comparison of two Poisson processes. Ticks indicate occur-
rences of each process with a color for each. Top panel shows the kernel statistics computed with
the Gaussian kernel. The statistics increased when the intensities of the processes are likely to be
different. Bottom panel shows the p-value process computed on B0 = 200, 000 bootstraps. Note
that this p-value process is not yet adjusted for continuous multiple testing.



Markov models to account for dependencies among test statistics along the genome [FP6]. Let us
denote the (measurable) set of true null hypotheses (the global null hypothesis):

H0 = {t ∈ [0, 1] : λA = λB on Iη(t)}.

From the p-values defined above, and for all ζ ⊆ [0, 1] we define the rejection set, for some
(potentially data-dependent) threshold uζ ,

R(uζ) = {t ∈ [0, 1] : p̂(t, {εb}B0 , ε0) ≤ uζ},

In our case, R(uζ) corresponds to the intervals on which the global hypothesis is rejected. To
evaluate the quality of a threshold uζ , we consider the following quantities:

FWER(uζ) = P (H0 ∩R(uζ) 6= ∅ |N) (5.6)

FDR(uζ) = E
[

Λ (H0 ∩R(uζ))

Λ (R(uζ))

∣∣∣∣N] , (5.7)

where Λ denotes the Lebesgue measure on [0, 1] and with the convention 0/0 = 0. While
FWER(uζ) is the probability to make at least one error in R(uζ), the continuous FDR, FDR(uζ)
is the average proportion of errors in R(uζ). It can be viewed as the cumulated length of intervals
corresponding to false rejections, divided by the cumulated length of rejection. From an intuitive
point of view, controlling FWER(uζ) ensures no false positive in R(uζ) with high probability,
while controlling FDR(uζ) allows false positives but in a small proportion w.r.t. the rejection vol-
ume Λ (R(uζ)). Hence, in practice, FWER is more stringent than criteria based upon FDR. Our
objective is to develop procedures to control these quantities using the Bootstrapped p-values.

Extensions and future projects. We are currently working on the definition of control proce-
dures as detailed above, as well as on an efficient implementation, since the Bootstrap is very
computationally intensive. Then a first extension to consider will be to test more than 2 conditions
and to consider multiple measurements of the same condition. Since the methodology is based on
the joint process, considering multiple treatments and repeats should not be an issue. Another lead
will be to adjust the test to the coverage of each condition. Indeed, if peaks of one condition have
been called based on an experiment with high coverage, whereas the other condition has lower
coverage, the hypothesis to test would rather be: λA ∝ λB .

Then a promising extension will be to consider that when NGS peaks are called, some infor-
mation remains on their characteristics. For instance, the height of the peak could be an important
information to consider. This puts our model in the marked Poisson Process framework, in which
occurrences of the peaksNA, NB are recorded with some continuous marks YA, YB such that YA(t)
is the intensity of the peaks at position NA(t). The test statistics can be enriched by using a second
kernel KY that quantifies the distance of the peaks in terms of their intensities:

∀t ∈ [0, 1], Th,η(t, ε
0) =

∑
s,s′∈Iη(t)

Kh(s, s′)KY
h′(ys, ys′)ε

0
sε

0
s′ .



Provided the height of the peak is meaningful for the comparison, this strategy should be more pow-
erful to detect differences between conditions. This mark could be discrete as well to characterize
the peaks by some qualitative information. Coming back to copy number analysis, occurrences
considered here could be breakpoints positions recorded among individuals, and their characteris-
tics could be the standard copy number status (deleted-normal-amplified). In more general terms,
our framework can be adapted to the comparison of any events that can be modelled by ponctual
processes like recombination hotspots, breakpoints, motif locations for instance.



