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¾ � O�;aPQ� Å 8�O�
 � 
�Î�WX�"N L ��
|�nWX
��£N�WÀÎ�O � � N2NQ8�W Å 8 � ���¶�¹
n
�� �X� �"
]U�;]OV
�O N�P � PQWÀ
�O � �<;bPQWX�Í� ÄN��"��WÀ�RN ¿ � �¹
�O�Î�
�W�� �R���RO7P ��L�L ��
 ��Å 8��"NTP�8 � P � Ì WXN�PQ� 
��6N�WÀÎ�O � � L ��
 Å �"N�N�WÀO�Î�� N��"Î��Í�RO7P � PQWX
�O�Í� P98�
n
�N 8 � ���e� 
 Å S�N��"
¶��S Å 8 � P�P��"O�PQWX
�O ¿ D48��RWÀ� L S�� L 
�N���WÀN�PQ
�
V�RPQ� Å P � U���S L P Å 8 � OVÎ��"NP98 � P}
 Å"Å SV�}WXO¬N�
��Í� Å 8 � � ��Å P��"��WXN�P�W Å N}
0��P�8��®N�WÀÎ�O � � ¿ D48�WÀN�
�� PQ� Å PQWX
�O Å"� O�UÈ�¨
�
�OV� �����! ��� �
�� �#"$�! ��� � ¿ . O2P98�WXN"N®
��0z N®� � ���®WXO�PQ�"���"NÁPQ�"
¬WÀO�P98�� �#"$�! ��� �±
��RP�� Å P�WÀ
�O L ��
�U � �R�gNQ8�W Å 8�WXN� � N�
 Å"� �À� �"
�P98��±��S � PQW L � � Å 8 � O�Î�� Ä L 
�WÀO�P L ��
�U � �"� ¿p. O�P98VWÀN�N��RP�PQWXO�Î�� � N�WXÎ�O � � {y1, . . . , yn}WÀN�
�UVN��"�Á���R
F� � O�
 �¹
�
V� �À� �"
aU�; � � � O�
�
�� L ��
 Å �RN�N {Y1, . . . , Yn} NQ8�
�N�� L ��
�U � U�W � WXP ;
�WÀNÁPQ��WXU�SVP�WÀ
�O f(·) 
�� L �RO�
�N�
�O �EL � � � �Í� PQ�"� θ ¿ . P�WXN � N�N�S��¹�"
aP�8 � P L � � � �¹�RP��"� θ WÀN� � � Å P��"
aU�; K − 1 � U���S L P Å 8 � O�Î��RN � P�SVOXz7O�
MN O]WÀO�NÁP � O�PQN Åe� �X� �"
&U���� � z L 
�WÀO�PQN?� � O�
O�
�PQ�R
 t1 < . . . < tK−1

¿ D48V�"N��¹U���� � z L 
�WÀO�PQN)
V�?" O�� �¶L � �ÁPQWÉPQWÀ
�O°
0�±P98���
 � P � WÀO�PQ
 KWÀO�PQ�R��� � � N2
���N��"Î��¹�"O�P�N I1, . . . , IK 
0� � �"O�Î�P98 nk N�S Å 8]P�8 � P L�� � � �¹�RP��"� θ WÀN Å 
�O�NÁP � O�PN WXP98VWÀO � OxWÀO�PQ�R��� � � � � O�
]
�W�� �R���"O�P+� ��
�� 
�O���WXO7P��"�Á� � � PQ
 � O�
�P�8��"� ¿ � N��"Î��Í�RO7P � PQWX
�O�Í
n
�� � Åe� O£UÈ�2
V�?" O��R
 � N4� 
 �X� 
MN N"�
∀t ∈ Ik, Yt ∼ f(θk).

. O=P98��>��S � PQW L � � Å 8 � O�Î�� Ä L 
�WÀO�P Å 
�O7P�� Ì P&�6P�8��£
�O � ;]
�Un��� Å PQWÉ���EWÀN�PQ
 L � �ÁPQWXP�WÀ
�OaP�8��
 � P � WÀO�PQ
 � 
 Åe� �À� ;¬N�P � PQWX
�O � �X;�PQWX�Í� Ä N��R��WX�"N ¿z@ 
MN¨� ���R�6WÀO L � ��Å PQW Åe� � N�WÉPQS � PQWÀ
�O�N-��P�8�� Å 8 � �ÁÄ��Å P��"��WXN�P�W Å N�
0� P�8��¨N�WÀÎ�O � � � � ;�O�
�P 
�O � ;2
�� L �RO�
�
�O¬WXO�PQ�"�Á� � � N I1, . . . , Ik ¿ � O�� ÌV� � L � �¨WXNL ��
v�nWÀ
��R
�WÀO2P98�� Ç � S�N�N�W � O Åe� N��6WÀO � WÀÎ�SV���C� ¿�% 8��RO�
�� � � WXO�ÎEN WÉP98�N��"Î��¹�"O�P � PQWX
�O¬�¹�RP�8�Ä
�
�N?��P98�� 
�Un��� Å P�WX���CWÀN P�
 L�� ��P�WXPQWX
�O¬P�8���
 � P � WÀO�P�
2N��"Î��¹�"O�P�N3� 
�� NQ8VW Å 8ÍP�8�� �Í� � O�
0� P�8��L ��
 Å �RN�N)WÀN Å 
�OVN�P � O7P � O�
 � Æ S � � N µk WÀO Ik ¿R. O°P�8���N��"Î��¹�"O�P � PQWÀ
�O � Å � S�N�P��"��WÀO�Î Å 
�O�PQ� Ì P&�N¨��N�S L�L 
�N��¬P98 � P�P�8��¬�¹� � OE
0� P�8�� L ��
 Å �"N�N�U � � 
�OVÎ�NCP�
ÍP�8�� " OVWXPQ�2N�� P {m1, . . . , mP}
¿¾ 
����2Î��RO��"� � �À� ;'� L � � � �¹�RPQ�R��N {θk}k � � ;�U � Å 
�OVN�PQ� � WÀO�PCPQ
¹P � z�� � � WÀ�¹WXP��"
¶O7S���UÈ�"�C
0�� � � S��RN {θ1, . . . , θP} N WXP�8 P ≤ K

¿ D48��R� ��Å PCP�8���N�WXÎ�O � � N<8�
MN N�P�8���N � �¹� Å 8 � � ��Å P��"��WXNÁÄPQW Å N6
�O£
�W�� �R���"O�P N��"Î��¹�"O�PQN � � ;�WÀOV
�W Å"� PQ�CP98 � PTP�8��"���)� Ì WÀNÁPQN � N�� Å 
�OV
 � �<;£NÁPQ��S Å P�S�����
0�P98���
 � P � �KNQ8�W Å 8¶WÀN�P98���U � � 
�OVÎ�WÀO�Î2
0��N��"Î��¹�"O�P�N¨PQ
�
VW&� �"���RO�P Å � S�N�P��"��N ¿=. O»P�8�WÀN Å 
�O�PQ� Ì P&�P98��>N�� P�
0�)N��"Î��¹�"O�P�N Å 8 � � ��Å P��"��W2P"�R
(U�; L � � � �Í� PQ�R� θp � � ; U �>WÀO�P��"� L ���RP��"
 SVN�WÀOVÎ �znOV
-N � �"
�Î��\NQ8�W Å 8¶
V� L �"O�
�NT
�O�P98�� ��L�L � W Åe� P�WÀ
�O)" � � 
 ¿ D487S�N6P�8���
�Un��� Å P�WX���Ñ
0�jN��RÎ��Í�RO�ÄP � P�WÀ
�O � Å � SVN�PQ�R��WXO�Î�WÀN�P�
 L�� ��P�WXPQWX
�O¦P�8���
 � P � WÀO�P�
 K N��RÎ��¹�"O�PQN � O�
cPQ
 Å � S�N�P��"�)P98V� KN��"Î��Í�RO7P�N WÀO�PQ
 P Å � S�NÁPQ�"��N ¿
� �"Î��¹�"O�P � PQWÀ
�O � Å � S�N�P��"��WÀO�Î L ��
�U � �"�¹N � ��� PQ� � 
�WXP�WÀ
�O � �À� ;¨N�P�S�
�WÀ�R
�S�N�WXO�ÎQ8�WÀ
�
V�"O ¾ � � z�
v��Í
n
�� � N ¿=. O£P98�WXNTP98��RN�WÀN?� . L ��
 L 
�N���PQ
�
�� ��� � 
 L°� O � � PQ�R��O � PQWX���)N�P � PQWXN�PQW Åe� � �Í
n
�� � Å 
���ÄU�WÀO�WXO�Î¹N��"Î��Í�RO7P � PQWX
�O°�¹
�
V� � N � O�
¦�ÍW Ì P�S������Í
n
�� � N ¿5. O°P98VWÀN Å 
�O�PQ� Ì P-� P98V�¬
��RO�N�WÉP ;°
0�
 � P ��L 
�WXO�PQN N WÉP98�WXO�N��RÎ��Í�RO�PQNTWÀN¨N�S L�L 
�N��"
¶PQ
�UÈ� � �¹W Ì PQS����Ñ
��RO�N�WÉP ; ¿'% ��O�
�P�� πp P�8��� 
��
��
 L ��
�U � U�W � WÉP ;£
0�±U � � 
�O�Î�WÀO�Î¹PQ
 Å � S�N�P��"� p � 
�� � N��RÎ��¹�"O�P � O�
 Y k P98���N��RP�
0�±
 � P �L 
�WXO�PQN N WXP�8�WÀO&N��RÎ��Í�RO�P k � Y k = {Yt, t ∈ Ik}

¿ . �6� � ��W � U � �"N Yt � ��� � N�N�S��¹�"
bPQ
¦UÈ�
�
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� UVN��"�Á���R
°N�WXÎ�O � � � �RÎ��Í�RO�P � P�WÀ
�O � Å � SVN�PQ�R��WXO�Î
� WÀÎ�S�������� . �X� S�NÁPQ� � PQWX
�O�
0�}N��RÎ��Í�RO�P � P�WÀ
�O � Å � SVN�PQ�R��WXO�Î ¿

WÀO�
�� L �RO�
��RO7P-�sWXP%� 
 �X� 
MN N¨P�8 � P P98���
��RO�N�WÉP ;¶
0����� Å PQ
�� Y k Åe� O>U � N ��WXP�P��"O£N�S Å 8EP98 � Pe�
f(yk;ψ) =

P∑

p=1

πp
∏

t∈Ik

f(yt; θp).

D48nSVN¨P98��CN��RÎ��¹�"O�P � P�WÀ
�O�� Å � S�N�P��"��WXO�Î2�Í
n
�� � Å"� O»UÈ�Ñ� ÌVL ���"N�N��R
 � N � �¹W Ì P�S���� �¹
�
�� � � 
��
NQ8�W Å 8>N�P � PQWXN�PQW Åe� � S�O�WÉPQN � ������� Å PQ
���N�
0�}
�W�� �R���"O�PCN�WCP"�RN ¿

. L ��
 L 
�N��¬P�
 Å 
�O�NÁPQ��S Å P � N��RÎ��¹�"O�P � P�WÀ
�O�� Å � S�N�P��"��WXO�Î»�¹
n
�� � WÀO°P98V���"��� � ��
���N�P�� L N
NQ8�W Å 8 � �������Á����P98���
�� PQ�R���¹WÀO � P�WÀ
�O¦
0�®P�8�� L � � � �¹�RPQ�R��N � � � Å PQ�R
bU�; Å 8 � O�Î��"N � OV
 ��Å ÄÅ 
���
�WÀO�Î°P�
 NQ8�W Å 8 P98V�¶
 � P � N<8�
�S � 
 U � Å � S�NÁPQ�"���"
F���;����P98�� Å 8�
�W Å �¶
,� � O]�RN�P�WÀ� � PQWX
�ON�PQ� � PQ�RÎ0;�PQ
��RN�P�WÀ� � PQ� P98�� L � � � �Í� PQ�"��N¨
0� P98����¹
n
�� � ��� < ��P�8��ÑN�� � � Å P�WÀ
�O»
0��P98V��O7S���UÈ�"�
0� Å � S�NÁPQ�R��N P � O�
>
0��P98���O7S���UÈ�"� 
0�}N��RÎ��¹�"O�PQN K ¿

% � � ���Q� 
 Å S�N��R
¶
�OÍP�8��Ñ
�� ��� � 
 L �¹�"O�P¨
0� � N��"Î��¹�"O�P � PQWX
�O � Å � S�NÁPQ�"��WÀO�Î2�¹
�
�� � WÀOÍP�8��Ç � SVN�N�W � O Åe� N�� NQ8V�"����P98V�2�¹� � O � OV
>� � ��W � O Å �)
0�}N��"Î��Í�RO7P�N � ����N�S LVL 
�N��"
¦P�
�
�� L �"O�

�O Å � SVN�PQ�R��N N�S Å 8EP98 � Pe�
Y k|Y k ∈ Cp ∼ N

(
1lnk

mp, s
2
pInk

)
.

% � � � N�
 L ���RN��"O�P � O]� Ì PQ�"OVN�WÀ
�O]
0� 
�S����¹
n
�� � PQ
¦P�8�� Å"� N��?NQ8��R����P�8���
 � P �°� ����
�WÀN ÄÅ ��� PQ� � O�
c�¹
�
V� �À� �"
°U�; ¾ � �0z�
v� Å 8 � WÀO�N ¿J. ObUÈ
�P�8 Å"� N��RN)P98����¹
�
�� � WÀN Å 8 � � ��Å PQ�R��WCP"�"
U�;EPnN¨
£N��RPQN�
0� L�� � � �¹�RP��"��N"��P�8���N�� P�
0�±U���� � z L 
�WÀO�P Å 
n
���
�WÀO � PQ�"N T = {t1, . . . , tK−1}NQ8�W Å 8 � ����
�WÀN Å ��� PQ� L � � � �¹�RPQ�R��N?� � O�
 P98���N��RP2
0�±�ÍW Ì PQS���� L � � � �Í� PQ�"��N ¿ % ���"NÁPQWX� � P��P98��RN�� L � � � �¹�RP��"��N}U�;¬� �+Ì WÀ��SV� � W{z�� � W28�
n
n
F� � O�
CN®� Å 
�O�N�P���S Å P � 8�;nU���WX
 � � Î�
���WÉP98�� � 
��P98�WXN L SV� L 
�N��,��NQ8�W Å 8�WÀN±U � N��"
�
�O»
�;nO � �¹W ÅCL ��
�Î�� � �¹�ÍWXO�Î � O�
»
�OÍP�8�� Ë ¾ � � Î�
���WXP98V� ¿
D48��"O N¨� � 
V
����RN�N P98�� Æ S��RN�PQWX
�O>
0�jP98���N�� � � Å PQWX
�O£
0�jP98���O7S���UÈ�"�T
,� Å � S�NÁPQ�"��N P � O�
>
0�P98���O7S���UÈ�"�)
0�®N��RÎ��¹�"O�PQN K ¿ � � � � Å PQWÀOVÎ£P�8���
�WÀ�¹�"OVN�WÀ
�O 
0� � �¹
�
V� � 8 � N � � � 
 P�
£P�8��
��R��� � 
 L �Í�RO�PÍ
,�Ñ� � O�;]N�P � PQWXN�P�W Åe� � Å ��WXP��"��W � � � ��Î�� � ;xU � N��R
(
�O L �"O � � W2PR�"
 � W{z�� � W28�
n
n
�N ¿@ 
MN¨� ���R�)
�S�� L ��
�U � �"�gWXNÑ
���WÀÎ�WXO � � N�WÀO Å �¬UÈ
�P98 P � OV
 K N�8�
�S � 
°UÈ�¬N�� � � Å P��"
 ¿�. O°P98�WXN
N¨
�� z � . L ��
 L 
�N�� � �Í
n
�� � N�� � � Å PQWÀ
�O 8V�"S���WÀN�P�W Å � 
��6P�8�WÀN Å 8V
�W Å � ¿

�
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Ç �"OV
��ÍW Å N � O�
���� � � PQ�"
 " � � 
�N Å 
�O�N�P�WXPQS�PQ� � � � NÁP N�
�S�� Å �T
0�s
 � P � PQ
 � O � � ;>PR� ¿ � � Å �"O�P� 
V� � O Å �"NCWÀO¶PQ� Å 8�O�
 � 
�Î0; 8 � ��� � �X� 
MN¨�R
£U�WÀ
 � 
�Î�WXN�PQN±PQ
 Æ S � O�PQW�� ;¶�Í
 � � Å S � � � L 8��RO�
��¹�"O �
�O � Î��"O�
��ÍW Å N Å"� � �,��N�S Å 8 � N)Î��RO���� Ì�L ���"N�N�WÀ
�O ¿�¾ W Å ��
 � ��� � ;EPQ� Å 8�O�
 � 
�Î0;EWÀN�P98V���Í
�NÁP

N WÀ
�� � ;4S�N��R
zP�� Å 8�O�W Æ S�� � 
��»P98�WXN L S�� L 
�N�� ¿ . P 8 � N¶N�8�
MN O`WXPQN L 
MN®�"�¶PQ
 N�P�S�
�; P�8��� Ì�L ���RN�N�WÀ
�Oc
0�lP�8�
�S�N � O�
�N)
0��Î��"O��RN-� � OV
 8 � N�UÈ�"�RO � 
 ��L P��"
°P�
¶� Ì�L � 
����¬
�P98��R��U�WÀ
 � 
�Î�ÄW Åe� � Æ S��"NÁPQWX
�O�N ¿ � �Í
�OVÎ°P98��RN�� Æ SV�"N�P�WÀ
�OVN-�¨Î��"O�� Ä 
�
�N � Î��¶� � � Å PN8 � N���� Å �RO7P � ; � 
 Å SVN��"
��S Å 8 � P�PQ�RO7P�WÀ
�OxN�WÀO Å � � � PQ�R��WXO�Î ÂÑ	 � Å 
 L ;xO7S���UÈ�"�¬WÀN2
�O���
0�¨P98���� � O�; N � ;nN¬P�8 � PÎ��"O���� ÌVL ���"N�N�WX
�O � OV
G� S�O Å PQWX
�O£� � ;¶UÈ���Í
n
�WC"��"
 ¿ � 
��T� Ì�� � L � ��� � O�;¶
V�?� � Å PQNCWÀO 87S�Ä� � O¦
��R��� � 
 L �Í�RO�P � ����
VS���PQ
¶Î � WÀO�N � O�
 � 
�N�N��RN�
0� Å 8���
��Í
�N�
��¹�"N � OV
 Å 8���
��¹
�N�
�� � �N��"Î��Í�RO7P�N-� � O�
 ÂÑ	 � 
�
�N � Î�� � � P��"� � PQWÀ
�O�N2P�8 � P�
 Å"Å S���WXOaN�
�� � P�W Å»Å � �X� N � ��� � ��� Æ S��"O�PÅ 
�O�PQ��WÀU�S�PQ
���N�PQ
 Åe� O Å �"� ¿ � ���"�¬P�8�� L � N�P�N��R���"� � � ;�� � ��N � ��� � ; Å 
�� L � � � PQWÉ���¹Î��"OV
��ÍW Å
8�;nU���WÀ
�WCP � P�WÀ
�O � � ��� � ;  TÇ @ �:8 � N2
V�"�¹
�O�N�P�� � P��"
bWXPQN)� � � S��J� 
�� � O � � ;>PRWÀO�Î Â�	 � Å 
 L ;OnSV��U �R�T� � ��W � PQWÀ
�O�N ¿

% 8VW � �¨� � O�;¬N�P � PQWÀNÁPQW Åe� � ��L�L ��
 ��Å 8��RN38 � ��� U �R�"O¹� Ì�L � 
����"
J� 
��}P98�� � O � � ;nN�WXNl
0�ÈÎ��"OV� Ä� Ì�L ���RN�N�WÀ
�O£�¹W Å ��
 � ��� � ;¹
 � P � ��P98V� � O � � ;�N�WÀN6
,�  TÇ @ �¹W Å ��
 � ��� � ;�WÀN � O¶�"�¹�"��Î�WÀO�Î " � � 
 ¿
D48�� L � �ÁPQW Å S � � ��WÉP ;°
0�TP�8��"N���
 � P � WÀN�P98 � P�Î��RO�� Å 
 L ;�Ä O7S���UÈ�"��N L ���RN��"O�P � N L � P�W � � Å 
�Ä
8��"���"O Å �2
�O£P�8��)Î��RO�
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chromosomes which would make it possible to count them

easily. This remained the case until Hsu [4] described the so-

called hypotonic shock. He found out that cells that had been

kept for several minutes in a hypotonic salt solution instead

of an isotonic one before fixation gave a much better

spreading of the chromosomes. This crucial finding was a

beautiful example of serendipity since one of his co-workers

had accidentally applied ordinary water instead of a salt

solution for washing the cells. Yet, another important finding

was the addition of colchicine to cell cultures, which

destroys the mitotic spindle and captures the cells in their

metaphase stage [5,6]. Subsequently, the cells are not able to

finish mitosis and an increasing number of metaphases

become available for microscopic studies.

These developments culminated in the year 1955 in Lund

(Sweden) where Tjio, who had worked at the laboratory of

Ford, and Levan who had worked with Hsu, performed

several experiments with cultured embryonal lung cells.

Combining the latest developments, they were able to make

beautiful chromosome slides from these cells which unequiv-

ocally proved that the number of chromosomes in man was

46. Nevertheless, they remained very cautious when pub-

lishing their results: ‘‘. . .we do not wish to generalize our

present finding into a statement that the chromosome number

of man is 2n = 46, but it is hard to avoid the conclusion that

this would be the most natural explanation of our observa-

tions’’ [7]. Fortunately, at the end of the same year, their

conclusion was independently confirmed in studies of human

spermatocytes by Ford and Hamerton [5,6]. These papers in

fact paved the way for the start of a new era of clinical

cytogenetics. Although the chromosomes showed only few

details, they could be arranged in eight different groups (A–

G, and the sex chromosomes) (Fig. 1) based on their size and

location of the primary constriction (centromere). This en-

abled an easy counting of the chromosomes and in the

following years, several numerical chromosome aberrations

were reported like trisomy 21 in Down syndrome [8], 45,X in

Turner syndrome [9], 47,XXY in Klinefelter syndrome [10],

trisomy 13 [11], and trisomy 18 [12]. Indeed, the first

acquired (not constitutional) chromosome abnormality (the

‘‘Philadelphia chromosome’’) was recognized in bone mar-

row cells of a patient suffering from chronic myeloid leuke-

mia [13]. However, it took 13 years before it became apparent

that this was not a simple deletion but the result of a

reciprocal translocation between the chromosomes 9 and

22 [14]. After almost another 13 years, it was discovered

that this translocation resulted in a new fusion gene directly

responsible for the leukemic development of the cells [15].

In 1966, Steele and Breg [16] reported that cells cultured

from amniotic fluid could be used to determine the chro-

mosome content of the fetus. This is the technique that is

still most widely used for prenatal chromosome studies.

Based on the increasing success in culturing various

types of cells, also many studies were conducted in estab-

lishing the chromosome content of human abortions, and

miscarriages and soon it became apparent that many of them

(over 50% of abortions) showed numerical aberrations,

resulting in a tetra- or triploidy, a trisomy (e.g., chromo-

somes 13, 18, 21, and often 16) or monosomy (45,X)

[17,18]). Obviously, as compared to other mammals, in

humans, many errors are made during meiosis and around

fertilization. The reasoning behind this phenomenon is still

under debate although one of the factors, which may play an

important role herein is the relatively advanced age at which

humans reproduce as compared to other species. That age

plays a major role is clearly shown by the greater chance of

Fig. 1. Original karyotype of a trisomy 21 (Down syndrome) after ‘‘solid’’ Giemsa staining. Since it is impossible to recognize all individual chromosomes,

they are subdivided in several groups (A–G and sex chromosomes) based on their total length and location of the centromere.
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Fig. 6. Various applications of FISH. (a) Simultaneous chromosome paints of the X-chromosomes (pink) and their centromeres (yellow). (b) Interphase FISH

with probes specific for the Y-chromosome (red) and the X-chromosome centromere (blue) on uncultured amniocytes of a fetus with a 47,XXY karyotype. (c)

Detection of a submicroscopic deletion in the long arm of a chromosome 22 in a patient with DiGeorge syndrome. The normal chromosome 22 shows two

signals (one from the DiGeorge region and one from the tip of the long arm as a control signal), while at the second chromosome 22, only the control signal

appears to be present since the DiGeorge region is absent (arrow). (d) Spectral karyotyping (SKY) of the complete chromosome complement, where all

chromosome pairs have their own (artificial) color.

Fig. 5. Fluorescence in situ hybridization: the chromosomal DNA is present on the slide as metaphase chromosomes while the labeled probe DNA is added

onto the slide for hybridization for a period of several hours (overnight). After several washing steps to remove the probe DNA, which is not firmly bound to

the chromosomes, the slides are studied in fluorescence microscopy after the chromosomal DNA is counterstained with DAPI for recognition of the

chromosomes.

D.F.C.M. Smeets / Clinical Biochemistry 37 (2004) 439–446 443
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proven instrumental in fine-mapping SeGAs in
oral squamous cell carcinoma, small-cell and
non-small-cell lung carcinoma.

Genome-wide approaches

Although CGH studies using regional and chro-
mosomal microarrays have yielded a great deal
of information, these studies are naturally biased

to specific areas of the genome and require
a priori knowledge of regions of interest. To
overcome regional bias, genome-wide arrays were
employed (Figure 2). In a pioneer study, Pollack
et al. (1999) used a cDNA microarray represent-
ing 3195 unique cDNA target clones distributed
throughout the genome. This study constituted
the first array-based genome-wide profiling of
human cancer genomes, defining known regions
of alteration such as the amplicon containing the

Figure 2. (a) ‘Evolution’ of array comparative genomic hybridization technologies. See text for details. (b) Examples of
current array platforms. Each platform corresponds to a number in (a). *Clone sets contain other large-insert clones. BAC¼ bacterial

bacterial artificial chromosome; EST¼ expressed sequence tag; UCSF¼University of California, San Francisco; DKFZ¼Deutsches

Krebsforschungszentrum;AFCRI¼AbramsonFamilyCancerResearch Institute;BCCRC¼BritishColumbiaCancerResearchCentre;

UHN¼University Health Network; UU¼Uppsala Universitet.
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identifying gains and losses as well as the bound-

aries of the alterations in a single experiment. The

clones used have a high degree of overlap and loci

redundancy (i.e. multiple clones representing the

same regions). This allows for highly reliable detec-

tion of copy-number changes with little variation.

However, the amount of material required for a

two-slide microarray increases the cost of this

platform. To reduce the cost of the array syn-

thesis, we have created the SMRT re-array

(SMRTr). The SMRTr array contains a more selec-

tive set of clones representing 83% of the original

collection, eliminating unnecessary redundancy

while maintaining tiling path coverage. As a result,

the *27 000 clones can be spotted on to a single

slide in duplicate, reducing the cost and time of

analysis. These factors are important considera-

tions in establishing whole genome array CGH for

use in a clinical setting.

Recently, Bertone et al. (2004) constructed a ser-

ies of 134 tiling arrays using 36-mer oligonucleo-

tide probes representing the non-repetitive fraction

of the human genome. This impressive work used

*52 million probes with an average mapped spa-

cing of 46 bp to assess the transcriptional activity

throughout the genome, identifying over 10 000

novel expressed sequences. The feasibility of apply-

ing this array series to analyse genomic copy-

number changes in tumour samples will probably

be dependent on the adaptation of DNA ampli¢ca-

tion techniques due to the amount of sample

needed for using the entire array-set.

Complementary molecular cytogenetic

approaches

Array CGH is a method for identifying copy-
number alterations but it is not designed for
tracking balanced translocations. Spectral kar-
yotyping, also known as multiplex-fluorescence
in-situ hybridization (FISH), or mFISH, employs
chromosome-specific probes to detect gains, los-
ses and rearrangements in a karyogram of
colour-coded chromosomes (Garnis et al. 2004a).
However, microdeletions, inversions and duplica-
tions would escape detection by this method
(Wang 2002). The resolution limit of spectral
karyotyping is reported to be about 3Mb (Lan-
ger et al. 2004). A variation of this method uses
microdissected chromosomal regions, enabling
reverse-FISH mapping against a normal meta-
phase chromosome spread (Wang 2002, Langer
et al. 2004). In another variation, chimeric chro-
mosomes isolated by flow sorting are used to
paint targets on a genomic microarray (Fiegler
et al. 2003b). Digital karyotyping is another
approach to detect SeGAs. This technique is
modelled after serial analysis of gene expression
or SAGE. Short nucleotide sequences (tags),
adjacent to recognition sites of a restriction
enzyme throughout the genome, are enumerated
to deduce the relative abundance of tags in a

Figure 5. The probability of detecting genomic alterations with

different array CGH profiling technologies. The probability of

a genetic alteration not being detected due to being present in
an area not covered by a microarray platform was calculated.

For this analysis, we took into account the genomic mapping

positions, the sizes of probes for each platform, the locations

of telomeres and centromeres, and the criteria each platform
uses to determine a region as altered (e.g. the number of clones

needed to be altered to consider a region as changed). The

number of possible genomic alterations of a given size was
calculated for the human genome to determine the percent of

possible alterations detectable by each platform. Not

surprisingly, the probability of detecting a random alteration

decreases for each array type as the size of the alteration
decreases. Interestingly, the probability of detecting an altera-

tion of a given size is not only dependent on the number of

clones spotted on each array, but also on the size of the clones

used to create the array. Larger clones like cDNAs and BACs
(average size of 1.5 kb and 150 kb, respectively) have a greater

chance of detecting microalterations, while arrays using smaller

oligonucleotide probes (<70 bp), as represented by ROMA,

have a lower likelihood of detecting alterations below 300 kbp.
The SMRT array has the highest probability of detecting small

alterations due to the contiguous set of clones used in its

construction, with only a small number of interclone gaps
which correspond to those in the human genome sequence.
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Figure Legends 

Figure 1.  Detection and mapping of chromosomal aberrations by different molecular and 

cytological techniques.  Rearrangements involving two chromosomes of a diploid 

genome are shown.  The ability of various techniques to detect the aberration is indicated 

in the table.  Modified from (68). 

 

 

Figure 2. Detection of copy number aberrations in tumor genomes by array CGH. 

(a) Chromosomal aberrations in cancer are likely to arise following inappropriate 

management of DNA damage or telomere dysfunction.  Common aberrations include 

gene amplifications, non-reciprocal translocations and interstitial deletions.  

Amplifications may be visible cytogenetically as double minutes, chromosomes with 

homogeneously staining regions (hsr) or the amplified DNA may be distributed at 

multiple sites.  The array CGH copy number profile of the amplified MYC in COLO320 

is shown.  The amplification level is ~70 fold (log2ratio > 6).  Breakage of a chromosome 

or a non-reciprocal translocation event may lead to low level copy number changes, as 

shown in the copy number profile of chromosome 1 from 600MPE.  Homozygous 
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�N���
0�®
�S�� N®
�� z ¿ % �� ��� � 
 Å SVN��"
�WXO�N�P�� � 
�
�O�P�8�� Åe� N���NQ8��R���6P98V� � O � � ;�NÁP NÁPQS�
�WX�"Nl
�OV�TÎ � 
�U � � N�WÀÎ�O � � ¿ . O�P98�WXNÅe� N��»P98�� Å 8 � O�Î���
��RP�� Å PQWÀ
�OaWÀN�
�
�O�� �#"$�! ��� �`� � O�
xP�8�� L ��
�U � �"�½N�8VWC�uPQN2PQ
¦P�8���Î � 
�U � �N��"Î��Í�RO7P � PQWX
�O£
0��P98�� L ��
 Å �"N�N ¿
¥CGp� � IA@ ��
'3 @�� �UG7+ 
7D � � 3f&E
�
E�k3 �-& / @����

. OcP98V�ÍÎ � 
�U � � N��RÎ��Í�RO�P � P�WÀ
�O Å 
�O7P�� Ì P N¨� � WÀ� � P2
�� � WÀ�¹WXP�WÀO�Î¹N��RÎ��Í�RO�PQN:� 
�� NQ8�W Å 8P98�� Å 8 � � ��Å P��"��WXN�P�W Å N2
0�6P�8��¹N�WÀÎ�O � � � ���!8�
��¹
�Î��RO��"
�S�N N WÉP98�WXObN��"Î��¹�"O�P�N � O�
b
�W&� �"���"O�P
� ��
�� 
�O��»N��"Î��¹�"O�P2PQ
 � O�
�P98V�"� ¿ % �¹O�
�PQ� {yt}t=1,...,n

P98��¹
�U�N��"�����"
]
 � P � NQ8VW Å 8 � ����Í
n
�� �X� �R
&U�; � � � O�
V
�� L ��
 Å �RN�N {Yt}t=1,...,n
P98 � P�WÀN�N�S L�L 
�N��R
aPQ
>U �¹
�� � N O�� ��
�� �L ��
�U � U�W � WXP ;)
VWÀN�P���WXU�SVPQWX
�O f(·) P�8 � P 
V� L �"O�
�Nl
�O �ÑL � � � �¹�RPQ�R� θ ¿ D48��RO N¨� � N�N�S��¹�®P�8 � PP98�WXN L � � � �¹�RP��"��WÀN � � � Å P��"
aU�; K − 1 � U���S L P Å 8 � O�Î��"N � P�S�OXz7O�
MN OaWÀOVN�P � O7P�N¬O�
�PQ�"


t1 < . . . < tK−1
�KN WÉP98»P�8�� Å 
�O����"O�P�WÀ
�O t0 = 1 � O�
 tK = n

¿ D48��Ñ�¹
�
V� � WÀN3� 
�����S � � P��"
� N4� 
 �À� 
-N NR�
∀t ∈ Ik, Yt ∼ f(θk),

N WXP98 Ik = {t ∈]tk−1, tk]} U �RWÀO�Î�P�8���WÀO�P��"��� � � 
0��N�WCP"� nk � 
�� NQ8�W Å 8�P98�� L � � � �¹�RP��"� θ WXNÅ 
�O�NÁP � O�P � O�
¶� Æ S � � N θk ¿�¾ � O�; L � � � �¹�RPQ�R��N Å"� O¶UÈ� � � � Å P��"
£U�; � U���S L P Å 8 � O�Î��"N-��P�8��N�WÀ� L � �"N�P6
�O��"N UÈ�"WXO�Î�P98��)�¹� � O � OV
>P�8�� Å 
v� � ��W � O Å �)
0�}P�8�� L ��
 Å �RN�N?�ÈUVSVP Å 8 � O�Î��"N Åe� O� � N�
 � � � Å P)P�8���N L � Å PQ� � � 
�WÀNÁPQ��WÀU�SVP�WÀ
�OA� 
���P�� � O�N�WXP�WÀ
�O L ��
�U � U�W � WXPQWX�"NC
0� ¾ � � z�
v� Å 8 � WXO�N
� 
��TWÀO�NÁP � O Å � ¿

Pyx
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� ��
�� � NÁP � P�WÀNÁPQW Å"� � L 
�WXO�P�
0���nWÀ� N:�CP�8�� L ��
�U � �R� 
0��Î � 
�U � � N��"Î��¹�"O�P � PQWÀ
�O-Î�WX���"N��WÀN���PQ
£P98����"��� � WÀO WXN�N�SV�"N"� �Á����P�8���
��RP��"���ÍWXO � PQWX
�O 
0�±P98�� L � � � �¹�RP��"��� N � � � � Å PQ�"
&U�;P98�� Å 8 � O�Î�� � N �K� �q� ��P98V�T�"N�P�WÀ� � PQWX
�O�
0�ÈP98V�TU���� � z L 
�WXO�P�WÀO�NÁP � O�PQN?� � O�
�P98V�C�RN�P�WÀ� � PQWX
�O�
0�P98�� L � � � �Í� PQ�"��NAN WÉP98�WXO¬N��RÎ��¹�"O�PQN?� � < ��P98��¨
��RP��"���¹WÀO � PQWX
�O�
,� P98��®OnSV��U �R��
0�sN��"Î��¹�"O�P�N ¿
D48�� L ��
�U � �"� 
,� 
�� PQ�R���¹WÀO�WXO�Î NQ8�W Å 8 Å 8 � � ��Å PQ�R��WXN�PQW Å N�
0� P98�� N�WXÎ�O � � � ��� � � � Å P��"
ÍU�;�P�8��Å 8 � O�Î��RN � � ;���� Æ S�WX��� ��L ��� Å WXN�� z7O�
MN � �R
�Î���
0��P98�� L 8V�"O�
��¹�"OV
�O£S�O�
��R�CNÁPQS�
>; ¿ . O>P�8��
� 
 �À� 
-N WXO�Î�� N®�kN W �À� ���"N�P���W Å P2P98��ÍN�PQSV
�;cPQ
EP�8�� Åe� N��»
0� Å 8 � O�Î��RN¬WÀOcP98V�»�¹� � O&
�O � ;c
��WÀO�P98V�)�Í� � O � O�
¶P98V��� � ��W � O Å ��
0� � O£WXO�
�� L �"OV
��"O�P Ç � S�N�N�W � O L ��
 Å �"N�N ¿ D48�WÀNT�¹
�
V� � WXN
��RP � W � �"
¶WÀO£N�� Å P�WÀ
�O�: ¿ � ¿
�R�?��
��4+���
�
7D �-G � / ���F+ 
 3f&E
�
��N�B& & �U1 
�
"+��&�>�

� O Å ��P98��¶�¹
n
�� � 8 � N�UÈ�"�RO=N L � Å W�" �"
F�lP�8�� L ��
�U � �R� WXN¬PQ
 �RN�PQWX� � PQ�ÍP�8�� � 
 Åe� PQWÀ
�O
0� P98��¶U���� � z L 
�WÀO�P�N � O�
]P98�� L � � � �¹�RP��"��N N WÉP98�WXOaN��RÎ��¹�"O�PQN ¿ % �?N W �À� � 
 Å SVN�
�O]PnN¨
Å � � N�N�W Åe� � �¹�RP98V
�
�N � 
��}P�8�WÀN L S�� L 
�N�����P98��6� �+Ì WÀ�¬S�� � W{z�� � W28�
n
n
��¹�RP�8�
�
 � O�
�P�8�� � � � N�PÁÄN Æ S � ���"N��Í� P98�
n
 ¿ � 
��}P98VWÀNl�"NÁPQWX� � P�WÀ
�O�N�P�� L ��P98V�TOnSV��U �R� 
0� N��RÎ��Í�RO�PQN=8 � N P�
)U �%" Ì �R
 ¿. O�P�8���Î � 
�U � � N��"Î��Í�RO7P � PQWX
�O�N�� P�PQWXO�Î��vP98V�l�"N�P�WÀ� � PQWX
�O�
0�nP98V�lU���� � z L 
�WXO�PQN Åe� O�UÈ� �nWÀ�ON®�"
� N �»L � ��PQWÉPQWX
�O�WÀOVÎ L ��
�U � �"� �]NQ8��R����P�8�� L S�� L 
�N���WXN�PQ
�"�O�
°P98��¬U �RN�P L � ��PQWÉPQWX
�O¦
0�lP�8��
 � P � WXO7P�
 K N��RÎ��Í�RO�PQN ¿ � WÀO Å ��P98���O7S���UÈ�"�2
0� L 
�N�N�WXU � � L � �ÁPQWÉPQWÀ
�O�N�
0�®P98���
 � P � WXO�PQ

K N��RÎ��Í�RO�PQN�WXN CK−1

n−1
�sP98���� Ì�L � 
�� � P�WÀ
�O>
0� � �X� L 
�N�N�WXU � � L � �ÁPQWÉPQWÀ
�O�NZN¨
�S � 
¦UÈ�¬
,�l
���
V�"�

O(nK)
¿ D48�WXN Å 
�� L SVP � PQWX
�O � � L ��
�U � �R� � Ì�L � � WXO�N NQ8�; � � O�;¦N��"Î��¹�"O�P � PQWÀ
�O �Í� P98�
n
�N
�O � ; Å 
�O�N�WÀ
��R�±P�8��Ñ
�� PQ� Å PQWX
�O»
,��
�O�� Å 8 � O�Î��0� Å 
�� L � ���R
ÍP�
�P98V�Ñ��S � PQW L � � Å 8 � O�Î�� Ä L 
�WÀO�PL ��
�U � �"� ¿�. O=N�� Å P�WÀ
�Oa: ¿ � N¨� N W �X� � ÌVL � � WXO 8V
-N 
�;nO � �¹W Å�L ��
�Î�� � �¹�ÍWXO�Î L ��
v��WX
��"N �N�
 � SVPQWX
�O¶PQ
ÍP�8�WÀN L ��
�U � �R�K
0� L�� ��P�WXPQWX
�O�WXO�Î�� � O�
H8�
MN9P�8��  �Ñ� D � � Î�
���WÉP98�� L ��
 L 
�N��"
U�;�Ï¨���RWÀ� � O ��� �  �� �Á�ML��V: � Å"� O¶UÈ��S�N��R
 � 
��®P�8��)
��RP�� Å PQWÀ
�O¶
0�j��S � PQW L � � Å 8 � O�Î��"N WÀO»P�8���Í� � O � 
�� � � ��Î���N � � L � �"N ¿

¢ & 1 �K@%�-�K@����0��
8&E

� O Å � � O¶�RN�PQWX� � PQWÀ
�O L ��
 Å �"
�SV���)WÀN � � � W � � U � �4� 
�� � " Ì �"
£O7S���UÈ�"�6
,�jN��"Î��Í�RO7P�N-�VP�8��Æ SV�"N�P�WÀ
�Ob
0� Å 8�
n
�N�WÀO�Î>P98�WXN�O7S���UÈ�"�2���R� � WÀO�N ¿ . O L � ��Å P�W Å ��P98VWÀN2OnSV��U �R�¬WXN�S�O_znOV
-N O� O�
¶N�8V
�S � 
¶UÈ���RN�PQWX� � PQ�"
 ¿ D48�WÀN L ��
�U � �"� Åe� O¶UÈ���nWÀ� N¨�R
 � N � �Í
n
�� � N�� � � Å PQWX
�O¶WÀN�N�S�� ¿

D}
�
 � P��)P98���O7S���UÈ�"� 
0�}N��RÎ��Í�RO�PQNCWÀNT�"NÁPQWX� � P��"
?N WÉP98 ��L �"O � � WCP"�"
 Å ��WXP��"��WÀ
�O��
crit(K) = JK − βnpen(K). �8: ¿ � �

D48V� " ��NÁP6PQ�R��� JK
�Í� � N�SV���"N6P�8�� Æ S � � WXP ;Í
0� "�PT
,��P�8����¹
�
V� � P�
�P98��Ñ
 � P � ¿=. P Åe� O¶UÈ�P98�� � 
�Î�Ä � W z�� � W28�
n
�
 � P�WXP�NÑ� �+Ì WÀ��SV� OV
�PQ�R
 log L̂K � 
����¹WÀO7S�NCP98��¬N�S�� 
0��N Æ S � ���"N�
0�P98����¹
�
�� � � 
��TWXO�N�P � O Å � ¿ D48���N�� Å 
�O�
>PQ�"���KWÀN � OEWXO Å ��� � N�WÀO�ÎJ� S�O Å PQWX
�O£
0�}P�8���O7S���UÈ�"�
0�¨N��"Î��¹�"O�P�N-� � O�
bWXN�S�N��R
bPQ
 L �"O � � W2PR��P98���N�� � � Å PQWX
�O&
0� � Ob
v���R� � ; 8�WÀÎ'8nÄ 
�WX�Í�RO�N�WX
�O � ��Í
n
�� � ¿ D48��¬PQ�R��� βn
WXN �¹L 
�N�WXP�WX��� Å 
�OVN�P � O7P ¿ D48�WXN Å ��WXP��"��WX
�O¦�RN�P � U � WXN�8��RN � P�� � 
V� Ä 
 �U � PnN¨�R�"O � Î�
�
n
 Æ S � � WXP ;>
0� "�P � O�
 � ��� � N�
�O � U � �¬OnSV��U �R��
0�±N��RÎ��¹�"O�PQN ¿ D48���
V�?" O�W ÄPQWÀ
�OÍ
0� � O ��LVL ��
 L ��W � PQ� L �RO � � P ;J� S�O Å P�WÀ
�O � O�
 Å 
�O�NÁP � O�P 8 � N�� 
 Å SVN��"
»��S Å 8 � P�PQ�RO7P�WÀ
�O ¿. O � � Å PQWX
�O4: ¿ < N®�»
V�RP � W � � Ì WÀNÁPQWXO�Î¦�¹�RP�8�
�
VN � 
��2�¹
�
�� � N�� � � Å PQWX
�O L ��
 Å �"
�SV���"N¬WÀObP�8����S � P�W L � � Å 8 � O�Î�� Ä L 
�WÀO�P Å 
�O�P�� Ì P ¿

¥CGp� � IA@ ��
'3 @�� �UG7+ 
7D � � 3f&E
�
E�k3 �-& / @���� 
�
 �MG � � +%.E���&
'+ 
 �-���&��
�
7D

Pb#
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D48V� � � NÁPÑN�� Å PQWÀ
�O N W �X� UÈ�¬
V�R��
�PQ�"
°P�
 � 
VW&� �"���RO�P ��L�L ��
 ��Å 8 NQ8VW Å 8 8 � NÑUÈ�"�"O SVN��"
PQ
2N�PQSV
�;»�¬S � P�W L � � Å 8 � O�Î�� Ä L 
�WXO7P L ��
�U � �"�¹N-��P98��ÑÏ � ;��RN�W � O ��L�L ��
 ��Å 8 ¿=. OÍP98VWÀN Å 
�O�PQ� Ì P&�P98��EOnSV��U �R�»
0��U���� � z L 
�WXO�PQN � O�
(P�8��"WX� � 
 Å"� PQWX
�O � ���>��WX�ON®�"
 � N»� � O�
�
�� � � ��W � U � �"N ¿
D48���
�Un��� Å P�WX���¶WXN�P�
°�"NÁPQWÀ� � P��ÍP98V�"WÀ� �������	��
��
��
£
�WXN�PQ��WÀU�S�PQWÀ
�O�N WXP�8 ¾  T¾  �¹�RP98V
�
�N ¿. O°P98�WXN�N�� Å PQWX
�OlN¨� N W �À� Å 
�� L � ���¬PnN®
 L�� � � �¹�RP���WCP � P�WÀ
�O�N NQ8�W Å 8 8 � ����U �R�"O L ��
 L 
�N��"
U�; Ç ���"�"O � �MLBL�� � � O�
 Ê � �nWX� �À� � � OV
 Ê �RU � ��UVWÀ�"���q�����V��� ¿ � SV�)
�Un��� Å PQWÉ����WÀN�P�
¶� Ì�L � � WÀOP98���� � WÀO¶
�W�� �R���RO Å �RN�UÈ�RPnN®�"�RO¦P98��)PnN®
 ��LVL ��
 ��Å 8��"N � O�
£PQ
¹
�� � N � O � � 
�Î�WÀ�RN N WXP�8>P�8��
� ��� Æ S��RO�PQWÀNÁPCN��RP�PQWXO�Î��XNQ8��RO L 
�N�N�WÀU � � ¿
�pVWU � f7\^fga'\^YW])q ]�k avlpb)qut�fg[ YWq \ lpf o fgb�q ])k b � b�np[ �

[*YWb)q du_`]3a fg[^[
. OzP�8�WÀN£N�� Å P�WÀ
�O N¨� Å 
�OVN�WÀ
V�"�£P98 � P£P�8��c
 � P �=� ���bWXO�
�� L �"OV
��"O�P � O�
z
�� � N O � ��
�� �Ç � SVN�N�W � O£
�WÀNÁPQ��WÀU�SVP�WÀ
�OA��N�S Å 8 � N

∀t ∈ {1, . . . , n}, Yt ∼ N (µ(t), σ(t)2).

D48��"O4N®� � N�N�SV�Í��P98 � P2P�8��»�¹� � O � OV
bP98V�¹� � ��W � O Å ��
0�6P98V� L ��
 Å �"N�N � ��� � � � Å PQ�R
xU�;
K − 1 � U���S L P Å 8 � O�Î��RN � P�S�OXz7O�
MN OaWÀOVN�P � O7P�N�O�
�PQ�R
 t1 < . . . < tK−1

¿ D48VWÀN��Í
n
�� �
N W �À� UÈ�2
V�"O�
�P��"
 M1

��WXO Å 
�O�PQ� � N�P P�
��Í
n
�� � M2
NQ8V�"���)P�8��)
�O � ; L � � � �¹�RPQ�R� � � � Å PQ�"
U�;»P98�� Å 8 � OVÎ��"NCWÀN6P�8����Í� � OF�_N WÉP98 �¹Å 
�O�NÁP � O�P � � ��W � O Å � σ2 ¿ D48��"O�N¨�:8 � �����

∀t ∈ Ik Yt ∼





N (µk, σ
2
k)

�¹
�
�� � M1,

N (µk, σ
2) �¹
�
�� � M2,� WÀO Å �ÑP98V��
 � P ��� ����WXO�
�� L �RO�
��"O�P-��P98�� � 
�Î�Ä � W z�� � W28�
n
�
�
,��P�8����¹
�
V� � Å"� O¶UÈ�\N ��WÉP�PQ�RO � N� N�S��K
0� � 
 Åe� � � 
�Î+Ä � W{z�� � W28V
�
n
�N Åe� � Å S � � PQ�R
¶
�O>� ��Å 8>WÀO�
VWX�nWÀ
�S � � N��"Î��¹�"O�P&��P�8 � P WXN"�

logLK =
K∑

k=1

tk∑

t=tk−1+1

log

{
1

σ
√

2π
exp−(yt − µk)

2

2σ2

}
.