Chapter 6

Chromatin landscape of replication
origins

Chromatin is the state in which the DNA molecule is packaged within the cell, and the nucleo-
some is the core of this structure. It is formed by an octamer of four histones (H2A,H2B, H3,H4)
around which the DNA molecule is wrapped. This tight association between DNA and histones
makes chromatin a very flexible structure, as chemical modifications of histones can modify the
physical properties of the chromatin fibers (like its compaction properties and accessibility for in-
stance), which can be associated with different biological processes [13]. Many studies have tried
to decipher the roles of histone marks and nucleosomal organization in origin selection. However,
our understanding of the complex relationships between chromatin states and replication has been
limited by the scale of investigation, as all studies consider replication timing domains of 200 kb
to 2 Mb, potentially resulting in a lack of resolution [10, 11, 57, 78]. Nonetheless, it is now well
established that genomes are organized into early-, mid- and late-replicating domains1, and early
domains have been shown to be associated with active epigenetic marks such as H3K4me1, 2 and
3, H3K27ac, H3K36me3 and H3K9ac [106]. Moreover, origins of replication have been found
embedded within many types of chromatin substrates [24, 47, 96], suggesting that any regulatory
effect of chromatin structure would not be homogeneous across replication initiation sites. Now
that a consensus set of replication origins has been identified, the time has come to unravel the
genomic as well as the epigenetic characteristics that make these particular loci replication origins.
In the following we will focus on the connections between the spatial and temporal programs of
replication at fine scales.

6.1 Searching for epigenetic characteristics of replication origins

In Picard et al. (2014) [FP7] we started to investigate the connections between replication origins
and their chromatinian environment. To proceed we basically computed the fraction of origins that

1these domains correspond to genome portions that are replicated in the early-mid or late S phase of the cell cycle
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were overlapping with 6 chromatin modifications (H3K4me1, H3K9me3, H3K27me3, H4K20me1,
H3K9ac and H2AZ) as provided by public datasets of ChIPseq analysis. These fractions were com-
puted for origins replicated in 6 different timing categories (from early to late-replicated origins),
as shown in Figure 6.1. The H4K20 monomethylation mark thought to control origin licensing
has been shown to be associated with 50% of origins, this enrichment being significant for origins
activated early or in mid-S (Figure 6.1). The dynamic association of replication origins with open
chromatin marks, such as H3K9ac, H3K4me3 and H2AZ, was strong (and significant) for origins
replicated early in S phase, whereas origins activated in the second part of S phase were less as-
sociated with such marks (Figure 6.1). We also found that these marks tended to be absent from
late-activated origins. Overall, 64% of origins carried none of these three open chromatin, indi-
cating that most origins may not be directly driven by the presence of open chromatin marks, as
previously proposed [96, 24]. The association with heterochromatin marks has been reported to be
negatively correlated with replication timing. We, therefore, also investigated two histone marks
known to be enriched in facultative and constitutive heterochromatin. Early origins displayed a
significant depletion of H3K9me3, whereas late origins were characterized by a significant enrich-
ment in this mark (Figure 6.1). By contrast, we found that origins activated early and in mid-S
phase were enriched in H3K27me3, which was thus associated with a large proportion of replica-
tion origins (40%) (Figure 6.1).

Once we had elucidated the spatiotemporal interactions between origins and histone modifi-
cations, we further investigated whether they were associated with functional effects such as ef-
ficiency (Figure 6.1), length and density [FP7]. We first investigated the responses to separate
associations, and then studied the effect of combinations of marks. The separate analysis identified
H4K20me1 and H3K27me3 as potential regulators of the replication program. When associated
with CpG islands (CGIs), origins carrying these marks were characterized by a higher efficiency
(Figure 6.1), suggesting that they were associated with a larger number of initiation events. Colo-
calization with H4K20me1 and H3K27me3 was also associated with a higher density of origins
[FP7].

We then characterized the functional responses associated with marks combinations that we
identified for early, mid-S phase and late origins. We found that H4K20me1 and open chromatin
marks co-localize on 38% of early origins and 16% of for mid S-phase origins, this proportion
being increased for CGI origins to 64% of early and 48 % of mid-S phase origins, (Figure 6.2).
Moreover, H4K20me1 also colocalized with H3K27me3, particularly in origins activated in mid-S
phase (Figure 6.2). These highly frequent colocalizations of marks were associated with different
functional responses, as the coupling between H4K20me1 and H3K27me3 was the only combi-
nation to be associated with a significant increase in efficiency whatever the timing of replication
(Figure 6.2). The presence in ∼60% of origins of H4K20me1 or H3K27me3 (or both), and the
strong functional responses associated with the colocalization of these marks suggests their poten-
tial importance in the control of the human genome replication program.