D48�WÀN � 
V
�WXP�WX�nWXP ; L ��
 L �R��P ;2N W �À� UÈ� Å �"O�P�� � � � 
��}P98��T
�
MN O�NÁPQ��� � � �RN�P�WÀ� � PQWX
�O L ��
 Å �"
�S����"NP98 � P � ����U � N��"
>
�OE� �+Ì WÀ�¬S�� � W z�� � WC8�
n
�
 ¿

P*>
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 u 
  �lh\�gce�f�Z
 c [\c ��
����b��
�h,�Z�ZY ce����h\�ZY
. � P98V�CUV��� � z L 
�WXO7P�N � ��� z7O�
MN OF�7P98��C�"NÁPQWÀ� � P�
���Nl
0�ÈP98V���¹� � O � OV
¹P�8��T� � ��W � O Å � � ��� P�8��Å � � N�N�W Åe� � � �+Ì WX��S�� � W z�� � W28�
n
�
Í�"NÁPQWÀ� � P�
���NR�

µ̂k =
1

nk

tk∑

t=tk−1+1
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�Î�� ��L 8�;»��� � � PQ�R
£P�
�P98�WXNTN�S�Un��� Å PÑWÀN � � L � � ¿ � S��TN Å 
 L � N � NTPQ
 L ���RN��"O�P� O�
�� ÌVL � � WXO¬P98��®� � WÀO�P�
�
 � NjP98 � PAN W �X� UÈ�¨SVN��"
�WXO�P98V� � 
 �À� 
MN WÀO�Î��|N�S Å 8 � N�
�;nO � �ÍW Å¨L ��
�ÄÎ�� � �¹�¹WÀO�Î � O�
¦�Í
n
�� � N�� � � Å P�WÀ
�OF�ÈU�SVP � � N�
ÍP�
 L ���RN��RO7P�
�P98��R�Ñ� Ì WXN�P�WÀO�ÎÍ�Í� P98�
n
�N-� N�S Å 8� N Ï � ;��RN�W � OE�¹�RP�8�
�
VN6P98 � P Å 
�O�NÁPQWXP�SVPQ� � O � � PQ�R��O � PQWX���)�Í
n
�� �À� WXO�Î2N�PQ� � PQ�RÎ0; ¿ � O Å ��P�8��N�P � PQWÀNÁPQW Åe� � Å 
�O Å � L PQN®��� � � P��"
ÍP�
 L ��
 Å �"N�N¨N��RÎ��¹�"O�P � P�WÀ
�O!8 � ���ÑU �R�"O L ���"N��"O�PQ�R
F��
�S�� " ��N�P
N¨
�� z�8 � N UÈ�"�RO>P�
 ��LVL � ;ÍP98��R� PQ
���� � � Î��RO�
��¹W Å 
 � P � N�� PQN ¿
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D48������ � N�
�OVN:� 
���S�N�WXO�Î£N��RÎ��Í�RO�P � P�WÀ
�O �¹�RP�8�
�
VNÑPQ
¶P98V� � O � � ;�N�WÀN�
,� � ��� � ;  TÇ @ 
 � P �
8 � NTUÈ�"�"O L ���R�nWÀ
�S�N � ;»�¹
�PQWÉ� � PQ�R
�WÀO  8 ��L PQ�R� < � � OV
  8 ��L P��"� : N � NT
��"
�W Åe� P��"
¶PQ
�P�8�����R�nWX�ON9
0� N�P � PQWÀNÁPQW Åe� � �¹�RP�8�
n
�N5� 
�� L ��
 Å �"N�NÑN��"Î��¹�"O�P � PQWÀ
�O ¿T	 � ���R��P98V� � �RN�N?� N�
��Í�2
�P98V�"���L�L ��
 ��Å 8��RN�8 � ����UÈ�"�RO L ��
 L 
�N��"
>WÀO¶P�8���N L � Å W�" Å2Å 
�O�PQ� Ì PÑ
0� � ��� � ;  TÇ:@ 
 � P ��� O � � ;�ÄN�WÀN ¿ D48��?;£� � WÀO � ; Å 
�O Å �"��OEP98V�2�RN�P�WÀ� � PQWX
�O¶�Í� P98�
n
 � 
��6P98V�2UV��� � z L 
�WXO7P�NTP98 � P Å"� OEUÈ�U � N��R
c
�Oc� � O�;E
�W&� �"���"O�P � � Î�
���WÉP98��¹N ¿ % �CN W �À� UV��WÀ� ��; L ���RN��"O�P2P98���� � WXO¦N�P � PQWXN�P�W Åe� ���L�L ��
 ��Å 8��RN¬U � N��"
]
�ObN��RÎ��Í�RO�P � P�WÀ
�Ob�Í� P98�
n
�N�P98 � P � ��� Å SV�����RO�P � ;&S�N��"
]WXObP98V�!" � � 

0� � ��� � ;  TÇ @ 
 � P � � O � � ;nN�WXN ¿ % � � � N�
 � � z�� � Å � � � ��
�WÀNÁPQWXO Å P�WÀ
�OaUÈ�RPnN®�"�RO4�nWÀN�S � � ÄW2P � PQWÀ
�ObPQ
n
 � N � OV
aPQ
n
 � UÈ
 Ì �RN¬P98 � P+8 � ���>UÈ�"�RO L ��
 L 
�N��"
 ���)WX� ��� �  �� �;������� �K�  8��"O
��� �  �� �q��������� � Å 
�� L � ���R
aPQ
°NÁP � P�WÀNÁPQW Å"� � �Í� P98�
n
�
 � 
�Î�WX�"N NQ8�W Å 8 � ���ÍP�8�� L S�� L 
�N��¶
0�
�S�� N�P�S�
�; ¿ D48��2O�
�P � PQWX
�O�NTWÀO�P���
n
�S Å �R
EWXO  8 ��L P��"�E:�N W �À� UÈ��S�N��R
¦WXO£P�8�WÀN N�� Å P�WÀ
�OA� WÀO
���
��R�6PQ
¹
�� � N � O � � 
�Î�WÀ�RN¨UÈ�RPnN®�"�RO¦P98�� L ��
 L 
�N��R
E�¹�RP�8�
�
VN-� � OV
>P�
 Å 
�� L � ����P�8��"� ¿

D48V��N�� Å 
�O�
 N�� Å P�WÀ
�O 
,�lP98�WXN Å 8 ��L PQ�"� N W �À� UÈ��
��R��
�PQ�R
 PQ
»P�8�� L ���"N��RO�P � P�WÀ
�O 
0�lP�8��N��"Î��Í�RO7P � PQWX
�Ox�¹�RP�8�
n
 N®� L ��
 L 
�N��"
xWÀO � O � �ÁPQW Å � � L S�U � WÀN<8��"
bWÀO&P98��)��
�S���O � � Ï ¾  ÄÏ¨WÀ
�WXO�� 
���� � P�W Å N-� ÐlW Å"� ��
 ��� �  �� �q��������� ¿ � Å 
 L ;�
,��P�8�WÀN � �ÁPQW Å � � Åe� OzU � � 
�S�O�
zWÀOP98��ÍÐlS�U � W Åe� P�WÀ
�OVN)N�� Å PQWX
�O ¿ D48V� � � N�P2N�� Å P�WÀ
�O N W �À� U ��
�� ��
�P��"
xP�
EP98V� Å 
�� L � ��WXN�
�O&
0�N��"Î��Í�RO7P � PQWX
�O°�¹�RP�8�
�
VN-��U � N��"
c
�O ��� � � 
 � P � N��RPQN?��WÀO 
���
��"��PQ
¶
�WXN Å SVN�N)P98���UÈ�-8 � �nWX
��
0� P�8����R� � Ì WÀNÁPQWÀOVÎ2�¹�RP�8�
n
�N-��P�8�� �Í� P98�
n
 L ��
 L 
�N��"
�U�; Ê � �nWÀ� �À� � � O�
 Ê �"U � ��U�WX�"� �;�����V� �K�@ S L � ��� �  �� �;�����U: � � O�
£P98V�2�¹�RP�8�
n
 N®� L ��
 L 
�N�� ¿
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� ���b`
@ WÀNÁPQ
���W Å"� �À� ;'� � � N�8V�"O � OV
/B��"OXz � P�� � � � O �q���������bN®�"���¨P98���" ��NÁP PQ
 L ��
 L 
�N�� � N�P � PQWXN�P�W Åe� ��Í� P98�
n
 � 
���P98V�±
V�RPQ� Å P�WÀ
�O�
0��U���� � z L 
�WÀO�PQNjWÀO � ��� � ;  TÇ:@ 
 � P � ¿ D48��"WX���Í� P98�
n
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�O � NÁP � P�WÀN�P�W Å"� � PQ�"NÁP�
�� ��� � 
 L �"
]U�; � �RO � O�
 � ��WX� � NÁP � � � �Á�;L���� �K�ANQ8�W Å 8]WÀN¬�¹
n
�WC" �R
� O�
 Åe� �À� �R
»U�WXO � �X; Å WÀ� Å S � � �¨N��"Î��¹�"O�P � PQWÀ
�O �  Ï � � ¿  
�O�N�WX
��"��WÀO�Î¬P�8�� L � ��PQW � � N�S�� Si =∑i
t=1 Yt

� 1 ≤ i ≤ n �VP98�� � W z�� � WC8�
n
�
Í� � P�WÀ
�NÁP � P�WÀN�P�W Å � 
��¨PQ�RN�P�WÀO�Î�P98V�)OnS �À� 8�; L 
�P98��RN�WXNC
,�O�
 Å 8 � O�Î�� � Î � WXO�N�P P�8�� � � PQ�R��O � P�WX���¨P98 � P P98��R���T� Ì WXN�P�Nl� ÌV��Å P � ;¬
�O�� Å 8 � O�Î�� � PlS�O_znOV
-N O� 
 Åe� P�WÀ
�O i WXN Z = max
1≤i<n

|Zi| NQ8��"��� Zi � Æ S � � N"�
Zi =

Si/i− (Sn − Si)/(n− i)√
1/i+ 1/(n− i)

.

� � N�8��RO � O�
GB��ROXz � PQ� � � � O �q��������� L ��
 L 
�N�� � �Í
n
�W�" Åe� P�WÀ
�O¶
,�}P�8��2P��"NÁPÑNÁP � P�WÀN�P�W Å P�8 � PWÀN»U � N��R
-
�O � PQ�RN�P NQ8�W Å 8 Å 
�OVN�WÀ
V�"��N»
�O � ; � N�WÀO�Î � � Å 8 � O�Î�� ¿ D48V�°O��ON N�P � PQWXN�P�W Å WXN
Z = max

1≤i<j≤n
|Zij| ��N�S Å 8EP�8 � P"�
Zij =

(Sj − Si)/(j − i) − (Sn − Sj + Si)/(n− j + i)√
1/(j − i) + 1/(n− j + i)

.

� ¾ 
�O�PQ�  � � � 
¹�¹�RP�8�
n
>WXN S�N��R
EPQ
 Åe� � Å S � � P���P98��)P � W � 
0��P98V��
�WXN�P���WÀUVSVPQWX
�O¶S�O�
��R�CP�8��OnS �À� 8�; L 
�P�8��"N�WÀN ¿ D48�� L ��
 Å �"
�S����ÍWXN ��L�L � WÀ�"
c��� Å SV��N�WÉ��� � ;cS�O�PQW � � �X� P98�� Å 8 � OVÎ��"N 8 � ���U �R�"O>WÀ
��RO7P�WC" �R
F� � OV
 ��L �"���¬SVP � P�WÀ
�O ��L�L ��
 ��Å 8EWXN Å 
�OVN�WÀ
V�"���R
>P�
���� � �+Ì P�8��)O�
���� � � WXP ;� N�N�S�� L PQWÀ
�O=SVO�
��"��P98V�>O7S �X� 8�; L 
�P�8��"N�WÀN ¿ D48�WXN¹�¹�RP�8�
n
=WXN�N�� Æ S��RO�PQW � � � O�
 Å � 
�N��¶PQ

�����! ��� ��
��RP�� Å PQWÀ
�O>�¹�RP�8�
n
�NTP98 � P 
V
¹OV
�P L ��
v�nWÀ
�� � Î � 
�U � � 
 L PQWX� � � N��"Î��¹�"O�P � PQWÀ
�O ¿
� 
  
 u � `_ce�Z� ��h\
��\��ce����h\�ZY ��� �b`F��
�ce� �_� ��h\� �,WX�b� � �2�d
�����`
D48�WÀN ��L�L ��
 ��Å 8G8 � NÑUÈ�"�RO L ��
 L 
�N��"
EU�; @ S L � ��� �  �� �;�����V: � � O�
EWÀNCU � N��"
°
�O¦Ð}
 � P"�?8 �� O�
 � L 
Bz�
�WXO�; �;������� � ¿ D48�WXNl�Í� P98�
n
 Å 
�O�N�WXN�PQN�WXO�P98�� � 
 Å"� � �RN�PQWX� � PQWÀ
�O¬
0� � N��¹
�
�P98�WXO�Î
� S�O Å P�WÀ
�O s � 
���� ��Å 8 L 
�N�WXPQWX
�O xt ¿ . O=P�8�WÀN Å 
�O�PQ� Ì P�P�8�� � 
�Î+Ä � � PQWÀ
 Yt WXN�N�S LVL 
�N��"
=PQ

�� L �"O�
�
�O P�8�� L 
�N�WÉPQWÀ
�O 
0��P98��°Ï �  � P Xt

�nW �x� O-S�OXz7O�
MN O � S�O Å P�WÀ
�O s � � O�
 ����"Î����"N�N�WX
�OE�¹
n
�� � WÀN Å 
�OVN�WÀ
V�"���R
EN�S Å 8EP�8 � P"�
Yt = s(Xt) + εt,

N WXP98 εt UÈ�"WXO�Î�W ¿ W ¿ 
 ¿ � � OV
�
�� �"����
��¨P��"���ÍNdN WXP98¶
VWÀN�P���WXU�SVPQWX
�O N (0, σ2)
¿ D48�� � 
 ��L PQWÉ���% �RWÀÎ'8�PQN � �Í
n
�P�8�WÀO�Î L ��
 Å �R
�S����2WXN6WXP��"� � PQWÉ��� � O�
�" O�
�N � ��
�S�O�
¶� ���R�<; xt P98��)� �+Ì WÀ� � �L 
�N�N�WXU � �®O��"WXÎ'87U 
��<8�
n
�
�WÀOCNQ8�W Å 8�P98���� S�O Å P�WÀ
�O s WXN Å 
�OVN�P � O7P"� � N®�"WXÎ'8�P wt` WXN � N�N�WÀÎ�O��"
PQ
°� ���"�X;]
�U�N��"�Á� � PQWÀ
�O Yt ¿ D48�WXN��¹
�
�� �®� � � 
VN¬PQ
°P�8�� � 
 �X� 
MN WÀO�Î�N¨�RWÀÎ'8�P��"
 � �|Ì WX��S��� W z�� � W28�
n
�
Í�"NÁPQWÀ� � P�
����

ŝ(xt) = min
s

1

2σ2

n∑

`=1

wt`(Y` − s)2,

N WXP98 σ2 � N�N�S��¹�"
cPQ
£UÈ� z7O�
MN O ¿ Ï¨��WÀ� ��;'�bN¨�RWÀÎ'8�P�N � ��� Åe� � Å S � � PQ�R
 � O�
cS L Ä 
 � PQ�R
bSVNÁÄWÀO�Îlz��"��OV� � � S�O Å PQWÀ
�O�N-��
�O��£
��RO�
�P��"
 f` P98 � P Å 
�OVN�WÀ
V�"��N�P�8�� L ��
 Ì WÀ�¹WXP ;b
0� P98V� x` N�WÀOP98��>O��"WXÎ'87U 
���8�
n
�
A� � O�
 � N�� Å 
�O�
-
�O��>
��"OV
�PQ�R
 fs NQ8�W Å 8 L �RO � � W2P"�RNJ� 
��¹P�
�
&� � O�;U���� � z L 
�WXO�PQN ¿
D48V� � % � L ��
 Å �R
�S���� L ��
v�nWÀ
V�"N¦
�O��x�RN�PQWX� � PQ� ŝ(xt) � 
��E� ��Å 8 L 
�N�WXP�WÀ
�O ¿ � WÀO Å �P98�� 
 � P � 8 � ���cUÈ�"�ROzN��Í
n
�P�8��"
F� P98VWÀN L ��
 Å �"
�S���� ��� Æ SVWÀ���RN � O � 
�Ä�8�
 Å 
��?" OVWXPQWX
�O-
0�� U���� � z L 
�WXO�P ¿ @ S L � ��� �  �� �q�����V: ��
��?"�O�� � U���� � z L 
�WÀO�P � P L 
�N�WXPQWX
�O xt W�� ŝ(xt) /∈
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[ŝ(xt) + ε, ŝ(xt) − ε] �]N WÉP98 ε � P�S�O�WÀOVÎ L � � � �¹�RPQ�R�5" Ì �R
 � P 10−2 ¿ 	 
�PQ��P98 � P ε WXN O�
�PP98���
�O � ;¦P�S�O�WXO�Î L � � � �Í� PQ�R��
0�±P98�� L ��
 Å �"
�SV���0�j
�P�8��"��N�U �RWÀO�Î�P�8���� �|Ì WX� � � N WX
VP98c
0�P98��TO��RWÀÎ'87UÈ
���8V
�
n
�N�P�8 � P Å"� OÍUÈ� Å 
�O�N�WX
��"���"
F� � OV
�P�8���N®�"WÀÎ087P�Î�WX���RO�PQ
)P98��Zz��"��O�� � P�8 � PL �RO � � WCP"�RN%� 
�� � O£
v���"� � ; � � ��Î��)OnSV��U �R� 
0��UV��� � z L 
�WXO7P�N ¿� N5� 
�� P�8�� Å 8�
�W Å ��
,��P98V��O7S���UÈ�"�C
0��U���� � z L 
�WXO�PQN-� P�8�� � SVP98V
���NCWÀO�
VW Åe� PQ�)P98 � PCP�8��
z��"��O�� � � S�O Å PQWX
�O fs WXN2OV
�P�N�S�� Å WÀ�"O�P2PQ
 L ��� ���RO7P � � � N�� L 
�N�WXP�WX����U���� � z L 
�WXO�PQN ¿ D48�WXN2WXNNQ8�; � " � P��"��WÀO�Î�NÁPQ� L WXN � 
�
V�"
 PQ
¶���"�¹
|����P98��RN���S�OV
��"N�WÀ� � U � ��UV��� � z L 
�WXO7P�N ¿ D48���O�� N
� S�O Å P�WÀ
�O¶P�
¹UÈ��
 L P�WÀ�¹W2P"�R
�WÀN6P�8��"Ob�

K∑

k=1

nk log σ̂2
k + λ

K∑

k=1

f

( |µ̂k − µ̂k+1|
σ̂2

)
log(n),

N WXP98 nk P98��ÍN�W2PR�»
0� N��"Î��¹�"O�P k � µ̂k � O�
 σ̂2
k
P98��Í�"� L WÀ��W Åe� � �"N�P�WÀ� � PQ
���N2
0�6P98V���Í� � O� O�
¶� � ��W � O Å �Ñ
0��N��"Î��Í�RO7P�N k � O�
 σ̂2 P98����"NÁPQWX� � P�WÀ
�OÍ
0�jP98���Î � 
�U � � � � ��W � O Å �0� f(·) P98��PQ��W Å S�UVW Å z��"��O�� � � S�O Å PQWÀ
�OF� � O�
 λ ��L �"O � � P ; Å 
�O�NÁP � O�P6P�8 � P�8 � N±PQ
�UÈ��" Ì �R
 ¿�	 
�P���P�8 � PP98��R���>� Ì WÀNÁPQN � O � ��U�WÀÎ�S�WXP ;xWÀO P98��>
��?"�O�WXP�WÀ
�O 
0��P98�WXN Å ��WÉPQ�"��WÀ
�OA�®N�WÀO Å �>P�8�� � �?�uP L � ��P��� L ���"N��"O�PQN®P98�� � 
�Î�Ä � W{z�� � W28�
n
n
¬
0� � N��RÎ��¹�"O�P � P�WÀ
�OÍ�Í
n
�� � NQ8��"���ÑP98�� � � ��W � O Å ��
�� L �RO�
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Segmentation/ClusteringSegmentation: spatial structure of the signal
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D5B�N ¿�� D �0DOB�P98�D � DRN�N?�ÈP�8CD?; Å H�O�NÁPQWXP�SVP�D�P�8CD)N%D Å H�O�K¦U � N�WÀN H0��P98�D Å H�O�NÁP�B�S Å P�WXH�O
H0��H�SCB®�NHLKCD � �uP98CD5"�B�NÁP H�OCD�UaDRWÀO�Î�N%DRÎ��NDRO�P � P�WXH�OÍ�NHLKCD � NdNQ8VW Å 8 8 � �0DÑUaDOD"OcKCDRN Å B�WÀU
D5KWÀOEÐ � BÁP .�. � ¿ D48�WÀN�WÀNZNQ8�;EP�8CD "�B�N�P Å 8 ��L P%D5B H,��P98VWÀN L � B�PEN W �X� UaDhKCDR��H�P�DOK°P�H � B%D �nWXDONÅ H�O Å D5B�O�WÀO�Î���H�K�D � Ä U � N1D5K Å � S�N�P%D5B�WXO�Î ¿

D48�D�N%D Å H�OCK Å 8 ��L P�DOB/�WH Å S�N1D"NdH�O&P98CD_KCD?" OVWXPQWJH�O H0�TP98CDÍN%DRÎ��NDRO�P � P�WXH�O � Å � SVN�P�DOB�WXO�Î�NHLKCD � ¿PZ N��NDRO�PQWXH�O�OCD5K WXO Ð � BÁP .�. Å H�O Å D5B�O�WÀO�Î P�8CD�KCDR��D � H L ��D"O�P�H0�CN%D"Î��NDRO7P � PQWJH�O�NHLKCD � N-�RNRD Å"� O+�WH �À� HMNaP98CDTN � ��D6Î�S�WJKCD � WÀOCDRN B1D"Î � B1K�WÀOVÎÑP98CD Å H�O�NÁP�B�S Å PQWJH�OSH0��H�S�B �NHLKCD �
NQ8�W Å 8 � B%D G
T ¿ KCDRP%D5B��ÍWXO�WÀO�Î)P�8CD L � B � ��DRP%D5B�N � �aD Å P%D5K�U�; Å 8 � OVÎ0D"N � OCK ��ÅRÅ H0B1K�WÀO�Î2P�H NQ8�W Å 8»P�8CD
K � P � N<8CH�S � K£UaD Å � S�N�P%D5B1D5KF�� ¿ Å 8CHLH�N�WXO�Î¬P98�D D"NÁPQWÀ� � P�WXH�O¹�ND P98CHLK � OCK Å H�O�NÁP�B�S Å P�WÀO�Î � O ��L�L B%H L B�W � P�D � � Î�H0B�WÉP98��P�H�D"NÁPQWÀ� � P%D2P�8CD L�� B � ��DRP%D5B�N`H0��P98CD2�NHLKCD � NQ8VW Å 8 � B%D�P98CD�UCB%D � z L H�WXO�PÑWXO�N�P � O�PQN� OCK P�8CD �ÍW Ì PQSCB1D°�NHLKCD � L � B � ��DRP�DOB�N ¿ D48�WXN�D"NÁPQWÀ� � P�WXH�O WXNcKCH�O�D �WH0B � " Ì D5KO7S���U
D5B^H0�}N%D"Î��NDRO7P�N � OCK Å � SVN�P�DOB�N?�

<V¿ N%D � D Å PQWXO�Î�P98CD�O7S���U
D5B^H0�}N%DRÎ��NDRO�PQN K � � OCK£P98CD�O7S���U
D5B H,� Å � S�N�P%D5B�N P ¿
. P ��L�L D � B�N�P98 � P�P�8CDÍ��HLKCD � N1D � D Å P�WXH�O L B%H�U � DR� WÀN�S�O7S�N�S � � WXO H�SCB Åe� N1D0��N�WÀO Å D K� OCK P N�8�H�S � KÍUaDl�1H�WÀO�P � ;�N%D � D Å P�DOK ¿=. O  8 ��L P�DOB E N'D\N W �X� K�WÀN Å S�N�N L H�N�N�WÀU � D�NÁP�B � P�D"Î�WXD"N?�U � N%DOK H�O D Ì WÀNÁPQWXO�ÎÍ��DRP�8CHLK�N5�WH�BCN1D � D Å P�WÀO�Î K � O�K P N%D L � B � P�D � ; ¿ D48CD"O N'D L B%H L H�N1D �

8CD"SCB�WÀNÁPQW Å �WH�BT�NHLKCD � N%D � D Å PQWXH�O ¿% 8VW � D�KCD �0D � H L WXO�Î � OCD N ��DRP�8CHLKCH � H�Î0; �WH0B¬N1D"Î���D"O�P � PQWJH�O � Å � S�NÁP�D5B�WÀO�Î L B%H�U � DR�ÍN?�WXP ��LVL D � B�N Å B�S Å W � � P�H Å H�� L � B1D¬P98�D�OCDON ��L�L B1H ��Å 8lN WXP�8 D Ì WÀN�P�WÀO�Î¶��DRP�8CHLK�N ¿/@ WXK�KCD"O¾ � B0z Hv�¶�NHLKCD � N Å H�O�N�WXPQS�P�D�P98�D2��H�NÁP�N WXKCD � ;ÍS�N%DOK ��L�L B%H ��Å 8 B%D"Î � B%K�WXO�Î�P98VWÀN L B1H�U � D"� �� OCK�P98�D?;+8 � ��DTUaDOD"O ��L�L � WXDOK¬P�H � B%B � ;  TÇ @ K � P �Ñ� O � � ;�N�WÀN}WÀO � B�WJK � ; � OCK ��� �  �� �;�����V: � ¿. O�H0B%KCDOB¨P�H¬UaD Å H�� L � D P�D0�KNRD L B%H L H�N%D�P�HdK�WXN Å S�N�N6P�8CD �WH0B��¬S � � P�WXH�OMH0� H�S�B6�NHLKCD � � � OCKP�H Å H�� L�� B%DÍWXPCN WÉP98 @ WXKCK�D"O ¾ � B z�Hv�a��HLKCD � N�WXO  8 ��L P%D5B�� ¿ e S�B¬N�P%B � P%D"Î0;�N W �X� U
D� � N1H Å H�� L�� B%DOKoN WXP�8 � O�DON���DRP98�H�K¹P�H � O � � ;nN1D � B1B � ;  TÇ @ K � P ��L B1H L H�N%D5K»U�; % � O�Î
��� �  �� �;������� � � OCK>U � N1D5K[H�O 8�WXDOB � B Å 8�W Å"� � Å � S�N�P%D5B�WÀO�Î ¿

	b#



��� ����� 	���� ��� ��� � � �$	6(p� %�	 � #

� ? �A@ ��� � �

� � ��� ��� N � � � �b	

D48CD L SCB L H�N%D_H,� Å � SVN�P�DOB � O � � ;nN�WXN�WXN�P%H KCD P�D5B��ÍWXOCDÍP�8CD»WXO�OCDOB¬N�P%B�S Å PQSCB1DcH0� Å � S�NÁP�DOB%D5K
K � P � NQ8CD"O]OCH¦WÀO��WH0B�� � PQWXH�O H�P98CDOB¬P98 � OxP98CD_H�U�N%DOB���D5K]� � � SCDRN�WÀN � � � W � � U � D ¿G. O�P%D5B%DRN�PWÀO Å � S�NÁP�D5B�WÀO�Î 8 � N)WÀO Å B%D � N%DOK K�SCD�P%H�P98CDdDR�NDOB�Î0DRO Å DSH,�®O�DON KCH�� � WÀO�NVH0� ��L�L � W Å"� PQWJH�OF�N�S Å 8 � N � N�P�B1H�OCH�� ;'�TU�WJH � H�Î,;'� L 8�;nN�W Å N � O�K-N%H Å W � � N Å WXDRO Å DRN ¿$¾ H�NÁP Å � S�N�P%D5B�WÀO�ÎbK�H�OCDWÀO L B ��Å P�W Å D°WÀNÍU � N%DOK � � B�Î0D � ;]H�O*8CD"S�B�WÀNÁPQW Å H0B_KVWÀN�P � O Å D Ä U � N%DOK L B%H Å D5KVSCB%DRN-�ÑN�S Å 8 � N
8�WXDOB � B Å 8�W Å"� � � Î�Î � H��NDOB � P�WX�0D Å � S�N�P%D5B�WÀO�ÎbH�B»WXP%D5B � PQWÉ�0D B1D � H Åe� PQWXH�O L B1H Å D5K�S�B%D"N ¿ D48�D"N%D�ND P98CHLK�N L B1D"N%DRO�PÍPnN'Hc� � �1H�B � KV� � O�P � Î�D"N G P�8CD"WJB Å H�O�N�P%B�S Å PQWXH�O4WXN�WÀO�PQSVWXPQWÉ�0D � OCK=P�8CD� N�N1H Å W � P%D5K Å H�� L SVP � P�WXH�O � � PQWÀ��DCWÀNRB1D � N1H�O � U � D ¿ � DR��D5BÁP98CD � D"N�NTP98CDRWXB � ��Å zMH0�jN�P � PQWXN�P�W Åe� �U � N�WXN ��L�L D � B�N�P%H)UaD � � WÀ�¹WXP � PQWXH�O �WH0B�P98�D"WXB�S�N%D,��N�WÀO Å D Å � � N�N�W Å"� � Æ SCDRN�P�WXH�O�NlWXO Å � S�N�P%D5B�WXO�ÎN�S Å 8 � NÑP�8CD�O7S���U
D5BIH0� Å � S�NÁP�D5B�N-� Åe� O 8 � B%K � ;EUaD�P�8CD5H0B1DRP�W Åe� �À� ; 8 � OCK � D5K U�; 8CDRSCB�WXN�PQW ÅL B%H Å DOK�SCB%DRN ¿ � S�N�P%D5B�WÀO�Î¶��DRP�8CH�KVN)U � N%DOKPH�O L B%H�U � U�W � WXP ;£��H�KCD � N H �gDOB ��L B�WXO Å W L � � � � P�DOB�O � PQWX��DP�H 8CD"SCB�WÀNÁPQW Å Ä U � N%D5K � � Î0H0B�WÉP98��¹N ¿ . OÍP�8�WÀN Å H�O�P�D Ì P®P98CDVK � P ��� B1DT��WJDON'D5K � N Å H��ÍWXO�Î �WB%H��� �ÍW Ì P�SCB%D�H,� L B%H�U � U�W � WXP ; K�WÀNÁP�B�WÀU�SVP�WXH�OVN-� D ��Å 8 B1D L B1D"N1D"O�PQWXO�Î � K�W��gDOB%DRO7P Å � S�NÁP�DOB ¿ . O� KCK�WÉPQWXH�O�P%H Å � S�NÁP�D5B�WÀO�Î L SCB L H�N1D"N?�>" O�WÉP�DC�ÍW Ì PQSCB1D"NfH0��K�WXN�P%B�WÀUVSVPQWJH�O�N 8 � �0D�UaDOD"O ��LVL � WJD5KP�H � N WJKCD � � B�WXD P ; H0�¬N�P � PQWÀNÁPQW Åe� � L B%H�U � D"�¹N£N�S Å 8 � N[KVWÀN Å B�WX�ÍWXO � O�P � O � � ;nN�WXN-��WX� � Î�D� O � � ;�N�WÀN � OCK�N�SCBÁ�nWX� � � � O � � ;nN�WÀN ¿ D HCP98�WXN D Ì P%D"O�P "�O�WXP%D®�¹W Ì PQS�B%D��NHLKCD � N 8 � �0D Å H�O�P�WÀO7SCD5KP�HdB1D Å DRWX��D�WÀO Å B%D � N�WXO�Î � P�P�D"O�P�WXH�O!�WB%H�� U
H�P98»P�8CD5H�B%DRP�W Å"� � � OCK L B ��Å P�W Åe� � L H�WÀO�P�NRH0���nWXD N ¿. O � �ÍW Ì PQSCB1D6�NHLKCD � U � N1D5K ��L�L B1H ��Å 8�P�H Å � S�N�P%D5B�WÀO�Î)P98�D K � P ��� B1D � N�N�S���D5K�P�H:8 � �0D� B�WXN%D"O �WB%H�� � �ÍW Ì P�SCB%D6H0� � O°WÀO�WÉPQW � �À� ;ÍN L D Å W�"�D5K O7S���U
D5B`H0� L H L S � � PQWJH�O�N WÀO K�W&�aD5B1D"O�PL B%H L H0BÁPQWXH�O�N ¿�Ê D P6S�N®OCH�P%D Y = {Y1, . . . , Yn} � B � OCKCH�� N � � L � DVH0��N�WCP5D n �FNQ8CD5B1D Yt WXN� q Ä K�WX�NDRO�N�WJH�O � � B � O�KCH��_��D Å P%H0B�N WXP98 L B1H�U � U�W � WÉP ;\KCDRO�N�WÉP ;J� S�O Å PQWXH�O f(yt)

H�O � q � � OCK
yt
WXP�N B%D � � W2P � PQWJH�O ¿ % D�N�S L�L H�N%D�P98 � PTP�8CD8KCD"OVN�WXP ; H,� Yt Åe� O>UaD N^B�WXP�P%D"O£WÀO¶P�8CDR�WH0B��

f(yt) =

P∑

p=1

πpfp(yt),

NQ8CD5B1D fp(yt) WÀN �>Å H�� L H�OCD"O�PSK�D"O�N�WXP ;PH0�6P98�D��ÍW Ì PQSCB1D0� � OCK πp P98�DoNRDRWÀÎ'8�P\H0� L H L ÄS � � P�WXH�O p �'N WXP�8xP98�D Å H�O�N�P%B � WXO7P�N 0 ≤ πp ≤ 1 � OCK ∑p πp = 1 � ¿ . O]� � O�; ��L�L � W Å"� ÄPQWXH�O�NTP98CD Å H�� L H�OCD"O�P`KCD"O�N�WXP�WXD"N � B%D � N�N�S���D5K¦P%H»U
D � H�O�Î�P�H»N1H���D L � B � ��DRP%B�W Å � � �¹W � ; ¿. O=P�8�WÀN Åe� N%D0�±P98CD`; � B%D£N L D Å WC"CD5K � N f(yt; θp)
�dNQ8CD5B1D θp WÀN�P98CD£S�O_znO�H-N O4�0D Å P�H0B�H0�L � B � �ND P�D5B�NNH,�ÑP98�D L H�N�P�S � � P%D5K �WH0B�� �WH�B�P�8CD pth Å H�� L H�OCD"O�PNH0��P�8CDE�¹W Ì P�SCB%D ¿-Ê DRP

ψ = (π1, . . . , πP−1, θ1, . . . , θP ) KCDROCH�P%D¹P�8CD¹��D Å P�H0B Å H�O�P � WÀO�WXO�Î � �À� P�8CD¹S�OXz7O%NRH�O L�� ÄB � ��DRP%D5B�N H0�sP98CDT�¹W Ì PQS�B%D ¿ Q D Å PQWJH�O¹� ¿ T�N W �À� UaD K�DR�0H�P�D5K�P�H�P�8CD%�WH0B���S � � PQWXH�O\H0�È�¹W Ì PQSCB1D�NHLKCD � N6WÀO¶P�8CD L � B � �ND P�B�W Å�Å H�O7P%D Ì P ¿
	*>
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Q WÀO Å D N'D � B%D WÀO�P%D5B%DRN�P%D5K¹WÀO Å � S�N�P%D5B�WXO�Î2WXP ��LVL D � B�NlP98 � P H�OCD WÀO��WH�B�� � PQWJH�O�WÀNl�¹WÀN�N�WXO�Î
B%D"Î � B%K�WXO�ÎcP98CD H�U�N%DOB���D5K�N � � L � D G P�8CD � N�N�WXÎ�O���D"O�PcH,�IK � P �bL H�WÀO�PQN�P�H&P98CD K�W&�aD5B1D"O�PÅ � SVN�P�DOB�N ¿ Z O�DON B � OCKCH�� � � B�W � U � D6WÀN±WÀO�P%B%HLK�S Å DOK � OCK»OCH�P�D5K Ztp P98 � PRD Æ S � � N 1 WC� K � P �L H�WXO�P yt U
D � H�O�Î�N�P%H L H L S � � P�WXH�O p � � OCK 0 H�P98CDOB N WÀN1D ¿ % D>N�S LVL H�N1D>P�8 � P¹� � B�W � U � DRN
{Z1, . . . , Zn} � B%DTWXOCKCD L D"O�KCD"O�P �'N WXP�8 Zt = {Zt1, . . . , ZtP} � � OCK�P98 � P±P�8CD Å H�O�K�WXP�WXH�O � �KCD"O�N�WXP ; H0� Yt Î�WÉ�0DRO {Ztp = 1} WÀN f(yt; θp)

¿ D48CD5B1D?�WH0B1D�� � B�W � U � DRN Ztp Åe� OcU
D¬�nWXDON'D5K� N Åe� P%D"Î0H�B�W � � � � B�W � U � D"NÑP�8 � P)WXOCK�W Åe� P%D¬P98CD � � U
D �À� WÀO�Î�H0�±P98CDSK � P ��L H�WÀO�P�N ¿ D487S�N Zt WXN� N�N�S��NDOKbP%HEU
DNKVWÀN�P%B�WXU�SVP�DOK ��Å"Å H�B%K�WXO�Î>P%H � ��S � PQWXOCH��¹W � � K�WXN�P�B�WÀU�S�PQWXH�O Å H�O�N�WÀN�P�WÀO�Î[H0�
H�OCD8KCB � N H�O p Å"� P�DRÎ0H0B�WXD"N�N WÉP98 L B1H�U � U�W � WÉPQWXDRN π1, . . . , πP

G

{Zt1, . . . , ZtP} ∼ M(1; π1, . . . , πP ).

. O»P�DOB��¹N'H0� Å � SVN�P�DOB�WXO�Î��7P98CD pth �¹W Ì WÀO�Î L B1H L H�B�PQWJH�O Åe� OÍUaDC��WJDON'D5K � N�P98�D L B�WXH0B L B%H�U�Ä� U�W � WXP ;¹P98 � P`H�OCD8K � P ��L H�WÀO�PCUaD � H�OVÎ�N6P�H L H L S � � PQWXH�O p ¿ D48�D L H�N�P%D5B�WXH0B L B1H�U � UVW � WÉP ;cH0�
Ztp

Î�WX��D"O£P98CD8H�UVN%D5BÁ�0DOKE� � � S�DIH0� yt N W �À� UaD Å DRO�P�B � � �WH0B Å � S�N�P%D5B�WXO�Î L SCB L H�N1D"N G
τtp = Pr{Ztp = 1|Yt = yt} =

πpf(yt; θp)∑P
`=1 π`f(yt; θ`)

.

. OSH�B%KCDOB�P�He�WH�B�� � � WCP5DlP98CD¨WÀO Å H�� L � DRP%D'K � P � NÁP�B�S Å P�SCB%D H0�s�¹W Ì P�SCB%D®�NHLKCD � N-� � DRP X =
(Y, Z) K�D"OCH�P%D�P98CD Å H�� L � D P�D_K � P � ��D Å P%H0B-��NQ8CH�N1D�H�O � ; Å H�� L H�OCDRO�P�UaDRWÀO�Î H�U�N%DOB��0DOKWÀN Y ¿ D48VWÀN8B%D`�WH0B���S � � P�WXH�O Å � D � B � ;°N<8CHMN N2P�8 � P��¹W Ì PQSCB1D��NHLKCD � N Å"� ObU
D��nWXD NRDOK � N �L � B�P�W Å S � � B�D ÌV� � L � DfH0� ��H�K�D � NbN WÉP98 8�WXKCK�D"O¬NÁP�B�S Å P�SCB%D®N�S Å 8 � N 8�WJKCKCD"O ¾ � B z�Hv�2�NHLKCD � N
H0BT�NHLKCD � N N WÉP98 Å DRO�N%H0B1D5K K � P � ¿. �CP98�D � � U
D � H0�VD ��Å 8]K � P �°L H�WÀO�P N � NSH�U�N1D5BÁ�0D5KA�®P98�D�D"N�P�WÀ� � PQWJH�OYH,�CP�8CD¶�¹W Ì PQSCB1DL � B � �ND P�D5B�N NRH�S � K&UaD�N�P%B � WXÎ'8�P��WH0B�N � B%KcN�WXO Å D�P98CD L � B � ��DRP%D5B�N8H0�'D ��Å 8YKCDRO�N�WÉP ; Å H���ÄL H�O�D"O�P f(yt; θp)

Å H�S � KcU
DMD"N�P�WÀ� � P�DOK H�O � ;¦�nW � P98�DSK � P �¶L H�WÀO�P�N �WB%H�� L H L S � � P�WXH�O p ¿� DR��D5BÁP98CD � D"N�N�P98CD Åe� P%D"Î0H0B�W � � � � B�W � U � D"N � B%D 8�WXK�KCD"OF� � OCK¦P�8CDdD"NÁPQWX� � P�WXH�O Åe� O H�O � ;EU
DU � N%DOKdH�O2P98CD'H�U�N%DOB���D5KSK � P � Y ¿ D48CD®� � WXOhB1D � N1H�O/�WH0B�P�8CD¨WX� L H0B�P � O�PbNRH�B0z6H�O\DRN�PQWX� � ÄPQWXH�O �ND P98CHLKCH � H�Î0; �WH0B��ÍW Ì P�SCB%DRN)WÀN�P�8 � P6D Ì�L � W Å WÉP �WH0B���S � � Ne�WH0B L � B � ��DRP�DOB8D"N�P�WÀ� � P�DRN� B%D£OCH�P � � � W � � U � D»WÀO �cÅ � H�N%D5K �WH0B��G� � D � K�WÀOVÎ°P�HcP98CD£OCDOD5K �WH0B�WÉP�DOB � P�WX�0D�DRN�P�WÀ� � PQWJH�OL B%H Å DOK�SCB%DRN ¿ � WÉP�PQWXO�Î°�¹W Ì PQS�B%D�K�WXN�P�B�WÀU�S�PQWXH�O�N Å"� O4U
D 8 � O�K � DOK4U�; � N WXK�D�� � B�WXD P ; H0�P�D Å 8VO�W Æ SCDRN-�sN�S Å 8 � NTÎ0B ��L 8�W Åe� � �ND P98CHLK�N-��P98CD)��DRP�8CH�K�H,����H���D"O�PQN?��� �|Ì WX��S�� � W{z�D � WÉÄ
8CH�HLK � OCK>Ï � ;�D"N�W � O ��L�L B1H ��Å 8CDRN ¿ . PQ8 � N H�O � ;ÍUaDOD"O>N�WXO Å D < �/;�D � B�NTP98 � P Å H�O�N�WXKCDOB � U � D� KV� � O Å D"N 8 � �0DCUaDOD"O¹� � KCDTWÀO�P98�D%"�P�P�WÀO�Î8H0� �ÍW Ì PQSCB1D6�NHLKCD � N-��DRN L D Å W � �X� ;2��W � P98CD � �+Ì ÄWÀ��S�� � W z D � W28CHLH�K¬�ND P98CHLKF��P98 � OXz7N®P�H�P98�D L SVU � W Åe� P�WXH�OMH0� Â D"� L N�P%D5B ��� �  �� ��TML���� � � OCKP�H�P98CD�WXO7P%B%HLK�S Å PQWXH�O�H0�}P�8CD Ë ¾ � � Î0H0B�WXP98V� ¿

D48�D L SCB L H�N%D�H0�6P98�D Ë ¾ � � Î0H0B�WXP�8��³WXN�P�8CD¹WXP�DOB � P�WX��D Å H�� L SVP � PQWXH�O H,�T� �|Ì WX��S��� W z D � W28CHLH�K[D"NÁPQWX� � P%H0B�NENQ8CD"O H�U�N1D5BÁ� � PQWXH�O�N Åe� O&U
D¬�nWXD NRDOK � N)WÀO Å H�� L � DRP%D\K � P � ¿ D48CDU � N�W Å WJKCD � H0��P�8CD Ë ¾ � � Î0H0B�WXP98V�/WÀNjP�H � N�N1H Å W � P%D �CÅ H�� L � DRP�DfK � P � ��HLKCD � P�HCP98CD®WÀO Å H���ÄL � D P�D N�P%B�S Å PQSCB1D�P98 � P±WÀNfH�U�N1D5B���D5K¶WXONH0B1KCD5BlP%H¬N�WX� L � WC� ;2P98�D Å H�� L SVP � P�WXH�OMH0� � �|Ì WX��S��� W z D � W28CHLH�KPD"NÁPQWÀ� � P%D"N ¿ Q WX�ÍW � � B � ;0� �cÅ H�� L � D P�D�K � P � � W{z�D � W28CHLHLKaWÀN � N�N%H Å W � P�DOK P%H&P�8CDÅ H�� L � D P�D K � P � ��H�KCD � ¿ D48CD Ë ¾ � � Î0H0B�WÉP98�� D ÌVL � H�WÉPQN¨P�8CD�N�WÀ� L � D5B ¾EÊ Ë4Å H�� L SVP � PQWJH�O
H0�jP98CD Å H�� L � DRP%D K � P � � W z D � W28CHLH�K�P�HSH L PQWX�ÍWCP5D�P�8CDIH�U�N1D5BÁ�0D5K K � P � � W z D � W28CHLH�K ¿ Q D Å P�WXH�O� ¿ �¹WÀN KCD �0H�P%D5K P�HÍP98CD�Î0DROCD5B � � K�D"N Å B�W L PQWJH�O H0��P98�D Ë ¾ � � Î0H�B�WXP�8�� � OCK°P%H¶WXP�NÑÎ0DROCD5B � �L B%H L D5BÁPQWJD"N ¿zÂ DRN L WÉP�D � N WXK�D B � O�Î0D H0�)N�S Å"Å DRN�NX� S � ��L�L � W Å"� PQWJH�O�N � O�K4P98�D¦WÀ� L H0B�P � O�P
NRH0B zbH�O WXP�N L B%H L DOB�PQWJD"N?�±P�8CD Ë ¾ � � Î0H0B�WÉP98�� L B1D"N1D"O�PQN�PnNRH&WÀO�P%B�WÀOVN�W Å � WÀ�¹WXP � PQWJH�O�N G WÉP��L�L D � B�NÑP�H¶U
D�N � HMN$P%H Å H�O��0DOB�Î0D � OCK � N�� � O�;¦WÉP�D5B � PQWÉ�0D L B%H Å DOK�SCB%DRN-�jWÀNÑN%D"OVN�WXP�WX��D�P�H

	*P
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P98CD�WXO�WXP�W � � W2P � PQWJH�O¶N�P%D L ¿ D48�WÀN 8 � N � D � K¦P�H�P�8CDSKCD �0D � H L ��D"O�P8H0����H�KVWC"�DOK¦�0DOB�N�WJH�O�N8H0�P98CD Ë ¾ � � Î0H0B�WXP�8��G�%NQ8�W Å 8�N W �À� U
DIKCD P � W � D5K£WXO>N1D Å PQWXH�OE� ¿ � ¿e O Å D¬P98�D¬�¹W Ì PQSCB1D¬��H�K�D � 8 � N�UaDOD"O N L D Å WC"�DOK � OCK°WÉPQN L � B � �ND P�D5B�Ne8 � ��D�UaDOD"O DRNÁÄPQWÀ� � P%D5KF��H�O�D Å D"O�P�B � � Æ SCDRN�P�WXH�OPB%D"� � WXO�N G � @ H-N � � O�; Å � S�NÁP�DOB�N T � ¿>¾ W Ì PQSCB1D��NHLKCD � NL B%DRN%D"O�P � � � WXO � KV� � O�P � Î0D Å H�� L � B1D5KaN WXP98 8CDRSCB�WXN�P�W Å¶Å � S�N�P%D5B � � Î0H0B�WÉP98��¹N¬WXOsNQ8�W Å 8P98CDOB%D¶WÀN¬OCH D"NÁP � U � WÀN<8CD5K]��DRP�8CH�KaP%H KCDRP%D5B��ÍWXOCD»P98�D�O7S���U
D5BSH0� Å � S�N�P%D5B�N ¿ % WXP98aP�8CDS�OCKCDOB � ;nWXO�Î L B%H�U � U�W � WXP ;��NHLKCD � ��P�8CD L B%H�U � D"� H0� Å 8�H�H�N�WÀO�Î)P�8CD OnSV��UaDOBfH0� Å H�� L H�OCDRO�PQNÅe� O�U
D B%D?�WH�B���S � � P�DOK � N � NÁP � P�WÀN�P�W Å"� � ��H�K�D � Å 8�H�W Å D L B%H�U � D"� ¿ D DRN�PQWXO�ÎR�WH0B�P�8CDTO7S���U
D5B
H0� Å H�� L H�OCDRO�PQN2WÀO � �¹W Ì PQS�B%D ��L�L D � B�N2P%H¦U
DMK�WC� Å S � P2N�WXO Å D�P98CD Å � � N�N�W Å"� �l� W{z�D � W28CHLHLK
B � P�WXH�P�DRN�P KCHLD"N�OCH�P38CH � KJ�WH0Bl�¹W Ì PQSCB1D"N ¿fe O�P�8CD Å H�O�P%B � BX;'� Å B�WÉP�DOB�W � U � N%DOKNH�O L D"O � � W2POD5K� W z D � W28CHLH�KA� N�S Å 8 � NÑP�8CD�Ï � ;0DRN�W � O . O��WH0B�� � P�WXH�O  B�WXP%D5B�WXH�O �BÏ .X ��8 � ��D�UaDOD"OcN�S ÅRÅ DRN�NÁÄ
� S �À� ; ��L�L � WXDOK P�H>�ÍW Ì P�SCB%D���H�K�D � N ¿ � DR��D5B�P�8CD � D"N�N-�lWXP ��L�L D � B�N�P98 � P�P98CH�N1D Å B�WÉP�D5B�W � KCHOCH�P Å H�O�N�WJKCD5B�P�8CD¶N L D Å WC" Å H�Un�1D Å PQWX��D�H0�C�ÍW Ì PQSCB1D��NHLKCD � N¬WXOaP98CD Å � S�NÁP�DOB�WÀOVÎ Å H�O�P�D Ì P ¿
D48�WÀN 8 � N � D � K&P�H>P98CD Å H�O�NÁP�B�S Å P�WXH�ObH,� Å � � N�N�WC" Å"� PQWJH�O�Ä U � N%DOK Å B�WXP%D5B�W � ¿ D48CDRN%D Å B�WXP%D5B�W �
N W �À� UaD8K�WXN Å S�N�N1D5K¦WXO Q D Å PQWXH�OE� ¿=<V¿
� VWU � Y �s\ n _�f o ] �pf cW[ YWq \ luf d b _�b)o f7\*_`Y�a a ])q \^f �s\
��
  
  � � � �,
 �_
���� �di �_h,�gce�ZY,�b�
Ê D P Y = {Y1, . . . , Yn} KCDROCH�P�D � B � O�KCH�� N � � L � DSH0�®N�W2POD n NQ8CDOB%D Yt WÀN � �0D Å P�H0B6H0�
� q � yt WXP�NRB%D � � WCP � P�WXH�O � O�K f(yt)

WÉPQN KCD"OVN�WXP ;!� S�O Å PQWJH�O ¿z. O»P�8CD��¹W Ì PQS�B%DC�NHLKCD � Å H�O�P�D Ì PP98CD`KCD"O�N�WXP ;NH0� Yt WÀN±N�S L�L H�N%D5K¶P%H¬U
D � �¹W Ì P�SCB%DVH0� P L � B � �ND P�B�W Å KCD"OVN�WXP�WXDRN¨N�S Å 8�P98 � P G
f(yt;ψ) =

P∑

p=1

πpf(yt; θp),
�B� ¿ T �

N WXP98&P98CD Å H�OVN�P�B � WÀO�P ∑P
p=1 πp = 1 � P UaDRWÀO�Î " Ì D5K ¿  H�D`� Å WXDRO7P�N πp Åe� OaUaD¹�nWXDON'D5K� N�P98CD N'D"WÀÎ087P�NNH,��P�8CD pth Å H�� L H�OCDRO7PMH,�ÑP98�D>�¹W Ì P�SCB%D,�dNQ8�W Å 84WXN Å 8 � B ��Å P�DOB�WCP5D5K=U�;L � B � �ND P�D5B θp ¿ ψ = (π1, . . . , πP−1, θ1, . . . , θP ) KCDROCH�P�DRN�P98CD��0D Å P�H0BIH,� L � B � �ND P�D5B�N H0�P98CD���H�KCD � ¿