We further focused on spatial interactions between marks that might characterize the temporal
progression of replication. For each origin detected in K562 cells, we considered its linear dis-
tance to the closest mark, H2AZ, H4K20me1, H3K27me3, H3K9me3, H3K9ac or H3K4me3. We
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then used a discriminant analysis to identify combinations of chromatin marks that could discrim-
inate (and thus characterize) early, mid- and late S-phase origins on the basis of their spatial co-
localizations with replication origins. A first combination of marks was characterized by the prox-
imity of early origins to open chromatin marks (H2AZ, H3K9ac and H3K4me3) and H4K20me1.
The distance between early origins and open marks increased with the progression of replication,
whereas mid-S phase origins remain strongly associated with H4K20me1. Mid-S phase origins
were also characterized by a strong association with H3K27me3, and the coupling of H4K20me1
and H3K27me3 with the exclusion of other marks constituted a strong characteristics of this cat-
egory of origins. Finally the association with H3K9me3 was identified as characteristics of late
origins, further from H4K20me1 and H3K27me3.

6.2 Statistical modelling for the integration of epigenomic data

The identification of a “chromatin code” has focused much attention in the community of compu-
tational biologists. Several groups have proposed models to integrate many ChIP-Seq signals along
the genome, with the extensive use of Hidden Markov Models applied to the study of gene expres-
sion regulation [42]. In our project, we will focus on our exceptional data set on replication origins
to explore the combination of chromatin marks that characterize the spatiotemporal program of
replication. There are currently very few methods to model this interplay between marks, whereas
our results indicate that the conjunction of H4K20me1 and H3K27me3 is statistically correlated
with increased origin efficiency. In a first step we propose to use multivariate methods to model
the interplay between chromatin marks in association with replication origins. The challenge here
will be to integrate the spatial information in the model, either the genomic organization (1D)
or the 3D nucleus organization using conformation data to unravel the spatiotemporal signatures
characterizing replication origins. The link between conformation and replication has long been in-
vestigated, as early replicating domains seem to be spatially clustered [106]. Consequently we will
pay a particular attention to the integration of conformation data, with the increasing availability of
chromosome capture data [73]. A first direction will be to consider mutlivariate methods (like Prin-
cipal Component Analysis or Partial Least Squares) are particularly suited for this purpose as they
provide a compression of the data which allows a synthetic representation / interpretation. Partial
Least Squares seems more appropriate in our case since we aim at studying the effect of covariates
on a response variable such as the efficiency of replication origins. With S. Lambert-Lacroix we
co-supervise a graduate student (G. Durif) on this theme. New developments on functional PLS
could be a way to integrate the spatial information into the model [38]. With called ChIP-Seq data
being modelled by Poisson point processes functional PLS or PCA for Poisson processed could be
a promising direction.

Another modelling direction to study the spatial interactions between replication origins and
chromatin marks will be to consider time-varying coefficients models. By studying Y (t) the ob-
served intensity of the replication signal at position t considering p ChIP-Seq signals X1, . . . , Xp

that all depend on twe will enrich the Poisson functional model described previously to incorporate



genomic covariates such that:

logE(Y (t)) =

p∑
j=1

αj(t)Xj(t).

Then function αj(t) can be decomposed on a dictionary and used to study the interactions between
the replication signal and the ChIP-Seq signals. One challenging question will be to investigate the
interaction between functional regressors that may explain the spatial variations of the replication
signal. This strategy will be based on non-called data (raw ChIP-Seq signals), but we will also
consider the modelling of called data. This lead concerns the use of multivariate Hawkes models
which constitutes a very powerful framework to model the interactionsbetween point processes.
This strategy has already been considered to unvarel interactions between transcription factors
[25], and recent theoretical developments [58] will allow us to consider sparse versions of such
models.