¾ W Ì PQSCB1D �NHLKCD � N � B%D B1D?�WH0B���S � � P�D5K � N � O�WÀO Å H�� L � D P�D[K � P �aL B%H�U � D"� N�WXO Å D°P�8CD� N�N�WÀÎ�O���D"O�P H0�7P�8CDfH�U�N%DOB���D5K\K � P � WÀN�SVOXz7OCHMN O ¿z. �KNRD�OCH�P%D Xt = {Yt, Zt} P98�D Å H�� L � D P�DK � P � �0D Å P�H0B NQ8�H�N%D H�O � ; Å H�� L H�OCD"O�P�U
D"WXO�Î H�U�N1D5BÁ�0D5K=WÀN Yt �lWÉPQNhKCD"O�N�WXP ; � S�O Å P�WXH�O]WXNP98CDRO G
g(xt;ψ) =

P∏

p=1

[πpf(yt; θp)]
ztp. �B� ¿ � �

��
  
 u p ��[\`%��� WX
��\� ��
�� ce
 ����[,W_� ce�ZY\�b��`
% 8CD"Oa�¹W Ì P�SCB%D¹�NHLKCD � N � B%DÍS�N%DOK]WÀOcP98CD Å � S�N�P%D5B�WXO�Î Å H�O�P�D Ì P-� P98CD � WÀ� WXN2P%H L B1Hv��WJKCD�aL � B�P�WXP�WXH�O H,�2P�8CD K � P � WÀO�P�H P Î0B%H�S L N-�EN WXP98 P UaDRWÀO�Î " Ì DOK ¿ D48CD L H L S � � PQWJH�O�N��
NRDRWÀÎ'8�PQN � B1D2WXO�P�D5B L B%D P�DOK � N � 
��
��
 L B%H�U � U�W � WXP�WXD"N'H0� U
D � H�O�Î�WXO�Î�P�H � Î�WX�0DRO L H L S � � P�WXH�O ¿

	Xw
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Pr {Ztp = 1} = πp
B%D L B%DRN%D"O�P�N�P98CD L B%H�U � U�W � WXP ;ÍP�H � N�N�WXÎ�O H�O�DhK � P �ÍL H�WXO7PCP�H L H L S � � ÄPQWXH�O p NQ8CD"OÍP98CD`H�O � ; � � � W � � U � D6WÀO>�WH0B�� � PQWJH�O � U
H�SVP±P98CD`K � P �¬� B1DCP�8CD,N'D"WXÎ'8�PQNRH,� D ��Å 8Î0B%H�S L ¿. O�P�8CD Å H�� L � D P�DUK � P � N L D Å W�" Åe� P�WXH�O¹P98CD Å � SVN�P�DOB�WXO�Î L B1H Å D5K�SCB1D � WX�ÍN � P'B%D Å Hv�0D5B�WÀO�ÎP98CD � N�N%H Å W � P�DOK � � U
D � � � B�W � U � DRN z1, . . . , zn 8 � �nWXO�ÎIH�U�N1D5B���D5K y1, . . . , yn

¿ Z �uP%D5B P�8CDT�ÍW Ì ÄPQSCB1D6�NHLKCD � 8 � N UaDOD"O+"�P�P�DOK � OCK�WXP�N L � B � ��DRP%D5B ψ 8 � N U
D5DROSD"NÁPQWÀ� � P%D5KF� ��L B%H�U � U�W � WÀNÁPQW ÅÅ � SVN�P�DOB�WXO�ÎSH0��P98CDIH�UVN%D5BÁ� � PQWJH�O�NTWÀN L B%Hv�nWXKCDOK>WXO¶P�D5B��ÍN H,��P�8CD"WJB �������	��
��
��
 L B%H�U � U�W � WXP�WXD"N
H0� Å H�� L H�O�D"O�P �NDR��U
D5B�N<8�W L G

τ̂tp = Pr
ψ̂
{Ztp = 1|Yt = yt} =

π̂pf(yt; θ̂p)∑P
`=1 π̂`f(yt; θ̂`)

.

ÐfB1H�U � UVW � WÉPQWJD"N τ̂t1, . . . , τ̂tP � B%D®P98CD^D"NÁPQWX� � P%D5K L B1H�U � UVW � WÉPQWJD"N�P98 � PfK � P ��L H�WXO7P yt UaD � H�OVÎ�NP�H�P98CDR"�B�N�P-� N%D Å H�OCKF� . . . � P th Å H�� L H�OCD"O�PVH0��P98CD��¹W Ì PQSCB1D ¿. OVN�P�D � KYH,��� S�P?P?; Å � � N�N�WC" Åe� P�WXH�O B1D"N�S � PQN8D ��Å 8YK � P �¶L H�WÀO�P Åe� O&U
D � N�N�WXÎ�O � P%D5K P�H �L � B�P�W Å S � � B L H L S � � PQWXH�O?N WXP98¶P�8CD�� �+Ì WX��S�� � �������	��
��
��
��'B�S � D�� ¾ Z Ð � G

ẑtp =





1 W�� p = Argmax
`

{τ̂t`},

0 H�P�8CD5B�N WÀN1D .
� V�� �EY \*\^YWqut o Y �s\ n _�f o ] �uf c�[ isY�b \ lpf � � b�c t)]M_`Y \ lpo
D48CD�D"NÁPQWÀ� � P�WXH�ObH,�CP�8CD L � B � �ND P�DOB�NdH0� � �¹W Ì PQSCB1D Åe� O=U
D 8 � O�K � DOK=U�; � � � B�WXD P ;bH0�P�D Å 8VO�W Æ SCDRN��WB%H�� Î0B ��L 8�W Å"� � P�H�Ï � ;0DRN�W � O��ND P98CHLK�N �BN1D5D�DTWXP�P%D5B�WÀO�Î�P%H�O���� �  �� ��TML E � � �WH0B� O D Ì 8 � SVN�PQWÉ�0D�B1DR�nWXD N H0�TP�8CH�N1D¶�ND P98CHLK�N � ¿ � D �0D5BÁP98CD � DRN�N�P98CD�� �+Ì WÀ�¬S�� � W{z�D � W28CHLHLK�ND P98CHLKJ8 � Nz�WH Å S�N1D5K¹� � O�; � P�P�D"O�P�WXH�O�N?��� � WÀO � ;hKVSCD6P�H)P98�D D Ì WÀNÁP�D"O Å D^H0� � O � N�N1H Å W � P%D5KN�P � PQWÀNÁPQW Åe� � P�8CD5H0BX; ¿CÇ WX��D"O � N � � L � D6H,� n WXOCKCD L DROCKCD"O�PUH�U�N%DOB�� � P�WXH�O�NQ�WB%H�� � �¹W Ì PQSCB1D
KCD?" O�D5K¦WXO£� ¿ T ¿ T0��P98CD � W{z�D � W28�H�HLKN� S�O Å PQWJH�O£WÀN G

L(y;ψ) =

n∏

t=1

{
P∑

p=1

πpf(yt; θp)

}
.

D48CD L � BÁPQW Å S � � B�WXP ; H0�C�¹W Ì PQS�B%D���H�K�D � N�WÀN¬P�8 � P�P�8CD¶� �|Ì WX�ÍWCP � P�WXH�O H0� P�8CD � W{z�D � W28CHLHLK
KCD?" O�D5K � UaHv��D N WXP98�B1D"N L D Å P P�H ψ WXN6OCH�P6N�P�B � WÀÎ087P<�WH0B N � B1K � OCK B%D Æ SVWXB%DRNTWXP%D5B � PQWX��D L B1H�ÄÅ D5KVSCB%DRN ¿ D48CD Ë ¾ � � Î0H0B�WXP�8�� 8 � N£U
D Å H��ND°P�8CD �ND P98CHLK H0� Å 8CH�W Å D �WH0BcDRN�P�WÀ� � PQWXO�ÎP98CD L � B � �ND P�DOB�NVH0� � �ÍW Ì P�SCB%D2��H�KCD � � N�WÀO Å D�WÉPQN4�WH0B��¬S � � P�WXH�O � D � KVNCP%H»N�P%B � WXÎ'8��WH0B�N � B%K
D"N�P�WÀ� � P�H�B�N ¿
��
 u 
  rH�b�\� WX��� �,WX�b`K�b�����f��
����q��ik��h,� � � �������fWX
 ��h c
. O»P98CD�WÀO Å H�� L � D P�D^K � P � �WH0B���S � � PQWXH�O�H,���ÍW Ì PQSCB1D���H�K�D � N � DRP®S�N6OCH�P%D X P�8CD Å H�� L � DRP%D
K � P � N � � L � D�N L ��Å D+�WB%H�� NQ8VW Å 8 x � B�WXN%D"N?� Y P98�DdH�U�N1D5B���D5K&N � � L � D¬N L���Å D � O�K Z P98CD
8�WXKCK�D"O¦N � � L � D�N L���Å D ¿4. P��WH �X� HMN N6P98 � P X = Y × Z � � OCK x = (y, z)

¿ D48CD\K�D"O�N�WXP ;[H0�P98CD8H�U�N1D5BÁ�0D5K K � P � X Åe� O>U
D N^B�WÉP�P�DRO G
g(x;ψ) = f(y;ψ)k(z|y;ψ),

	 �
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NQ8CD5B1D f(y;ψ) WÀN6P�8CD8KCD"O�N�WXP ; H0��P98�D6H�U�N%DOB��0DOK K � P ��� OCK k(z|y;ψ) WÀN6P98�D Å H�OCK�WÉPQWJH�O � �KCD"O�N�WXP ; H0�®P98CD¹�ÍWXN�N�WÀO�Î H�U�N1D5BÁ� � PQWXH�O�N�Î�WX�0DRObP�8CD_K � P � ¿ D48VWÀN � D � K�N)P�HEP�8CD�KCD?" OVWXPQWJH�O
H0� K�W��gDOB%D"O�P � W z D � W28CHLH�KVN G P98CDdH�U�N%DOB��0DOK ��WXO Å H�� L � DRP�D Ä K � P � � W z D � WC8CHLH�K L(y;ψ) � O�K¦P98CDS�OCH�U�N1D5BÁ�0D5K�� Å H�� L � DRP�D Ä K � P � � W z�D � WC8CH�HLK Lc(x;ψ)

¿ D48�D"N%D � W z D � WC8CHLH�K�N � B%D � WÀOXz D5K N WÉP98P98CD8B%D � � P�WXH�OVN�8�W L G
logLc(x;ψ) = logL(y;ψ) + log k(z|y;ψ),

N WXP98
logLc(x;ψ) =

n∑

t=1

log g(xt;ψ),

� OCK
log k(z|y;ψ) =

n∑

t=1

P∑

p=1

ztp log
� {Ztp|Yt = yt} .

Q WÀO Å DlP98CD 8�WJKCKCD"O�� � B�W � U � D"N � B1D�OCH�P H�U�N1D5BÁ�0D5KA��P98CD Ë ¾ � ��Å 8�WXOCD5BX; Å H�O�N�WXN�P�N H0�nP98�D±WXOCK�W Ä
B%D Å P^H L P�WÀ�¹W2P � PQWXH�ONH0�jP�8CD)WÀO Å H�� L � D P�D Ä.K � P � � W{z�D � W28�H�HLK ��� � P98CD)WÉP�DOB � P�WX�0DUH L PQWX�ÍWCP � P�WXH�O
H0�®P�8CD Å H�O�K�WXP�WXH�O � � D Ì�L D Å P � P�WXH�O H0�±P98CD Å H�� L � DRP%D Ä K � P � � W z�D � WC8CH�HLK°S�N�WÀO�Î¶P�8CD Å SCB1B%D"O�P
"�P �WH0B ψ ¿=. �bNRD�O�H�P�D ψ(h) P�8CD�� � � SCDUH0� P98CD L�� B � ��DRP%D5B � P6WÉP�DOB � P�WXH�O h �VWXP3�WH �X� HMN NlP98 � P G

logL(y;ψ) = Q(ψ;ψ(h)) −H(ψ;ψ(h)), �B� ¿ < �
N WÉP98 Å H�O���D"O�PQWJH�O�N G

Q(ψ;ψ(h)) =
�

ψ(h) {logLc(X;ψ)|Y } ,
H(ψ;ψ(h)) =

�

ψ(h) {log k(Z|Y ;ψ)|Y } ,
NQ8CD5B1D �

ψ(h) {·} K�D"OCH�P%D"N2P98CD�D Ì�L D Å P � PQWJH�O H L DOB � P%H0B-�jP � znWXO�Î¶P98CD Å S�B%B%DRO�P/"�P ψ(h) �WH0B
ψ
¿
D48�D Ë ¾ � � Î0H�B�WXP�8�� Å H�OVN�WXP�N^H0�}PnN'H¹N�P�D L N G
Ä E Ä N�P�D L G Åe� � Å S � � P�D Q(ψ;ψ(h)) �
Ä M Ä NÁP�D L G Å 8CH�H�N%D ψ(h+1) = Argmax

ψ

{
Q(ψ;ψ(h))

} ¿
D48CD E Ä � OCK M Ä�N�P%D L N � B1D B%D L D � P�DOK � � P%D5B�O � PQWÉ�0D � ; S�O�PQW � P�8CD K�W��gDOB%D"O Å D |ψ(h+1) −
ψ(h)| Å 8 � O�Î0DRN�U�; � O � B�U�WXP%B � B�W � ; N�� � �À� � ��H�S�O�P ¿ � H�P%D»P98 � P � OCH�P98CDOB�N�P%H L�L WXO�Î B�S � DÅ H�S � KaU
D»P98CD�KVW&�aD5B%DRO Å D_H0� � H�Î�Ä � W{z�D � W28CHLHLK�N�U
DRPnN'D5D"O PnN'H N�P�D L N-� | logL(y;ψ(h+1)) −
logL(y;ψ(h))| ¿=@ HMNRD �0D5B¨WC� P�8CD � H�Î�Ä � W z D � W28CHLH�K�WÀN � � � P �ZN WÉP98NB%D"N L D Å P®P�H ψ P�8�WÀN K�W��gDOBÁÄD"O Å D Å"� O>UaD�N�P � U � D NQ8CD5B1D � N L � B � �ND P�DOB ψ(h) z�DOD L N Å 8 � O�Î�WXO�Î ¿

D48�D2z D?; L B1H L DOB�P ; H0��P98�D Ë ¾ � � Î0H�B�WXP�8�� D"N�P � U � WÀN�8�D5K>U�; Â D"� L N�P%D5B ��� �  �����TML���� �WÀN»P�8 � P�P�8CD WÀO Å H�� L � D P�D K � P � � H�Î�Ä � W z D � WC8CHLH�K]WXO Å B1D � N1D"N � �uP�DOBcD ��Å 8zWÉP�DOB � P�WXH�O H,�2P�8CD� � Î0H�B�WXP�8�� ¿ D48CD L B1H�H0�^H,�CP�8�WÀN�P98CDOH0B%DR�²WÀN¬U � N%DOK]H�OaP98CD�K�D?" O�WÉPQWJH�ObH0� P98�D M Ä NÁP�D LP98 � P^DRO�N�S�B%D"N
Q(ψ;ψ(h+1)) ≥ Q(ψ;ψ(h)),
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NQ8�W � DÑP98CD ��LVL � W Åe� P�WXH�OcH,�}P�8CD�Ã�D"O�N1D"O¦WXOCD Æ S � � WXP ;»Î�WX��D"N
H(ψ;ψ(h+1)) ≤ H(ψ;ψ(h)).

Ð�S�P2P%H�Î0D P98CDOB � OCK Å H�O�N�WXKCDOB�WÀOVÎ[B1D � � PQWJH�Oc� ¿ � ¿ T0��P98CDRN%D¹WÀOCD Æ S � � WÉPQWXDRN D"OVN�SCB1DÍP98�D¹��H�OCH+ÄP�H�O�W Å WÉP ;_H0��P98�D � W z D � WC8CHLH�K�N1D Æ SCDRO Å D G
logL(y;ψ(h+1)) ≥ logL(y;ψ(h)).

D48�WÀN�WXOCD Æ S � � WXP ; L B1Hv�0D"N�P�8 � P�P�8CD Ë ¾ N%D Æ S�D"O Å D�H,� � W z D � W28CHLH�KVN���SVN�P Å H�O��0DOB�Î0D�WC�lP�8CD� W z D � W28CHLH�KÍWÀNTU
H�S�OCK�D5K � UaHv��D ¿
��
 u 
 u � �fWyc [\��� ��
���� ��iC�_h,� � � �����d�fW_
n��h\c ij��W ce
 ����[,WX� ce�ZY,�b��`
% 8CD"O ��L�L � WXDOK¬P�H�P�8CDTN L D Å W � � Åe� N1D H0�È�ÍW Ì PQSCB1D6�NHLKCD � N}P�8CD � H�Î�Ä � W z D � WC8CHLH�K�N � B%D N^B�WXP�P%D"OWÀO¶P98CDR�WH0B�� G

logL(y;ψ) =
n∑

t=1

log f(yt;ψ) =
n∑

t=1

log

{
P∑

p=1

πpf(yt; θp)

}

logLc(x;ψ) =

n∑

t=1

log g(xt;ψ) =

n∑

t=1

P∑

p=1

ztp log {πpf(yt; θp)}

Q WÀO Å D�P98CD Å H�� L � D P�D8K � P � � H�Î�Ä � W z D � WC8CHLH�KÍWÀN � WÀO�D � B WÀO£P98�D¬S�OCH�U�N%DOB�� � U � DhK � P � ztp P�8CD
E Ä NÁP�D L H�O � ;IB%D Æ SVWXB%DRN}P�8CD Å H�� L SVP � P�WXH�O6H0��P�8CD Å H�OCKVWXPQWJH�O � � D Ì�L D Å P � PQWXH�O\H0��P�8CD¨�¹WÀN�N�WXO�ÎWÀO��WH0B�� � PQWXH�O»Î�WÉ�0D"O£P98�D6H�U�N%DOB��0DOK K � P � yt � SVN�WÀOVÎ�P�8CD Å SCB1B%DRO7P5"�P ψ(h) �WH0B ψ ¿=. PCÎ�WX��D"N

Q(ψ;ψ(h)) =
n∑

t=1

P∑

p=1

�

ψ(h) {Ztp|Yt = yt} log {πpf(yt; θp)} ,

N WXP98
�

ψ(h) {Ztp|Yt = yt} = Pr
ψ(h)

{Ztp = 1|Yt = yt} = τ
(h)
tp ,

� OCK
τ

(h)
tp =

π
(h−1)
p f(yt; θ

(h−1)
p )

∑P
`=1 π

(h−1)
` f(yt; θ

(h−1)
` )

.

D48CD"O
Q(ψ;ψ(h)) =

n∑

t=1

P∑

p=1

τ
(h)
tp log {πpf(yt; θp)} .

D48�D M Ä N�P%D L B1D Æ S�WXB1D"N P98CD2Î � H�U � � � �+Ì WÀ�¹W2P � PQWJH�O_H,� Q(ψ;ψ(h)) N WÉP98[B%D"N L D Å PCP�H ψP�H�Î�WX��D � O>S L K � P�DOK DRN�PQWX� � P�D ψ(h+1) ¿
� H0B:" O�WÉP�DÍ�ÍW Ì P�SCB%DÍ�NHLKCD � N-��P98CDND"NÁPQWÀ� � P�WXH�O H0�TP98�D��ÍW Ì WÀO�Î L B%H L H0BÁPQWJH�O�N2WÀN\K�H�OCD��W ��Å H�O�NÁP�B � WÀOCDOK£� �+Ì WX�ÍWCP � P�WXH�ONH0�}P�8CD�WÀO Å H�� L � D P�D Ä.K � P � � H�Î+Ä � W{z�D � W28�H�HLK NQ8�W Å 8EÎ�WX��D"N G

π̂(h+1)
p =

∑n
t=1 τ

(h)
tp

n
.

	 �
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D48�WÀN�DRN�PQWX� � P�H0B�8 � N � O � PQS�B � � WÀO�P�DOB L B1DRP � PQWXH�O G WXP�N�S��¹� � B�W2POD"N P�8CD Å H�O�P%B�WÀUVSVPQWJH�OIH0�LD ��Å 8
K � P ��L H�WXO7P yt P�H�P�8CD pth Å H�� L H�OCD"O�P^H0�jP98�D)�ÍW Ì P�SCB%D���W � WXP�N �������	��
��
��
 L B%H�U � U�W � WXP ;�H0��NDR��UaDOB�N<8�W L ¿ Z NQ�WH0B6P98CD�S L K � P�WÀO�ÎSH,� θ � WXPTWXN H�UVP � WÀOCDOK � N � O ��LVL B%H L B�W � P�D B1H�H�P^H,�

n∑

t=1

P∑

p=1

τ
(h)
tp

∂ log f(yt; θp)

∂θ
= 0.

��
 u 
�� �V�\ij�fWyce� ��
��d�qce� �KWX
 � [,`�
��\����h,� � � �������fWX
 ��h c
e O Å D¨P�8CD L � B � �ND P�DOB�N H,�ÈP�8CD6�¹W Ì PQS�B%D 8 � ��DTUaDOD"OMD"NÁPQWX� � P%D5K¬�nW � � �|Ì WX��S�� � W z�D � WC8CH�HLKF�� O � PQS�B � � Æ SCDRN�P�WXH�OcWÀN�P%H � N�N1D"N�N2P�8CD�N�P � OCK � B1K D5B%B1H0B�N8H0��P�8CDSD"NÁPQWÀ� � P%H0B ψ̂ ¿ D48�WXN Åe� OUaD8KCH�O�D N WXP98£P98�D6D � � � S � PQWXH�OcH0��P98CD8D Ì�L D Å P�D5K¦WÀO��WH0B�� � PQWXH�O»� � P�B�W Ì

I(ψ) =
�
Y

{ −∂2

∂ψ∂ψT
logL(Y ;ψ)

}
,

N WXP98 logL(y;ψ) UaDRWÀO�Î¹P98CD�WÀO Å H�� L � DRP%D Ä.K � P � � W{z�D � W28�H�HLK Åe� � Å S � � P�DOK H�OEP98CD � � � W � � U � DH�U�N%DOB�� � P�WXH�O�N?� � OCK �
Y {·} KCDRN�WÀÎ�O � PQWXO�Î)P98CDVD Ì�L D Å P � P�WXH�O�H L D5B � P�H0BfN WXP�8MB%D"N L D Å P®P�H�P98CDB � OCK�H�� � � B�W � U � D Y ¿. O L B ��Å PQW Å D®P�8�WÀN Æ S � O�PQWXP ;¬WÀN H0�uP�DROdD"NÁPQWÀ� � P%D5K�U�;2P98CD H�U�N%DOB��0DOKÍWXO��WH0B�� � P�WXH�O�� � P�B�W ÌÅe� � Å S � � P�DOK � P ψ̂ � I(ψ̂, y) ��N WXP�8¶P98CD8B%D � � P�WXH�OVN�8�W L

I(ψ) =
�
Y {I(ψ;Y )} .

Ë �WB1H�O � OCK @ WXOXz � D?; ��TML � E � 8 � ��D L B1Hv��WJKCD5K � ��S�N�P�WC" Å"� PQWJH�O �WH0B¬P�8�WÀN ��L�L B%H Ì WÀ� � P�WXH�O ¿Q WÀO Å DCP�8CDVK � P � Y � B%D Å H�OVN�WXK�D5B%DOK � N±WÀO Å H�� L � D P�D�N WXP�8�WÀO�P98�D Ë ¾ �WB � �ND NRH�B0z � I(ψ;Y )N W �À� UaD8KCDROCH�P%D5K � NTP98CD�WÀO Å H�� L � D P�D Ä K � P � H�U�N1D5BÁ�0D5K¦WÀO��WH0B�� � PQWXH�O»� � P�B�W Ì ¿
D48�D¹SVN%DMH0�±P98CD Ë ¾ � � Î0H0B�WXP�8�� WÀNIH0�uP%D"Oc�NH�PQWX� � P%D5K°U�; P�8CD � O � � ;7PQW Å �WH0B�� H0�®P�8CD

H�U�N%DOB���D5K�Ä.K � P � � W z�D � WC8CH�HLKF� NQ8�H�N%DcÎ0B � K�WXDRO�P�H0B Å SCB�� � P�SCB%D � � P�B�W Å D"N � B1D K�W�� Å S � P»P�H
KCD5B�WX�0D � O � � ;7PQW Å"� �À� ; �6NQ8�W Å 8aWXN2P ; L W Åe� �X� ; P�8CD Å"� N%D �WH�B��¹W Ì PQS�B%D¹�NHLKCD � N � ¿�Z N¬P�8CD_DRNÁÄPQWÀ� � P�WXH�O L B%H�U � DR� 8 � N�UaDOD"OcN%H � �0DOKcS�N�WXO�Î�P98CD¬�ÍWXN�N�WXO�Î�Ä.K � P � �WB � ��DON'H0B z H0� Ë ¾ � P�8CD
KCD5B�WX� � PQWJH�O H0��P98�D¹WXO��WH0B�� � P�WXH�OE� � P�B�W Ì I(ψ; y) Åe� O&UaD�N�WÀ� L � W�"�D5K°SVN�WÀOVÎ£P�8CD��ÍWXN�N�WÀO�ÎWÀO��WH0B�� � PQWXH�O L B�WÀO Å W L � D�WÀO�P�B1H�KVS Å DOKEU�; % H�HLK�U�S�B<; ��TML���T � ¿
¢ 
��&�&
�
7D�
�
") &E�	�4+>��
8&E
(3 �	
�
 ��
'3 @��

. �_NRD Å H�O�N�WXKCDOB}P�8CD3�WH�B���S � � PQWJH�OIH0� �¹W Ì P�SCB%DRN � N � �¹WÀN�N�WXO�Î�Ä K � P �6L B1H�U � D"� �RN'DRKCD`" OCDP98CD Å H�� L � D P�D Ä.K � P � H�U�N1D5B���D5K&WÀO��WH�B�� � PQWJH�OE� � P%B�W Ì U � N%DOK H�O°P98CD Å H�� L � DRP%D Ä.K � P � � H�Î+Ä� W z D � W28CHLH�K G
Ic(ψ; x) =

−∂2

∂ψ∂ψT
logLc(x;ψ).

Q WÀO Å D&P�8CDcWÀO Å H�� L � DRP%D K � P �4� O�K`P98�D Å H�� L � D P�D K � P � � W z�D � WC8CH�HLK � B1D � WÀO_z�D5KzU�;
KCD?" OVWXPQWJH�O G

logL(y;ψ) = logLc(x;ψ) − log k(z|y;ψ),

H�O K�W&�aD5B1D"O�PQW � PQWXO�Î�UaH�P98£N�WJKCD"NTPnN W Å D N WXP98 B1D"N L D Å P�P%H ψ �XN'D:8 � �0D
I(ψ; y) = Ic(ψ; x) − Im(ψ, z),

	 �
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NQ8CD5B1D
Im(ψ, z) =

−∂2

∂ψ∂ψT
log k(z|y;ψ)

WÀN®P�8CD)�¹WÀN�N�WÀO�Î+Ä K � P � H�U�N%DOB��0DOK¦WXO��WH0B�� � P�WXH�O�� � P�B�W Ì ¿ D48�WXN¨P�DOB�� Å"� O¶U
DÑ�nWXDON'D5K � N6P�8CD
�R�ÍWXN�N�WÀO�Î�WXO��WH0B�� � P�WXH�O �,�nP�8CD Å H�O�N%D Æ S�D"O Å DdH0� 8 � ��WXO�ÎMH�U�N1D5B���D5K H�O � ; y � O�KEOCH�P z ¿

Q WÀO Å DCP�8CD Å H�� L � D P�D Ä.K � P �2� B%DCOCH�P3� S �À� ;dH�U�N1D5BÁ�0D5KA�_NRD P � z�D�P�8CD Å H�OCKVWXPQWJH�O � � D Ì�L D Å ÄP � P�WXH�O�H0�}U
H�P98£N�WJKCD"N^Hv�0DOB Y P�8 � P4;nWXD � K�N6P%H G
I(ψ; y) =

�
X|Y {Ic(ψ;X)} − �

Z|Y {Im(ψ, Z)} �q� ¿ : �
D48CD"O(P�8CD L B%H�U � D"�ºWXN�P�H �WH0B���S � � P%D£P�8CD Å H�OCKVWXPQWJH�O � � D Ì�L D Å P � PQWJH�O�N�H0� Ic(ψ; x) � OCK
Im(ψ, z) WÀO K�WXB1D Å P � ; Å H�� L SVP � U � DÑP�DOB��¹N N WÉP98�WXO�P98CD Ë ¾ �WB � ��DON'H0B0z ¿
� 
F�m�-+ �0��
�
7D �-Gp�l& / �-���M5E�K1�
�
7) & �,��+���
'&�
 �4+��m�	
�
 
�
 �m���	� � &*)5�-G � �B&���3 @����m� �
1"+��;+4@�
 
 �K@�
 G7& &b1

Ê D P�SVNCWXO�P�B%HLK�S Å D�P98CD�N Å H0B1D�OCH�P � P�WXH�O¶N�S Å 8EP�8 � P G
S(y;ψ) =

∂

∂ψ
logL(y;ψ),

Sc(x;ψ) =
∂

∂ψ
logLc(x;ψ).

Ê H�S�WÀN ��TML E � �±Î�WX��D"N � �WH0B���S � � P�WXH�OcH,�}P�8CD��ÍWXN�N�WXO�Î�WÀO>�WH0B�� � PQWJH�O»� � P%B�W Ì ��WÀO¶P98CDR�WH0B�� G
�
Z|Y {Im(ψ, Z)} =

�
X |Y

{
Sc(X;ψ)Sc(X;ψ)T

}
− S(y;ψ)S(y;ψ)T ,

�ND � O�WÀOVÎ�P98 � P)P�8CD � �X� P98CD Å H�OCK�WÉPQWJH�O � � D Ì�L D Å P � PQWJH�O�N Åe� � Å S � � P�DOK WÀOc� ¿ : Åe� O&U
D Å H���ÄL SVP�DOK�WÀO�P98�D Ë ¾ � � Î0H0B�WÉP98�� H�O � ;�S�N�WXO�Î�P�8CD Å H�OCK�WÉPQWJH�O � � D ÌVL D Å P � P�WXH�ONH0��P�8CDÑÎ0B � K�WJD"O�P� OCK Å SCBÁ� � PQSCB1DhH,�}P�8CD Å H�� L � D P�D Ä K � P � � W{z�D � W28CHLHLK ¿
Q WÀO Å D S(y;ψ) = 0 �WH0B ψ = ψ̂ � � H0B���S � � � ¿ :¹WXN B%DRN�P � P�D5K � N G

I(ψ̂; y) =
�
X|Y {Ic(ψ;X)}

∣∣
ψ=ψ̂

− �
X|Y

{
Sc(X;ψ)Sc(X;ψ)T

}∣∣
ψ=ψ̂

.

@ D"O Å DTP98CD H�U�N%DOB��0DOKÍWXO��WH0B�� � P�WXH�O2� � P�B�W Ì H0�ÈP98CDTWXO�WXP�W � � WXO Å H�� L � DRP�D Ä K � P �ÑL B1H�U � D"� Åe� OUaD Å H�� L SVP%D5K � N¨P�8CD Å H�OCK�WÉPQWXH�O � � ��H��NDRO�PQNRH,��P98CD�Î�B � K�WJD"O�P � OCK Å SCBÁ� � PQSCB1D�� � P�B�W Ì H0�P98CD Å H�� L � DRP%D Ä K � P � � W z�D � WC8CH�HLK»WXO�P�B%HLK�S Å D5K>WÀO�P�8CD Ë ¾ �WB � ��DON'H0B z ¿
��
 u 
 	 p ��� ��� W_�d�b�,��� �,WX� �2� W���
��b`(��ik��h,� � � �����d�fW_
n��h\c
. P%8 � N®UaDOD"O¶N1D5D"O¶WXO L B1DR�nWXH�S�N¨N1D Å P�WXH�OVN¨P98 � P®P�8CD Ë ¾ � � Î0H0B�WÉP98��_Î0D"OCDOB � P%D"N � N%D Æ SCDRO Å D(
ψ(h)

)
h≥0

NQ8�W Å 8-WXO Å B1D � N1D"N�P�8CD WÀO Å H�� L � D P�D[K � P � � H�Î�Ä � W z D � W28CHLH�K � PcD ��Å 8zWÉP�DOB � P�WXH�O ¿
D48CD Å H�O7��D5B�Î0D"O Å D H0�TP98�WXN Ë ¾ Ä Î0D"OCDOB � P%D5K]N1D Æ SCD"O Å D 8 � N�U
D5DRO]N�P�SCK�WXDOK]U�;x� � O�; � S�ÄP98CH0B�N-�±N�S Å 8 � N Â D"� L NÁP�D5B ��� �  �� ��TML�� � � � OCK % S ��T;L EB< � ¿ � OCKCDOB�N%H���D�B%DRÎ�S � � B�WXP ;Å H�OCKVWXPQWJH�O�NIH0�±P98�D¹��HLKCD � � % S ��TML EB< ��N<8CHMN N�P98�D Å H�O��0DOB�Î0DRO Å DNH0�¨P�8CD�N%D Æ SCDRO Å D ψ(h)P�H � N�P � PQWXH�O � B<; L H�WÀO�P8H0�±P98CD�WÀO Å H�� L � D P�D Ä K � P � � W{z�D � W28�H�HLK ¿ D48CD Å H�O��0DOB�Î0DRO Å DNH0�®P�8CDË ¾ � � Î0H0B�WXP�8��²P�H � � H Åe� � � �+Ì WÀ��SV� H0�)P98�D°WÀO Å H�� L � D P�D[K � P � � W z D � W28CHLH�K 8 � N � � N%H

	*J
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UaDOD"ObDRN�P � U � WXN�8CDOKaU�; % S ��TML EB< ��S�O�KCD5BdB1D"NÁP�B�W Å P�WX�0D!8�; L H�P�8CD"N�WÀN?� P98 � P 8 � �0D»UaDOD"ObB1D Ä� D � N%D5K�U�; Â D � ;�H�O ��� �  �� ��TMLVLBL � ¿ e OCDTWÀ� L H0B�P � O�P�P98�D5H0B1D"� WXN L B%Hv�nWXKCDOK�U�; % S ��T;L EB< � G
� � � ������� ��� � � Q(ψ,Φ) � � � ����� ��� ��� � � ��� ������� ψ � � � Φ � ����� � �  � ������ ��� � � ��������� �
��� � �	� ��� ��� � � � � {ψ(h)} ��� ������

� �  � ��
�� ����� � 
 ����� � � �
��� � 
������������ ����� L(ψ) � � �
L(ψ(h)) � ��� ����
�� � ��� ��� ���	������� �  � �� � � ����� � � �  � � L∗ � ��
 ����� � ��� � � �
��� � 
�� ��������� ψ∗ ¿

¾ H0B%DOH|��D5B®WÀO»� � O�; L B ��Å P�W Åe� � N�WXP�S � P�WXH�O�N L∗ N W �X� UaD � � H Å"� � � �+Ì WÀ��S�� ¿ . O»Î0DROCD5B � �WC��P98�D � W{z�D � W28CHLHLK!8 � NTN%D �0D5B � � NÁP � P�WXH�O � B<; L H�WÀO�PQN¨P�8CD Å H�O��0D5B�Î0D"O Å D6H0� � O Ë ¾ N%D Æ SCDRO Å DP�H � � H Åe� � ��Î � H�U � � � �+Ì WÀ��S�� H0BTP�H � N � K�K � D L H�WÀO�P N W �À� K�D L D"OCK H�OEP98�D Å 8CH�W Å D6H0� P�8CDN�P � B�PQWXO�Î�� � � S�D ψ(0) ��SVO � DRN�NTP98CD � W z�D � WC8CH�HLK�WXNTS�O�WÀ��HLK � � ¿
��
 u 
 � �S�ZY,
 � �bY ��� WX`K
����,`Q��i ��h,� � � �������fWX
 ��h c
Â D"N L WXP%D ��L�L D � � WÀO�Î �WD � P�SCB%DRN-� P98CD Ë ¾ � � Î0H0B�WÉP98�� L B%D"N1D"O�PQN£N1H��ND
NRD �À� KCH Å SV�NDRO7P%D5KN�8CH0BÁP Å H��ÍWXO�Î�N G P98CDIB1D"N�S � P�WÀO�ÎSDRN�PQWX� � P�D ψ̂ Å"� O£N�P%B%H�O�Î � ;NKCD L D"OCK[H�O¶P98�D)N�P � B�PQWXO�Î L H�N�W ÄPQWXH�O ψ(0) ��P�8CDSB � P�DSH0� Å H�O7��D5B�Î0D"O Å D Å"� OcUaD�N � HMN � OCKcWXP Å"� O L B%Hv�nWXKCD � N � KCK � D L H�WÀO�P
H0�¨P�8CD � W z D � WC8CHLH�KH� SVO Å P�WXH�O B � P�8CD5B�P98 � O � � H Åe� � � �+Ì WX��S�� ¿ � H0B�P�8CD"N1D_B1D � N1H�O�N2N%DR��Ä
D5B � � � SVP�8CH0B�N48 � ��D L B%H L H�N1D5K£�NHLK�W�"�D5K���D5B�N�WXH�OVNVH,��P�8CD Ë ¾ � � Î0H0B�WXP�8�� G KCD P�D5B��ÍWXO�WÀNÁPQW ÅWÀ� L B%Hv�0DR�NDRO�PQN � Ê H�S�WXN ��TML E � �`� ¾ DRW � W ��N%H�O ��TML E L �`� Ç B1D5D"O ��T;LBL�� � �WH0B�WXO�N�P � O Å D��`� � OCKN�P�H Å 8 � NÁPQW Å �NHLK�WC" Åe� P�WXH�O�N �qÏ'B%H�O�W � P�HMN N znW ��� �  �� ��TML EB< �  D � DRS Ì&� O�K Â WXD � UaH � P ��TML E � �% DRW � OCK D � O�OCD5B ��T;LBL�� �K� Â D � ;0H�O ��� �  �����TMLBLBL � � ¿Ï'B%H�O�W � P�HMN N znW ��� �  �����T;L EB< � L B%H L H�N1D5K � Q P%H Å 8 � N�PQW Å)Ë ¾ � � Î0H�B�WXP�8�� � Q Ë ¾ ��NQ8�W Å 8L B%Hv�nWXKCDRN � O � P�P�B ��Å PQWÉ�0D � � P�DOB�O � PQWX��D�P%H Ë ¾&¿ D48CD���H�PQWÉ� � PQWXH�O H0��P�8CD�N�WX��S � � PQWXH�OENÁP�D L
� Q Ä N�P�D L ��WXN¬U � N1D5K]H�OxP�8CD Q P%H Å 8 � N�P�W Å . � L SVP � PQWJH�OaÐ B�WXO Å W L � D,�ANQ8CDOB%D�P�8CD L SCB L H�N%D�H0�P98CD Q Ä N�P�D L WXN6P�H)" �À� Ä WXON�WH0BTP98�D2�¹WÀN�N�WXO�ÎSK � P � z N WXP�8 � N�WÀO�Î � DIKCB � N �WB%H�� k(z|y;ψ(h))

¿
D48�WÀN�WÀ� L SVP � PQWJH�O H0� z WÀN�U � N%D5KPH�O � �À� P�8CD � � � W � � U � D � ��H�S�O�P6H0�6WXO��WH0B�� � P�WXH�O � UaH�SVP
ψ � OCK L B1H|�nWJKCD"N �¶L N%DRSCKCH Å H�� L � DRP�D¬N � � L � D ¿�¾ H�B%D L B%D Å WXN%D � ;¦P�8CD Å SCB1B%D"O�P ������� ��
��
��
L B%H�U � U�W � WXP�WXD"N τ (h)

tp
� B1D¹SVN%D5K&WÀO°P�8CD Q Ä NÁP�D L NQ8CDOB%DRWÀO � N�WÀOVÎ � DSKCB � N �WB1H�� K�WXN�P%B�WÀUVSVPQWJH�O

MP (1; τ
(h)
t1 , . . . , τ

(h)
tP ) WXNÑS�N1D5K P�H � N�N�WXÎ�O D ��Å 8 H�U�N%DOB�� � P�WXH�O¦P%HcH�OCD\H0�lP98CD Å H�� L H�OCD"O�PH0�)P98CD¦�ÍW Ì P�SCB%D ¿ D48CD KCD P�DOB��¹WÀO�WXN�PQW Å ¾ Ä Q P%D L�� OCK P�8CD N�P%H Å 8 � N�P�W Å Q Ä Q P�D L Î0D"O�D5B � P�D� ¾ � B z�Hv�  8 � WXO ψ(h) NQ8VW Å 8 Å H�O7��D5B�Î0D"N¶P�H � N�P � PQWXH�O � B<; K�WXN�P%B�WÀUVSVPQWJH�O(S�O�KCD5B¶�¹W � KÅ H�OCKVWXPQWJH�O�N ¿N. O L B � P�W Å D � O7S���U
D5B6H0�6WÉP�DOB � P�WXH�O�N)WXN8B%D Æ S�WJB%DOK � N � UVSCB�ObWÀO L DOB�WXHLKcP�H� �À� H-N ψ(h) P%H ��L�L B1H ��Å 8�WXP�N�NÁP � P�WXH�O � B<;6B%DRÎ�WÀ��D ¿ . O��ÍW Ì PQSCB1D¨��H�KCD � N T ���+Ä �����CWXP�DOB � P�WXH�OVN� B%DIH0�uP%D"O>S�N%DOKG�WH0BTUVSCB�O>WÀO ¿

D48VWÀN N�P%H Å 8 � N�PQW Å NÁP�D L¦Åe� OEU
D2�nWJDON'D5K � N � B � O�KCH�� L D5BÁPQSCB�U � PQWJH�O H0��P�8CD2N%D Æ SCDRO Å D
ψ(h) Î0D"OCDOB � P%D5K�U�; Ë ¾b¿ D48�WÀN L DOB�P�SCB�U � PQWXH�O L B1DR��D"O�PQN P�8CD � � Î0H0B�WXP�8�� �WB1H��9N�P � ;nWXO�ÎÑOCD � B� O£S�O�N�P � U � D:" Ì DOK L H�WÀO�P^H0� Ë ¾ � � OCK L B1DR�0DRO�PQNÑNÁP � U � DR" Ì D5K L H�WXO�PQN Å H�B%B%DRN L H�OCK�WXO�Î�P�HWÀO�N�WÀÎ�O�W�" Åe� O7P � H Åe� � � �+Ì WÀ� � H0�±P98CD � W{z�D � W28�H�HLK ¿ D48�D Q P%H Å 8 � N�P�W Å¹Ë ¾ � � Î0H0B�WÉP98�� L B1H�Ä��WJKCD"N � O¹WXO�P�D5B1D"NÁPQWÀOVÎ � � P%D5B�O � PQWÉ�0D¨P%H�P�8CD � WX�ÍWÉP � P�WXH�OVN H,� Ë ¾ � Å H�O Å D5B�OVWÀO�Î � H Åe� � � �+Ì WÀ� �� OCK£N�P � B�P�WÀO�Î�� � � S�D"N ¿e P�8CD5B�N�P%H Å 8 � N�P�W Å �0D5B�N�WJH�O�N�H0��P�8CD Ë ¾ � � Î0H0B�WÉP98�� 8 � �0D>U
D5D"O L B%H L H�N1D5KF� � ��H�O�ÎP98CDR�G�eP�8CD Q P�H Å 8 � NÁPQW Å Z O�OCD � � WXO�Î Ë ¾ � � Î0H�B�WXP�8�� � Q Z Ë ¾ �  D � D"S Ì�� OCK Â WJD � U
H � P ��T;LBL�� � �
NQ8�W Å 8°WXN � �NHLK�WC" Åe� P�WXH�O H0� Q Ë ¾ �sP98�D ¾ H�O�P�D  � B � H Ë ¾ � % D"W � OCKHD � OVOCD5B ��TMLBL�� � �K�
NQ8�W Å 88B%D L � ��Å D"N � O � � ;7P�W Å�Å H�� L SVP � PQWXH�O H0�nP98CD Å H�OCK�WÉPQWXH�O � � D Ì�L D Å P � PQWJH�O8H0�7P98CD Å H�� L � DRP%D Ä
K � P � � H�Î�Ä � W z D � WC8CHLH�K2U�; � ¾ H�O7P%D  � B � H ��LVL B%H Ì WÀ� � PQWJH�OF� � OCK � N�P%H Å 8 � N�P�W ÅC��L�L B1H Ì WX� � ÄPQWXH�O�H0� Ë ¾ � Â D � ;�H�O ��� �  �� ��TMLVLBL � � ¿ � D �0DOB�P98�D � DRN�N?�
DR� L WXB�W Åe� � N�P�SCK�WJD"N4�WB%H�� Â W � N � OCK

� x
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% DOKCD � �q�����V: � � OCK£Ï®WXD5B�O ��Å z7W ��� �  ����q����� < �±N�SVÎ�Î0D"NÁPTP98CD L B ��Å PQW Å"� � S�N%DIH0� Q Ë ¾ WÀO�P�8CDÅ H�O�P�D Ì PNH,���¹W Ì P�SCB%D¶��H�K�D � N?�z�WH0B�WÉPQN�N�WX� L � W Å WXP ; H0�CWX� L � D"��D"O�P � PQWXH�O Å H�� L � B%D5KsN WÉP98¾ H�O�P�D  � B � H+Ä U � N1D5KaWX� L B%Hv�0DR�NDRO7P�N-�z�WH0B�WXP�N Æ S�W Å zPB � P%D_H0� Å H�O��0D5B�Î0D"O Å D0� � OCK �WH�B¬WXP�NL B%H L D5BÁP ;�P�H � �0H�WXK>N L SCB�WXH�SVN � H Åe� � � �+Ì WÀ�¹W2POD5B�N ¿
� V�� � lu]3])[*Y�qut \ lpf qsnpo �&f7_ ])k a cWnp[*\^f7_�[ i YWb o ]��uf c [*f �

c fgah\^Y ]0q ah_`Y$\^f7_�YWb
 8CH�H�N�WÀOVÎ°P98CD¶O7S���U
D5BSH,� Å � S�NÁP�DOB�N�WÀN\H0�uP�DRO P�8CD�"�B�N�P Æ SCD"NÁPQWJH�O]P98 � P�WXN � N z�D5K=U�; �+P�HP98CD � O � � ;�NÁP ¿ D7N'H ��L�L B1H ��Å 8CDRN Åe� O»UaD Å H�O�N�WXKCDOB%D5KÍP�H � OVN N'D5B¨P�8�WÀN Æ S�D"N�P�WXH�O ¿ D48CDe"�B�N�P
H�OCD Å"� O¶U
DÑP�H/" Ì P�8�WÀN®OnSV��UaDOB � O�K�P�H L B1H L H�N%D KVW&�aD5B%DRO�P Å � � N�N�WC" Å"� PQWJH�O�N ¿ Q WÀO Å DUD �0DOB<;Å � SVN�P�DOB�WXO�Î£�ND P98CHLK ��8CD"S�B�WÀNÁPQW Åe� �X� ; H0B)�NHLKCD � Ä U � N%DOK � Åe� ObUaDMB�S�O �WH�B � " Ì D5KbO7S���U
D5B
H0��Î0B1H�S L N?�nP�8�WÀN±N�P%B � P%D"Î0; Åe� O»U
D ��L�L � WXDOK¹P%H � O�;¹��DRP98�H�K ¿ � DR��D5BÁP98CD � D"N�N-�VP�8CD Æ SCDRN�P�WXH�OÅe� OEUaD�P�H¹N Å H0B%DhK�W&�aD5B1D"O�P Å � � N�N�W�" Åe� P�WXH�OVN N WÉP98[K�W&�aD5B1D"O�P�OnSV��UaDOB�N`H0� Å � S�NÁP�D5B�N ¿Q. OEP�8CD�NHLKCD � Ä U � N%D5K Å H�O�P�D Ì P&�VP�8CD Å 8CH�W Å D H0�jP�8CD)O7S���U
D5B H0� Å � S�NÁP�D5B�N Åe� O¶U
De�WH0B���S � � P�DOK � N ��NHLKCD � N%D � D Å PQWXH�O L B1H�U � D"� � � OCK»WÉP Åe� O¹U
D L D5BX�WH0B���D5K�N WXP�8 ��L D"O � � W2POD5K Å B�WÉP�DOB�WXH�OF��N�S Å 8� N G

logLP (y; ψ̂) − βpen(P ),

N WXP98 logLP (y; ψ̂) U
D"WXO�ÎbP�8CD H�UVN%D5BÁ�0DOK K � P � � H�Î+Ä � W{z�D � W28�H�HLK��WH0B � �¹W Ì PQS�B%D N WXP98 PÅ � SVN�P�DOB�N?� Å"� � Å S � � P%D5K � P ψ = ψ̂ � β � L H�N�WÉPQWÉ�0D Å H�O�N�P � O�P � OCK pen(P ) � O=WXO Å B1D � N�WÀO�Î� S�O Å P�WXH�O N WÉP98 B%DRN L D Å PCP�H�P�8CD�OnSV��UaDOB^H0� Å � S�NÁP�DOB�N ¿

��
 � 
  � �"m��b`K
��d�q� � �\W_���d�_h\�b`sij�fW ce�ZY,�b� `��b���b�*�_
����
Z N L B1DR�nWXH�SVN � ;_KCD"N Å B�WÀU
D5K£WÀO�P�8CD Å H�O�P�D Ì P`H,�}N1D"Î���D"O�P � PQWJH�O¶�ND P98CHLK�N �': �`�nP98CD L S�B L H�N%D
H0�)��H�KCD � N%D � D Å PQWXH�O(WÀN¹P�HbN%D � D Å P �xÅ"� OCK�WJK � P�D>��H�KCD � mi

� ��H�O�Î � " O�WÉP�D Å H �X� D Å PQWJH�O
H0�2�NHLKCD � N {m1, . . . , m`} �CWÀO H�B%KCDOB»P�H DRN�PQWX� � P�DH� S�O Å PQWJH�O f �WB1H�� NQ8VW Å 8-P98CD K � P �
Y = {Y1, . . . , Yn} � B1D KCB � N O ¿ Ë���Å 8£��H�K�D � WXN Å 8 � B ��Å P%D5B�W2P5DOK£U�; � KCD"OVN�WXP ; gmi

NQ8�H�N%DL � B � �ND P�D5B�N ψi � B1D6H,� K�WX�NDRO�N�WJH�O νi ¿
. O�P�8CD�Ï � ;�D"N�W � O Å H�O�P�D Ì P-� ψi � OCK mi

� B1DÑ�nWXD NRDOK � NRB � OCKCH�� � � B�W � U � D"N�N WXP98 � 
��
��

K�WÀNÁP�B�WXU�SVP�WXH�O�NÑOCH�P�DOK Pr{mi} � OCK Pr{ψi|mi} �WH0B ψi NQ8CDROx��H�KCD � mi

WÀN " Ì DOK ¿ D48VWÀN
�WH0B���S � � P�WXH�O�WXN ��D Ì WÀU � DTN�WXO Å D � KCKVWXPQWJH�O � � WÀO��WH�B�� � PQWJH�O Åe� OÍU
D���HLKCD �X� D5K�P�8CB%H�S�Î'8 � 
��
��

K�WÀNÁP�B�WXU�SVP�WXH�O�N?� � OCK W�� OCHcWÀO��WH0B�� � PQWXH�ObWXN � � � W � � U � D � OCH�O�Ä WÀO��WH0B�� � PQWX��D L B�WXH�B Åe� O=U
DS�N%DOK ¿ D48CDÍÏ � ;0D"N�W � O . O��WH0B�� � P�WXH�O  B�WXP�DOB�WJH�O �qÏ .X �8KCDR��D � H L DOKxU�; Q Å 8%N � BÁP9P ��TML�� E �� WÀ�¹N � P®N%D � D Å PQWÀOVÎ�P98�D���H�K�D � NQ8�W Å 8Í� �|Ì WX�ÍWCP5DRN P98CD L H�NÁP�DOB�WXH�B L B%H�U � U�W � WXP ; Pr{mi|Y }

¿
� N�WXO�Î�P98CD2Ï � ;�D"NQ�WH0B���S � � G

Pr{mi|Y } =
Pr{Y |mi}Pr{mi}

Pr{Y } ,

� OCK Å H�O�N�WJKCD5B�WÀO�ÎaP�8CD Åe� N1DlNQ8CD5B1DcP�8CD L B�WXH0BNK�WÀNÁP�B�WXU�SVP�WXH�O Pr{mi} WÀN�O�H�O�WÀO��WH0B�� � ÄPQWX��D0�sP98CD�N%D � B Å 8H�WH�BCP�8CD¬U
D"NÁP���H�KCD � H�O � ; B1D Æ S�WJB%D"NCP98CD Å H�� L SVP � PQWJH�O H0� K�WXN�P%B�WÀUVSVPQWJH�O
Pr{Y |mi} NQ8VW Å 8/WXN¶P98CD&WÀO�P�DRÎ0B � P�D5K � W{z�D � W28�H�HLK H0��P98CD K � P � �WH0B£��H�K�D � mi

¿ D48VWÀN
K�WÀNÁP�B�WXU�SVP�WXH�O Åe� OcU
D ��L�L B1H Ì WX� � P%D5K°SVN�WÀOVÎ�P98CD Ê ��L � ��Å D ��L�L B1H Ì WX� � P�WXH�OE�ND P98CHLK �BN1D5D

� #
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Ê DRU � B�U�WXDOB � O�K ¾ � BX;�Ä @ S � B%K �q�����V: �z�WH�B®��H0B%D^KCD P � W � N �`�%NQ8�W Å 8N;�WJD � K�N±P%H�P�8CD��WH �X� HMN WÀOVÎL DRO � � WCP5DOK Å B�WÉP�D5B�WXH�O G
BICi = −2 Pr{Y |mi} ' −2 log gmi

(Y, ψ̂i) + νi × log(n),

NQ8CD5B1D ψ̂i WÀN¨P�8CD�� �+Ì WX��S�� � W{z�D � W28CHLHLK_D"NÁPQWX� � P%H0B H0� ψi ¿ D48CD2Ï .X WXNTS�N%DOK>P%H � N�N1D"N�N �N Å H�B%D)P�HMD ��Å 8¦��H�KCD � mi
� OCK¶P98�D2N1D � D Å P%D5KE�NHLKCD � WÀNTN�S Å 8EP98 � P G

m̂BIC = Argmax
i

BICi.