Concluding remarks

Statistics has this particularity of being a “useful” discipline which may partly explain its extremely
open spectra, from (coffee-)talking to other scientists to build an appropriate statistical model, to
computational statistics, optimization, software development and to the demonstration of mathe-
matical results. My research is part of the “applied statistics” field. I have been interested in the
construction of statistical models based on biological expertise (around a coffee), and I developed
computational strategies and software packages for biologists to use them. A constant course of
action has been to use modern statistics on modern biological issues. This concern has required the
constant collaboration with biologists on one hand, and also with statisticians interested in theoret-
ical aspects on the other. This reminds me a quote my former PhD advisor J.-J. Daudin who once
said: “On est toujours l’appliqué de quelqu’un”, “One is always somebody’s applied guy”, which
always reminds me that the “applied” term is somehow merely relative.

From the “application” point of view, a first strategic decision to make when working on ge-
nomic data is to determine if we should work on raw data or not. Working on raw data is often
close to signal processing, and involves the detection of particular patterns in the signal (like peaks
or breakpoints) among technical and biological noise. To this respect it can be viewed as a denois-
ing procedure that catches some information and results in called data (peaks position and height,
breakpoint positions and status for instance). Given the number of published methods and pipelines
it becomes crucial to wonder if it is worth publishing for instance a 100th method to detect peaks
in ChIP-Seq data with the risk of being in limbo of Bioconductor packages, or if we should work
with the results of published method (or with their aggregation). To this end, the varying coefficient
model may offer a powerful framework that may justify its application to ChIP-Seq data analysis to
account for genomic covariates. For these reasons I also choose to investigate point process models
to work on “called” data (like peak positions). Once again, modern statistical developments such
as the use of the lasso for intensity estimation, or the FDR in continuous time are very promising
when applied to genomic data, and they allow answering the very difficult question of peak posi-
tions comparison and testing. Moreover, Poisson point process models being easily generalized to
any dimension, they may be a very powerful framework to handle 3D conformation data that are
increasingly available.
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Another particularity of applied statistics in multidisciplinary research is also the notion of
“results”: the proposition of a model associated with an estimation framework and software for
instance does not constitute a result of the same nature as the demonstration of a theorem for in-
stance. Thus my concern has often been to determine what works and what does not, and what
will work or will not (despite the fact that what people use is sometimes correlated with what is
published first and not necessarily with what actually works). I would like to stand back, and to
wonder if functional model will work on genomic data. That I can not say for sure, but I think
that the functional framework is appropriate to account for the genomic organization of some data,
and offers a great flexibility. It is associated with non-parametric statistics that may be less specific
compared to parametric models that allow the integration of prior expertise. Nevertheless, they
allow to model very complex phenomena, such as the inter-variability of genome-ordered data.
Moreover, the association with penalized estimation makes the inference framework very powerful
from the computational point of view, which has become an important constraint with the size of
current genomic data.

From a personal perspective, I find the most challenging task is to choose the direction on
which research should be done, since in many cases, simple tools can be efficient and our work
becomes close to engineering. It is often a way to learn how biologists work, their habits, which
is very fruitful at the end when the purpose is to propose them some tools. With the increasing
importance of “mapped” data, ie data that are analyzed through their genomic organization, my
choice has been to look into strategies that account for this structure, through functional models
and point process models, along with the use of hidden variable models like mixture models or
mixed models. Penalized estimation has been another constant of my work, to get parcimonious
models with interpretable parameters. This has raised the recurrent question of penalty calibration
for which there is not necessarily a consensus method. To this respect, the theoretical developments
on the Poisson functional model have been very powerful in practice.

Given the increasing complexity of the genomic data we are facing, it has become important
to develop different modelling strategies in order to be flexible when new data and questions arise.
This requires constant discussions with statisticians involved in more theoretical aspects, as Statis-
tics has also evolved a lot during the past years. This is why I thought this document was a “tour”,
just to visit some possibilities to model and handle genomic data.

?
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