. O7P%D5B1D"N�P�WÀO�Î � ;�B1D"Î�S � � B�WÉP ; Å H�OCK�WXP�WXH�OVN%�WH0BCÏ .X KCHÍOCH�P58CH � K �WH0B �¹W Ì PQS�B%D)��H�KCD � N?� N�WÀO Å DP98CD6D"NÁPQWÀ� � P%D"N^H0� N1H���D2�¹W Ì WXO�Î L B%H L H0BÁPQWJH�O�N Åe� O>U
DhH�O£P98�D�U
H�S�OCK � B<; H0�}P98CD L � B � ��Ä
DRP�DOB N L ��Å D ¿ � D �0D5BÁP98CD � DRN�NÑP�8CD5B1D2WXN Å H�OVN�WXK�D5B � U � D L B ��Å P�W Åe� � N�S LVL H0BÁPQ�WH0BTWXP�NCSVN%D2WÀO¶P98�WXNÅ H�O�P�D Ì P � N%D5D � B � � D?; � OCK�� � ����D5BX; ��T;LBL E � �WH�B����	�
� � � Å D�� ¿ e ��8CD5B ���
� B%H ��Å 8CD�� 8 � �0D��
D5D��Å H��	�
�XKCDOB%DOKG�WH0BCÏ � ;0D���� � �°��H�KCD � �%D � D Å ���JH�� ���%DOD � � ��� � �CK�� � ����D5BX; ��T;LBL�� � �WH0B ��Å H���Ä
� � D���DcB1DR���XD N H�� Ï � ;�D�� � ��Å �%H0B�� �WH0B����
�
� � � Å D � ¿ � DR��D5B��98CD � D��
����8CD£Ï .X 8 � �/�WH Å�� �%D5K� ��Å 8 � �
��D������XH��A���WH0B��������
�À� � � � Å ��� ;\H0� �X� � � D"��D��!� � ���XH�� � �CKN�WH0B"�����"��� � �����
��� Å"� � � B%H � D5B Ä
���XD�� ¿¨Ç � ����� � � � �CK Â ��Å�� ��8 � Ä  � �
�%D �X� D ��TMLVL�� � 8 � �0D#��8�H-N$�%�98 � �$��8CD � �%D6H0� Ï .X � D � K	�
��H ��Å H��	�
������D��!�`D������À� � �%H0B H0�&�98CD'� � ���
D5B^H0� Å � � �
�%D5B
� ¿

��
 � 
 u ����W_� �_�b�fm 	-��W_
��b�����bYq�]WX
 ��� WX
��
e ��8CD5B Å B��(��D5B
� � 8 � ��D)�
D5D��(K�D?"*�CDOK �WH�B��98CD+� � D Å � � � Åe� �1D[H,����� Ì � � B%D¶��H�K�D � � ¿ D48CD`;Åe� �,�
D-� � �%DOK H��]Ï � ;0D���� � �]�ND��98CHLK	�?� H��.��8CDcD����%B%H � ; � � � Å ���XH��YH0�/��8CD»��� Ì � � B%D0� H0B
H��0�����WH�B�� � ���JH��)��8CD5H�B<; ¿ D48CDSB1D � KCDOB1���`B%D?�WDOB%B1D5K0��H ¾ Å Ê ��Å 8 � � � � �CKcÐ DOD � �;������� �4�WH0B�EÅ H�� � � D��%D�B1DR���XD N H��2�98CD Å H��	����B ��Å ���XH��PH0�3�98�H��%D Å B
����DOB�� � ¿ Ë � � �XB�� Åe� � Å H�� � � B
���%H��	�
H0� �98CH��%D Å B����%D5B
� � 8 � ��D1�aDOD�� D Ì �%D��	�
�X�0D � ; � �%DOK+�%HdKCD���D5B������CD4��8CD ���
D���� � Å B����%D5B
�XH�� ¿ Z �
�CH���DOK���;¹Ï��JD5B
� ��Å z�� ��� �  �� �;������� �K���98CD � �1D`H0�5�98CDCÏ .X Åe� � � D � K6��H � �MH|��D5B1D��
���À� � ���JH��
H0�7�98CD1� � ���
D5B^H0� Å � � ����D5B
�^B%D"Î � B%K � D��
�3�98CD Å � � ����D5B
�/�%D � � B � ���XH�� ¿±¾ H0B1D5Hv�0DOBVD��
���À� � ������Î
�98CD ����B � D �"� � �8�aDOB�� H,� Å � � �
�%D5B��?�BNQ8	� Å 88���7�98CD'H��n�1D Å ���É�0D H0�
�98CD¨Ï .X �����9�CH:�;�CD Å D��
� � B
� � ;
� � �(� � � � D<��� ��� B ��Å ��� Åe� � Å H����%D Ì � ¿�� H0B���8CD��1DIB%D � �%H��
�-� Ï��JD5B
� ��Å z�� ��� �  �� �q������� � � B1H � H��%D� ��DON Å B����%D5B
�XH��F�=��8CD . �!��D"Î�B � �%D5K  � � ���
�C" Å"� ���JH��  B��(��DOB��XH�� � .X 6Ê �1��8 � � Å H��	���JKCD5B
�#��8CDÅ � � �
��DOB�����Î H��n�1D Å ���X�0D_H0� ��� Ì � � B1D»��H�KCD � � ¿H. �,�98
��� ��� B � Î�B ��� 8�NRD � B1D��1D��!�6�98CD»� � ���
�
��D � �VH0�9��8CD Å H��
�
��B ��Å ���XH�� H0� .X 6Êl¿

. � � ��� Ì � � B%D��NHLKCD � Å H��!��D Ì �-�=�98CD8���!��DRÎ0B � �%D5K � � z D � �C8CHLH�K+���4�CH��%D5K f(y|mP ) �WH�B ��NHLKCD � m N$�(�98 P Å � � �
�%D5B�� ¿ . �$��� Åe� � Å�� � � �%D5K+� ��Å 8)�98 � � G
f(y|mP ) =

∫

ΨP

f(y|mP , ψ)h(ψ|mP )dψ,

N$���98
f(y|mP , ψ) =

n∏

t=1

f(yt|mP , ψ),

ΨP
�
D�����Î>�98CD � � B � ��D���DOB?� � ��Å D H0���NHLKCD � mP

� � �CK h(ψ|mP ) � �CH���Ä@�����WH0B�� � ���X�0D
� B��JH0BSK	������B
��� � ���XH��]H�� ψ

¿ . �	�
�%D � K H,� Å H��
���XK�D5B�����Î2�98CD)��� Å H�� � � D���D Ä.K � � � ���!��DRÎ0B � �%D5K
� >
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� � z D � �28CHLH�K �WH0B NQ8	� Å 82�98�DÍÏ .X ���	� B1H Ì �X� � ���XH�� ���'�CH��)� � � �XKF�=��8CD ��� ��8CH0B��'� � Î�Î0D��
�#��H
� �%D��98CD Å H�� � � D���D Ä.K � � � �����%D"Î0B � ��DOK � � z�D � �C8CH�HLKSH0B"���!��DRÎ0B � �%D5K Å � � ������" Åe� ���XH�� � � z�D � �C8CH�HLK G

f(y, z|mP ) =

∫

ΨP

f(y, z|mP , ψ)h(ψ|mP )dψ,

N$���98
f(y, z|mP , ψ) =

n∏

t=1

P∏

p=1

{πpf(yt; θp)}ztp .

D48CD��?�98�D1�XKCD � �����%H6���1H � � �%D���8CD Å H����%B���� � ���JH��cH0�7��8CD��������
����Î\K � � � z ��; Å H��CK	�(���JH��	���VÎH�� z � � �CK+���4�WH �X� HMN$����8 � � G
f(y, z|mP ) = f(y|z,mP )f(z|mP ),

� B%Hv���XKCDOK)��8 � � h(ψ|mP ) = h(θ|mP )h(π|mP )
¿

D48�D ��� ��8CH0B�� D"� � 8 � �
�2POD �98 � ����8CD]Ï .X ���
� B%H Ì �À� � ���JH�� ���E� � � �XK �WH0B+�98CD.�%D5B��
f(y|z,mP ) �
� ��Å 8)�98 � � G

log f(y|z,mP ) ' max
θ

log f(y|z,mP , θ) −
λP
2

log(n),

NQ8CD5B1D λP ��� �98CD%� � ���aDOBcH0� �WB1D5D Å H�� � H���D��!������� θ
¿ � H���D)�98 � ���98CD � � B � �ND���D5B θNQ8	� Å 8¹� �|Ì �X���CP5D�� log f(y|z,mP , θ)

������H�� �98CDC� �|Ì �X� � � � �{z�D � �28CHLHLKdD������À� � �%H0B ¿ � DR��Ä
D5B
��8CD � D��
�-�3�98�D ��� �98CH0B
� � B1H � H��%D+��H � �%D)�98CD>� �|Ì �X� � � � � z D � �C8CHLH�K D��
���X� � ��H0B � � � ����	� B1H Ì �X� � ���XH�� ¿

Z �H�WH0B)��D5B�� f(z|mP ) ��� Åe� � �aDbK
�XB%D Å � � ; Åe� � Å�� � � ��DOK � �
����Î � Â �XB
� Å 8 � D�� � B��JH0B
D(δ, . . . , δ) H�� � B1H � H�B
���JH�� � � B � ��D���DOB�� ¿=. �5�WH �À� HMN$����8 � � G

f(z|mP ) =

∫
πn1

1 . . . , πnP

P

Γ(Pδ)

Γ(δ)P
1l �

p πp=1dπ,

N$���98 np �
D�����Î6�98CD'� � ���
D5B H0� K � � ��� H��������/�aD � H��VÎ�����Î ��H Å � � �
�%D5B p ¿ D48CD�� � � B � ��D��%D5B
δ ��� " Ì DOK � � 1/2 NQ8	� Å 8 Å H�B%B%D�� � H��CK	� ��H%��8CD¶Ã�D �gB1D?;��8��H���Ä@�����WH0B�� � ���X��DSK	������B���� � ���XH���WH0B � B%H � H0B����JH�� � � B � �ND���DOB�� ¿

D48�D � � �
�;�
��D � �fH0� �98CD Å H��	�
�%B ��Å ���JH��MH0� .X 6Ê Å H��
��������� ����B1D � � ��Å ����Î<��8CDT�������
����ÎIK � � �
z NQ8	� Å 8 � B%D � �Xz��CHMN$�%��;-�98CD8B%D Å Hv�0DOB%DOK � � �aD � � � B�� � � � D�� z̃ � �
����Î � ¾ Z Ð(B � � D ¿ D48CD��� � ���	� B1H Ì �X� � ���XH��_H0� f(z|mP ) ���TÎ��É�0D�� NQ8CD�� n ��� � � B�Î�D ¿=. �4�WH �X� HMN$���98 � � G

ICL(mP ) = max
ψ

log f(y, z̃|mP , ψ) − νP
2

log(n),

N$���98 νP ��8CD$� � ���aDOBfH0���WB1D5D � � B � ��D���DOB��=�WH0Bl��H�K�D � mP

¿ D48CD5B1D?�WH0B1D$��8CD .X 6Ê Å B
����DOB��JH��
��� � � ���  �����	� ��
 �	� B%H
� ����
:���JH�� H�������D��5H�� ��� D���DOK � H���� � �{z�D � ���CHLHLK�H0B�� � 
����
����� 
:���JH��
� H���� � �{z�D � ���CHLHLK"! Q �����5D3�#�	���$�5B
���%D5B��JH����5H��	���JKCD5B
���#�CD%� � 
:�����&���

 ���XH��SB%D�� ��� ��� ��H#�#�5H�B%D^D

��'�
�NHLKCD � �(�(��
:���
D5D��?�)�CHMN$� ��H � D

 K-��H�
��NH�B%D��%D��
����� � D � 
�B
�������JH��	�����8H��=����DUK�
:��
+*,�5H����
� 
�B%DOK�N$�(���.-(/102!

� P
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� ��D � D5B1�WH0B#��
����OD�H�� /10�� ��
��0D��aDOD�� ��D�����DOK,��
��1D5KYH��YB%D 
 � 
��CK ����� ��� 
 ��D5K K�
 �'

�%D���� ! 0RH�� � 
�B1D5K N$�(��� -�/102*"/10�� �%D��CK
�<��H �1D � D ����
 � HMN'D5B � � ���
D5BUH��$� ��� �
�%D5B��,N%�	���'�
� B%H����XKCD�� �0HLHLK � ��� ����D5B
�����`B%D�� ��� ���&���\B1D

 � �
��� � 
:���JH��	� *	�5H�� � 
 B%D5K N$���#� -(/10�N%�	���'�8��D��CK	�
��H��1D � D ���%
8�%H�HhH��0D5B ��� �	�����-� � ���aDOB H�� � ��� ����D5B
� ! % �CD��?���CD K�
:�'
 
 B%D �
��� ��� 
:��DOK"*,/10��
��D���K	�8��H��%D � D ����
 � H-N'D5B � � ���
D5BdH�� � ��� �
��DOB����&�3����D �0B%H �	� � 
 B%D-��H��CN'D ��� �1D � 
�B#
:��DOK"*
�5H��!��B#
�B � ��H -(/10HN%�	���'� �	�CK	�/���CD �%B � D1� � �8�aDOB H�� � � 
:���%D�� ! � B%H�� 
8����D5H0B1D������

 �5� H����!�
H������JDON **�CHMB%D�� ��� � ��
�� � D��4�
D5D�� K�D ��H��	�
�%B�
:�%D5K �WH0B3����D � B%H � D5B����XD��^H�� /10�� !

� w
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 O?O � :C57@�8;<�<K8��N57FD8 � O 5 3 <���@�
Q8'
 !�� 
QFR8w� W : ��� �n5b@?5 �K<K8;5A@o8G< 
K6�5 �H8;5A6 3 :=<>6o<���<>I?F
�T<H@?5 � :C6�8#�?5��

 3 5�<��t�P� 2$3 57�EI?576+�75 3 W :=8#��8��?5 3 5 ����57698'
Q8G:C<>6�U�� � I 3 8G57FG:=6�� ��<�@N5 � 
 O �O � :=57@�8;<T� 
QFG�K<�� �'��
Q:C6 3 !
�B]���vAcdgjfhk�c[g mni�vAcde[kNc�aH��~

¡ 6��A5�8#�?5£¢T<H@?5 � ��¤ 3 �S5A576 3GO 5 �A:���5A@"*�:¥8y: 3 �AFGI��A:¦¤ � 8G<`@?5 �>5 � < O ¤K6�5 3 8G:C¢T¤Q8;:=<>6 3 8GF;¤Q81�5 � � ! /�6§<KI?F �7¤ 3 5 W 5 �'�?<H< 3 5L8#�?5L¢T¤u¨�:C¢DI?¢ � :C�Q5 � :��?<H<�@o¢T5J8��?<H@"! � �?5 3 5 �K¢T5A6E8;¤	�8;:C<K6VU�� � I 3 8G57FR:C6��P¢�<H@?5 � : 3 ¤�©JªYI 3 :C<>6l©�<Qª&¤ 3 5 �>¢�57698«¤Q8G:C<>6¬¢�<�@N5 � ¤Q6?@�¤�¢�:¥¨H8GI?FG5q¢�<�@N5 � *¤K6?@#8#�?5 � :C�Q5 � :��?<H<�@b: 3 8#�?5��EI�¤K698G:=8 � 8���¤u8 � :C6?� 3 �S<Q8��.¢�<H@?5 � 3 !��#<>FR57<��>5AF *S5J¨�: 3 8;:C6+��¤ � �
�><>FG:¥8��?¢ 3 ��¤��>5��n575A6 O FR< O < 3 57@�8;<.< O 8;:=¢T:=­75w8��?5 � :=�K5 � :��N<�<H@BªYI?6��A8G:C<>6�:C6®�S<Q8�� �7¤ 3 5 37¯@ � 6�¤K¢�:�� O FG<��KF;¤K¢�¢T:=6��PªY<>Fy8��?5��?FG57¤K� O <K:C698 3 ¤K6?@�8#�?5P°��±¤ � �><>FR:=8#�?¢�ªY<>Fy8��N54¢�:¥¨H8;I?FR5O ¤KF;¤Q¢T5J8;57F 3 !

/�6�8#�?: 3 0(��¤ O 8G57F * W 5 O FR< O < 3 5b¤ � � �?FG:=@�¤ � �K<>FG:¥8��?¢�8G<L5 3 8;:C¢T¤Q8G5T8��N5 O ¤KFG¤K¢T5J8;5AF 3<Kª²<KI?Fq¢T<H@?5 � 8���¤u8 �A<>¢D�?:=6?5 3 ¤¬@ � 6�¤K¢�:�� O FG<��>FG¤K¢�¢T:=6��D¤ � �><>FR:=8��N¢³¤K6N@#¤Q6.°��1¤ � �><	�FG:=8#�?¢.!�´h5�ªY< �AI 3 <K6�8��N5T8��N57<>FR5A8;:���¤ � @?5 �>5 � < O ¢�57698 3 <Kª 3 I��'��¤ � �K<>FG:¥8��?¢.*l¤K6?@�<>6�:=8 3
�7<>6 �>5AF#�>5A6��75 O FG< O 5AFR8;:=5 3 ! � �?5¬:C¢ O � 5A¢T5A6E8;¤Q8;:=<>6.<Qªµ8#�?5�¤ � �><KFG:=8#�?¢ W : ��� �S5w@N5 �>5 � < O 57@:C6��²¤KF�8%/�� !

2�3 ªY<>F�8��?5 O FG<>� � 57¢1<Kª£¢�<H@?5 � 3 5 � 5 �J8;:=<>6 W �?:��'� �7<>6 3 : 3 8 3 :=6h8��N5 3 5 � 5 �A8;:=<>6�<Kªq8#�?56HIN¢D�S5AFw<Kª � � I 3 8;5AF 3 ¤K6?@�8#�?5b6EI?¢D�n57F¬<Kª 3 5 �>¢T5A698 3 *µ:=8 W : ��� �S5 3 8;I?@?:=57@�:C6�8#�?5b6?5J¨H8
�'��¤ O 8G57F !�¶�57FG5 W 5�ªY< �AI 3 <K6�8��N5�@?5 ��6?:=8G:C<>6®<Kª�8#�?5 3 5 �K¢T5A6E8;¤Q8;:=<>6VU�� � I 3 8;5AFG:C6+�#¢�<�@N5 � *
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¤K6?@^<>6�:=8 3qO FG< O 57F�8;:C5 3 W54 576�8 4 5�6EI?¢D�n57F£<Kª76�8=I 3 8G57F 3 ¤Q6?@ 3 5�9>¢�57698 3 ¤QFG5;:N¨�57@�<
= 6§8 4 : 3?> 4 ¤ O 8G57F W 5�¤28 3 < O FG< O < 3 5.8;<@6A<>¢ O ¤KFG5L<KI?F�¢�<�@?5A8 W :¥8 4 <K8 4 57F�¢T<H@?5�8 3@?57@?:B6�¤Q8G57@L8G< 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9 O FR<>�)8C5A¢ 3 <4´�5�ªY<�6AI 3 <>6.8 W <^@?:=�S57FR57698�¢�<�@ED5�8 3 ªY<>F�8 4 : 3 67<>¢ O ¤KFR: 3 <>6�< 2 :�F 3 8;67<K¢ O ¤QFG: 3 <>6.: 3 ¢T¤K@?5 W :=8 4F4 :C@?@N576®�.¤KFR�K<
G#¢T<H@?5�8 3W54 :.6 4 6A<>6 3 8;:=8GIN8;5�8 4 5�¢T< 3 8 W :=@?5�8IHTI 3 57@ 3 8;FG¤Q8;5A9,HT8G<w¤ 3R3 5 3R3q3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9O FG<>��8C57¢ 3 <KJ 4 : 3 ¢�5A8 4 <�@?<,8C<L9,H 4 ¤ 3 ¤,8CFR5�¤K@�H��S5A576§¤ ONO 8C:=57@�8;<h¤KFGFG¤
H > � ¶ @�¤Q8«¤��#HM FR:C@)8IH9¤K6N@ON0PRQ,SITVU&W,XLX,Y[Z <\J 4 5A6 W 5 3 8GI?@�H^¤K6N<K8 4 5AF�¢�<�@?5A8 W54 :B6 4]4 ¤ 3 �n575A6�@N5AG>5A8C< O 57@�[H�´h¤K6)9^N0P;Q,SIT_U�W,XLXL`LZ0at¤K6?@ W54 :.6 4 : 3 6�¤,8B8C57@ >cb,2d> ªY<>FT© > 8CI 3 8;5AF 2 8C<>6�9 > 4 FR<>¢�<2D3 <>¢�5 3 ©2<M�#<H@?5A8.8C:=6)9 3 8;FG¤Q8;5A9>:C5 3 W :.8.8H�n5�67<>¢ O ¤KFR57@¬¤K6?@w@N: 3 6AI 3G3 57@�a�¤K6?@w8 4 5c67<K¢ O ¤QFG: 3 <>6<Kªt8 4 57:=F O 5AFRªY<>FR¢�¤Q6)675 W :B8.8X�n5�@?<>6?5�I 3 :C6)9 3 :C¢DI)8C¤Q8;:=<>6 3 8;I?@?:=5 3 :C6b8 4 5�6?5J¨H8��²¤KF�8e<

f3gAh ikjclnm�o pqoArsm rstvu m�jcw x r3y]j�z
b 5J8 Y = {Y1 . . . , Yn} �n5D¤K6L:=6?@?5 O 5A6?@?57698 � ¤KI 3R3 :C¤K6 O FR<�6A5 3R3 W54 < 3 5D¢T57¤K6L¤Q6?@FGQ¤KFG:{D¤K6)675y¤QFG5y¤Q�S5�6J8;57@��#H K−1 ¤K�?FRI O 8q6 4 ¤K6�9>5 3 ¤Q8,IN6?�E6?< W 6|67<H<>FR@?:C6�¤u8;5 3 T = {t1, . . . , tK−1}W :=8 4 67<>6#G>5A698;:C<K6 t0 = 1 ¤K6?@ tK = n <}J 4 : 3 @?5A:?6?5 3 ¤ O ¤QFR8;:¥8;:=<>6.<Kªy8 4 5D@�¤Q8;¤�:C698;< KG>5�6J8;<>F 3 <Qª�8=576)9K8 4 nk 3 I�6 4 8 4 ¤Q8

Y = {Y 1, . . . , Y K} W :¥8 4 Y k = {Yt, t ∈ Ik} ¤Q6?@ Ik = {t, t ∈]tk−1, tk]}.
> 8¦¤ 3R3 :.67¤,8 3 5A9>¢T5A698«¤Q8G:C<>6L¢�<H@?5�8 3 W <>I)8=@~67<>6 3 :C@N57F�6A<>6 3 8«¤K698�¢�5�¤K6 3 ¤K6?@nGK¤QFG:¦¤Q6)675 3 �n50D8 W 5A576#8 W <36 4 ¤K6)9>5 3 a�8C57¤K@?:=6)9D8;<w8 4 5�¢�<H@?5�8 ¯

∀t ∈ Ik, Yt ∼ N (µk, σ
2
k).

= 6B<>I?F�67¤ 3 5 W 5¬¤ 3R3 I?¢�5�8 4 ¤Q848 4 5D¢�5�¤K6L¤K6?@~GQ¤KFG:C¤K6)6A5�<Kª Y 67¤K6B<>6)8IH^8«¤K�Q5w¤�8C:=¢T:¥8;5A@6HIN¢D�S5AF£<Kª7GQ¤,8=I?5 3 W :¥8 4 ¯
µk ∈ {m1, . . . , mP}, σ2

k ∈ {s2
1, . . . , s

2
P}.

J 4 : 3 ¢T57¤K6 3 8 4 ¤u8t8 4 57FR5�5J¨�: 3 8 3 ¤ 3 5�67<K6?@�¤KF�H 3 8;FGI�6A8;INFG5�<Qª?8 4 5 O FG<E675 3G3 :C698;< P 6�8CI 3 8;5AF 3 :C6¤K@?@?:¥8;:C<K6�8;<D8 4 5 3GO ¤Q8G:¦¤,8S<>F�9>¤K6?:C­7¤Q8;:=<>6�<Qª�8 4 5�@�¤Q8;¤?<�´h5�¤ 3R3 I?¢�5P8 4 ¤u8q8 4 5���Q,� P���P&���C��N��@�¤Q8«¤ {Y 1, . . . , Y K} ¤KFG5 3 8;FRI)6A8GI?FG5A@�:=6E8G< P O < O I)8C¤Q8;:=<>6 3 W :¥8 4LW 57:B9 4 8 3 πp U W :=8 4 8 4 5
67<>6 3 8;FG¤K:C698 ∑

p πp = 1 Z0<�J 4 5�@�¤Q8;¤]��¤KFG53G�:=5 W 57@�¤ 3 �n57:C6�9.:C6�67<>¢ O 8C5J8;5 3 :=6)675�8 4 5A:CF�S5A8C<>6)9K:C6)9�8;<�8 4 5�@?:=�S57FR57698 O < O I)8¦¤Q8G:C<>6 3 : 3 IN6?�E6?< W 6�<�J 4 576 W 54:=698;FG<H@?I)6A5P¤ 3 57�EI?5A6)675<Kª 4 :=@?@?576h:C6?@?5 O 5A6?@?5A6E8�F;¤K6N@?<>¢�GQ¤KFG:C¤K�)8C5 3 a Zk = {Zk
1 , . . . , Z

k
P}

3 I)6 4 8 4 ¤Q8 Zk
p = 1W :=8 4 O FG<>��¤Q�?:.8=:=8�H πp :=ª�GK5�6A8G<>F Y k : 3 @?FG¤ W 6^ªYFR<>¢ 8 4 5 pth 6A<>¢ O <>6?5A698q<Kªl8 4 5�¢�:¥¨H8GI?FG52<

J 4 I 3 Zk : 3 @?: 3 8GFG:C�NIN8;5A@B¤,6�6A<>FG@N:C6)9�8;<b¤�¢�I)8=8G:C6?<>¢�:¦¤28X@?: 3 8;FR:C�?I�8;:C<K6F67<K6 3 : 3 8;:=6)9�<Qªy<>6?5@?F;¤ W <K6#�K6�¤Q8G5�9><>FR:C5 3 W :=8 4 O FR<>��¤K�?:B8C:¥8;:C5 3 π1, . . . , πP
aN8 4 ¤Q8£: 3

Zk ∼ M(1, π1, . . . , πP ).

��:¥¨�:C6)9 O FG< O <>F�8;:C<K6 3 π1, . . . , πP
FR5 O FR5 3 57698¬8 4 5��$� ���C� O FG<>��¤Q�?:.8=:=8�HBªY<>F?�,N��0P��C� Y k8;<��S5A8C<>6)9^8;<^8 4 5 pth 67<>¢ O <K6?57698ea W54 :B8C5D8 4 5����
�0P�N0� ���C� O FG<>�?¤K�?:.8=:=8�H#8 4 ¤Q8�8 4 53GK5�6J8;<>F�S5A8C<>6)9 3 8;<w8 4 5 pth 67<>¢ O <>6?57698 W :¥8 4 yk 4 ¤
GH:=6)9¬�S5A576�<>� 3 5AF-GK57@L: 37¯

τkp = Pr
{
Zk
p = 1|Y k = yk

}
.
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� 5A¢�¤KFR��8 4 ¤u8�6A<>698;F;¤QF-H^8;< 6�8¦¤ 3G3 :B6�¤,8l¢�:¥¨H8;INFG5�¢T<H@?5A8 3 W54 57FR5�:C6N@?:.67¤Q8;<>F�GQ¤KFR:¦¤K�)8=5 3£O FR<2D
G�:=@?5�:C6NªY<>FR¢�¤u8;:C<K6T¤Q�S<>I�8µ8 4 5�8C¤K�S5A8.8=:C6)9�<Kª&:C6?@?:IGH:C@?I�¤28�@�¤Q8«¤ O <K:C698 3 U W54 :B6 4�W <KI)8C@T�S5 Yt:C6L<>INF;6�¤ 3 5
Z0a,<KI?F�¢T<H@?5A8�ªY<E67I 3 5 3 <>6L8 4 5w�S5A8C<>6�9>:C6)9�<Kª�G>5�6J8;<>F 3 Y k 8G<b@?:=�S57FR57698 O < O DI)8¦¤Q8G:C<>6 3 <£�#<KFG57<
GK57F�an8 4 5s8¦¤K�n5�8�GQ¤KFR:¦¤K��8C5 3 �n57:=6)9T:=6?@?5 O 5A6?@?57698�aX:=8�¢�5�¤K6 3 8 4 ¤Q8P¤ 3 ¢T¤,8.8
6 4 ¤K6)9>5�:=6�8 4 5 O ¤KFR¢T5J8;57F 3 <Kªl8 4 5P<>� 3 57F-GK57@ 3 5A�HIN576)6A5`@?<H5 3 6?<K8 3 H 3 8;5A¢�¤Q8G:.67¤,8.8IH�8C5�¤Q@�8;<¤�6 4 ¤K6)9>5�:C6b8 4 5}8¦¤K�n5�8&<Qªt8 4 5 3 5�9K¢T5A6E8�<

J 4 5�67<K¢ O 8=5A8G50D�@?¤Q8«¤ G>5A6A8G<>F�: 3 8 4 576 X = (Y, Z) a W :¥8 4 Y �S5A:C6)9�8 4 5�<>� 3 57F�G>57@ED�@�¤Q8;¤
G>5�6J8;<>F�¤K6?@ Z 8 4 5 4 :C@?@?5A6�6A<>¢ O <>6?5A698µ:=6?@?:B6�¤Q8G<>F\G>5A6A8;<KF�<M´h5£ªY<E67I 3 <>6¬8 4 5d6�¤ 3 5 W54 5AFG58 4 5�@?¤Q8«¤L¤QFG5 3 I O?O < 3 5A@�8;<L�n5�@?FG¤ W 6�ªYFR<>¢ ¤.¢�:¥¨H8;I?FR5�<Kª � ¤KI 3R3 :C¤K6�@?5A6 3 :¥8;:C5 3 a W :¥8 4O ¤KF;¤Q¢T5J8;57F 3 mp, s

2
p
< � :IG>5A6�8 4 5�:=6?@?:B6�¤Q8G<>FsGK5�6A8G<>F 3 Zk aM8 4 5 Y k ¤KFR5 3 I O?O < 3 57@�8;<B�n5:C6?@?5 O 5A6?@?5A6E8 W :¥8 4 � ¤KI 3G3 :C¤K6 O FG<K��¤K�?:B8C:=8�H�@?: 3 8GFG:C�NIN8;:=<>6 ¯

Y k|Zk
p = 1 ∼ N (mp1lnk

, s2
pInk

).

�#<>FG5�8 4 ¤K6*¤^67<K6?@?:=8G:C<>6?¤,8P:C6N@?5 O 576?@N576)6A5h<Kª 3 5�9>¢�57698 3 a W 5�¤ 3R3 I?¢�5®8 4 ¤Q8�@�¤Q8;¤-¤QFG5
67<>6?@N:=8;:=<>6�¤,8B8BH¬:=6?@?5 O 576N@?57698�� ��P��E���B¤ 3 5A9>¢�57698 ¯

f(yk; θp) =
∏

t∈Ik

f(yt; θp).

J 4 5 O ¤KFG¤K¢T5J8;5AF 3 <Qª�8 4 : 3 ¢T<H@?5A8X¤KFR5 ¯ 8 4 5P�?FR5�¤K� O <>:C698�6A<�<>FR@?:C6?¤Q8;5 3 T = {t1, . . . , tK−1}¤K6?@�8 4 5 O ¤KFG¤K¢T5J8;5AF 3 <Kª48 4 5�¢T: ¨�8GI?FG5b¢�<H@?5�8 ψ = {π1, . . . , πP−1, θ1, . . . , θP} <KJ 4 5@?576 3 :=8�Hb<Qª7GK5�6A8G<>F Y k 6�¤Q6#�n5 W FG:=8R8;5A6#¤ 37¯

f(yk;ψ) =

P∑

p=1

πpf(yk; θp).

b 5J8£I 3 ªY<�6AI 3 <>6^8 4 5 3GO 5�6A:B:�6 3 :.9>6?:I:�6�¤u8;:C<K6�<Kªt5�¤,6 4 O ¤KF;¤Q¢T5J8;57F ¯
D T a&8 4 5 3 5A8�<Kª��?FG57¤K� O <K:C698 O ¤KFG¤K¢T5J8;5AF 37¯ :C6?@?:B6�¤Q8G5 3 8 4 5 3GO ¤u8;:¦¤28 3 8GFGI)6J8;I?FR5¬<Kªµ8 4 5@�¤Q8;¤�a
D π a�8 4 5 O FR< O <KFR8;:=<>6 3 <Kª �
N
	���N0��P'�`�n5�8C<K6)9>:C6�9¬8G<�57¤,6 4 9>FR<>I O <�J 4 5 3 5 O ¤KFG¤K¢T5J8;5AF 3

67<>6�6757FR6 3 5�9>¢�57698 3 W54 :B6 4 6A<>6 3 8;:=8GIN8;5�8 4 5 3 8;¤Q8;: 3 8;:B6�¤,8XI?6?:=8 3 8;<¬�n5/6A8CI 3 8;5AFG57@�<
D θ a&8 4 5 8C50G>5�8�¤K6?@ GQ¤KFG:C¤K�?:.8=:=8�Hb<Qª�8 4 5 3 :B9>6�¤,8�ªY<>F�5�¤26 4 9KFG<>I O <|J 4 5 3 5 O ¤KFG¤K¢T5J8;5AF 3O FG<
GH:C@N5�:C6NªY<>FR¢�¤u8;:C<K6�FG5A99¤KFG@N:C6)9D8 4 5����$�,���
����
)Q,Sq�#Q,P�Q}���C����P��0<
��5A:�6?:=6)9 3 8;¤Q8;: 3 8G:.6�¤28�IN6?:=8 3 <KªM8 4 5D¢T<H@?5A8t: 3 6?<K8 3 8;FG¤K:.9 4 8RªY<>F W ¤KFR@L:C6�8 4 : 3 ªY<>FG¢�I)8¦¤CD8;:C<K6�<�´�5�<>� 3 5AF-GK5 n @�¤Q8«¤ O <>:C698 3 8 4 ¤Q8`¤KFG5 3 5A9>¢�57698;5A@h:C698G< K 3 5�9K¢T5A6E8 3 <�J 4 5 3 5A92D¢T5A6E8 3 �S5A:C6)9�@?5A:?6?57@�aE8 4 5AH�¤KFR5d6A8CI 3 8;5AFG57@T:C698;< P 9KFG<>I ON3 < J 4 5 3 8;¤Q8;: 3 8;:B6�¤,8�I?6?:¥8 3 <KªX8 4 5¢T: ¨�8GI?FG5�¢�<H@?5�8,¤QFG5 segments W54 :.6 4 67<>6 3 8;:¥8;IN8G5�F;¤K6N@?<>¢ :=6?@?:BGH:=@?I�¤,8 3 <M��5AG>5AFR8 4 5�8=5 3G3 aW 5¬¤KFR5¬¤,8 3 <�:C698G57FG5 3 8G57@®:C6.8 4 5w�S5 4 ¤eGH:C<>FP<Qªµ:=6?@?:IG�:=@?I�¤,8�@�¤Q8;¤ O <K:C698 3 W :¥8 4 :=6 3 5A9>¢�57698 3W54 :.6 4 O FR<
G�:=@?5 3 :=6NªY<>FR¢�¤Q8G:C<>6®FG5A99¤KFR@?:C6)9#8 4 5 O ¤QF;¤K¢�5A8G57F 3 <Kª£5�¤,6 4 9>FR<>I O < J 4 5AFG5JªY<>FG58 4 5}67<K¢ O 8=5A8G50D�@?¤Q8«¤|GK5�6A8G<>F 3 4 <KI)8C@��S5�FR5 3 8«¤Q8G57@L¤ 37¯

Xk = (Y k, Zk) = (Ytk−1+1 . . . , Ytk , Z
k).
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f3g�� ����pqo�x u;pqo�m�� x r y�j�z���u
	�usx jcpqj�	�� 
�oAu x u���o�x �]x
z0o��sj�zAo���r�r y w���j5m

P
u/m]y

K
u�	�j l��?j5y

¡ 6�675b8 4 5^¢�<�@N5�8 4 ¤ 3 �S5A576o@?5A:�6N57@�a�8 4 5b6?5 ¨�8 3 8G5 O : 3 8G<®5 3 8G:C¢T¤Q8;5�8 4 5 O ¤KFG¤K¢T5J8;5AF 3ªY<>F£¤�:�¨N5A@.6EI?¢D�n57F£<Kª 3 5A9>¢T5A698 3 ¤K6?@�6�8CI 3 8;5AF 3 <�´�5s6 4 <�< 3 5�8 4 5�¢�¤[¨N:=¢DI?¢ 8C:=�K5�8=: 4 <H<H@¢T5J8 4 <H@ 3 :C6�675�8 4 5/8C:=�K5A8C: 4 <�<H@�<Kªt8 4 5�¢�<�@N5�8&: 3 8 4 5/675A6E8GF;¤,8�8=:C6?�T�S5J8 W 5A576.8 4 5 3 5A9>¢T5A6�D8«¤Q8G:C<>6b¢�<�@N5�8,¤K6N@^8 4 5�¢T: ¨H8;I?FR5�¢T<H@?5�8 W54 :.6 4 ¤KFG5}6A<>¢D�?:=6?57@�<
J 4 5 8C:=�K5�8=: 4 <H<H@�<Qª,8 4 : 3 ¢�<�@N5�8n: 3 ¤`ªYI?6)6J8;:C<K6�<Kª&8 W < 3 5J8 3 <Kª O ¤KF;¤K¢�5A8G57F 37¯ 8 4 5 3 5J8q<Kª�?FG57¤K� O <>:=698 67<H<>FR@?:C6�¤u8;5 3 J;aS¤K6?@.8 4 5 3 5J8P<Kªy¢�:¥¨H8GI?FG5 O ¤KFG¤K¢T5J8;5AF 3 ψ < = 8P¤,8 3 <�@?5 O 5A6?@ 3<>6��n<K8 4 8 4 5P6EI?¢D�n57F�<Qª 3 5�9>¢�57698 3 ¤K6?@�8 4 5P6EI?¢D�n57Fq<Kªq6A8CI 3 8;5AF 3 8 4 ¤Q8£¤KFR5�:N¨�57@^:=6�8 4 : 33 5�6J8;:=<>6�<���:C6)6A5 W 5�¤ 3R3 I?¢�5�8 4 5b:C6?@?5 O 5A6?@?5A6)675^<Kª£8 4 5b@�¤Q8«¤L�n5A8 W 575A6 3 5�9>¢�57698 3 a�8 4 5

8C<L92D+8C:=�K5�8=: 4 <H<H@�: 3 W FG:¥8G8;5A6.¤ 37¯

logLKP (T, ψ) =

K∑

k=1

log f(yk;ψ) =

K∑

k=1

log

{
P∑

p=1

πpf(yk; θp)

}
,

¤K6?@ W 5`¤K:=¢ ¤Q8£@?5J8;5AFG¢�:C6?:=6)9 ¯
(T̂ , ψ̂) = Argmax

T,ψ
{logLKP (T, ψ)} .

= 6 > 4 ¤ O 8;5AF 3 Y®¤K6?@�� W 5^FG50GH:C5 W 57@-5J¨�: 3 8;:=6)9�¤,8.9K<>FG:¥8 4 ¢ 3 ªY<>F`8 4 5^5 3 8;:=¢�¤Q8G:C<>6h<Kª�8 4 5�?FG57¤K� O <>:=698²:=6 3 8;¤K698 3 :=6�8 4 5 3 5�9>¢�57698;¤Q8;:=<>6|6A<>698;5J¨H8�a9¤K6?@�ªY<>F�8 4 5�5 3 8G:C¢T¤Q8;:=<>6�<Kª�¢�:¥¨H8;I?FR5¢T<H@?5�8 O ¤QF;¤K¢�5A8G57F 3 W :=8 4 8 4 5L°�� ¤,8B9><>FR:=8 4 ¢n<KJ 4 5 O FR:C6)6A: O 8=5^<Kª�<>I?F�¢�5A8 4 <�@-: 3 8;<�?I?:.8=@�¤ 4 HH�?FG:=@L¤,8B9><>FR:=8 4 ¢³��¤ 3 57@#<>6.@�HH6�¤Q¢T:B6 O FG<L9>FG¤K¢�¢T:=6)9w¤K6?@.°��O< ¡ INF 3 8;F;¤u8;5�92H: 3 :=8G57FG¤Q8;:IG>5 ¯ W54 576-8 4 5^�?FG57¤K� O <K:C698367<H<>FG@?:=6�¤Q8G5 3 T ¤QFG5^�E6?< W 6�a�8 4 5#°�� ¤,8.9K<>FG:¥8 4 ¢: 3 I 3 57@�8G<^5 3 8G:C¢T¤Q8;5D8 4 5�¢T: ¨�8GI?FG5 O ¤KF;¤K¢�5A8G57F 3 ψ < ¡ 6)675 ψ 4 ¤ 3 �n575A6�5 3 8;:=¢�¤u8;57@�al8 4 5�?FG57¤K� O <>:=698567<H<>FG@?:=6�¤Q8G5 3 ¤KFR5/6A<>¢ O IN8;5A@^I 3 :=6)9T@�H�6?¤K¢T:B6 O FR<L9>F;¤Q¢T¢�:C6)9�<
���������  "!$#&%('*)+#,%.-0/ '*%213#&465879'*:<;07>=@?�)A58)B'*7C#,7D58!FEHG07>- IJ587>)AKML

?N:O%(-B#�PC:<:A58;J%(-J)+#&7>!H)A587�K<-0:QEH-

´ 4 576#�?FG57¤K� O <>:=698V6A<�<KFG@?:=6�¤Q8;5 3 ¤KFG5��E6?< W 6�a W 5 4 ¤eG>5�¤ O ¤QFR8;:¥8;:=<>6b<Kª²8 4 5�@�¤Q8«¤¬:C698G< KG>5�6J8;<>F 3 {Y 1, . . . , Y K} <�J 4 5 O I?F O < 3 5q: 3 8G<�¢�¤[¨N:=¢T:=­75y8 4 5�8=<L92D+8C:C�Q5�8=: 4 <H<�@�<Qªn8 4 5q¢�<�@?5A8¤,6�6A<>FG@?:=6)9w8;< ψ a�¤K6?@^8 4 5�¢T¤u¨�:C¢DIN¢ 8=:C�K5A8C: 4 <�<H@�5 3 8G:C¢T¤Q8;<>F�<Kª²8 4 : 3qO ¤QF;¤K¢�5A8G57Fq: 3
ψ̂(T ) = Argmax

ψ
{logLKP (T, ψ)} .

��:C6)6A5�8 4 5��?FG57¤K� O <>:=698 3 ¤QFG5�:N¨�57@�:=6®8 4 : 3�3 8G5 O a²8 4 5�¢T: ¨�8GI?FG5 O ¤QF;¤K¢�5A8G57F 3 @?5 O 5A6?@�<>6
T < = 6T8 4 5�ªY<L8B8C< W :C6)9�aK8 4 : 3 ¢�57698G:C<>6 W :.8.8��n5�<>¢T:¥8G8G57@�<²��5AGK57F�8 4 5A8C5 3R3 aN8 4 54:=¢ O ¤,6A8�<Kª&8 4 5�?FG57¤K� O <>:=698£:C6 3 8«¤K698 3 T <>6 O ¤KF;¤K¢�5A8G57Fq5 3 8;:=¢�¤u8;5 ψ̂(T ) W :B8.8&�n5 3 8GI?@?:C5A@n8C¤Q8;5AF�<

J 4 5q< O 8;:=¢T:=­�¤Q8G:C<>6�<Kª�8 4 : 3 8C<L9CD�8C:=�K5A8C: 4 <�<H@;6�¤K6w�n5 4 ¤Q6?@)8C5A@wI 3 :=6)948 4 5q°�� ¤,8.9K<>FG:¥8 4 ¢:C6B8 4 5�6A<>¢ O 8C5A8G5w@�¤Q8;¤bªYFG¤K¢�5 W <>FG��<�J 4 5�:C698;FR<�@?I�6A8;:=<>6B<Kª 4 :C@N@?576_8¦¤K�n5�87GK¤QFG:¦¤Q�)8C5 3 Zk

8C5�¤Q@ 3 8;<w8 4 5�@N5A:�6?:¥8;:=<>6^<Kª�¤ 6A<>¢ O 8C5A8G50D�@�¤Q8«¤ 8=<L92D+8C:C�Q5�8=: 4 <H<�@ 3 I)6 4 8 4 ¤Q8 ¯

logLcKP (T, ψ) =

K∑

k=1

P∑

p=1

zkp log
{
πpf(yk; θp)

}
.

·8R
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J 4 5 O FG:=6)67: O 8C5t<Kª�8 4 5y°�� ¤28.9><>FR:=8 4 ¢ : 3 8G<�:¥8;5AF;¤Q8G:BG>5A8BH�¢�¤[¨N:=¢T:=­75l8 4 5�6A<>6?@?:¥8;:C<K6�¤,8u5J¨ O 5A60D8«¤Q8G:C<>6#<KªM8 4 5s67<>¢ O 8=5A8;5 D�@�¤u8«¤ 8=:C�Q5�8C: 4 <H<�@^:C6.<>FG@?5AF�8G<�¢�¤[¨N:=¢T:=­75�8 4 5D:C6)6A<>¢ O 8C5J8;50D�@�¤Q8;¤
8C:C�Q5�8=: 4 <H<�@�a�¤ 3�3 4 < W 6.:=6 > 4 ¤ O 8;5AF6��<
��]«vJcdaEs

= 6�8 4 5�°²¨ O 5A6A8«¤u8;:C<K6 3 8;5 O a�8 4 5V6A<>6?@?:¥8;:C<K6�¤,8?5 ¨ O 5�6J8«¤Q8G:C<>6�<KªS8 4 5d67<>¢ O 8=5A8;5 D�@�¤u8«¤;8C<L9CD
8C:C�Q5�8=: 4 <H<�@^: 3 67<K¢ O I�8;57@�a�9>:IG>576L8 4 5D<>� 3 57F�G>5A@®@?¤Q8«¤ y aX¤K6?@LI 3 :C6)9T8 4 5 6AI?FGFR57698;:?8 ψ(`)ªY<>F ψ ¤Q8q8 4 5 `th :=8G57F;¤u8;:C<K6�<\J 4 : 3 �HI?¤K698;:=8�H?6�¤K6��S5 W FR:=8G8G576�¤ 3

QKP (ψ|ψ(`);T ) = � ψ(`){logLcKP (ψ;T )|y} =

K∑

k=1

P∑

p=1

τk(`)p log
{
πpf(yk; θp)

}
,

W :=8 4
τk(`)p =

π
(`)
p f(yk; θ

(`)
p )

∑P
q=1 π

(`)
q f(yk; θ

(`)
q )

.

� ];vAcdaEs
J 4 5��]D 3 8;5 O ¤Q8�8 4 5 (` + 1)th :¥8;57FG¤Q8;:=<>6 FG57�EI?:=FG5 3 8 4 5O9L8=<>��¤,8�¢T¤u¨�:C¢�:C­7¤Q8;:=<>6§<Kª

QKP (ψ|ψ(`);T ) W :=8 4 FG5 3GO 5�6J8�8;< ψ 8;< 9K:BG>5�8 4 5#I O @�¤Q8;5A@�5 3 8;:=¢�¤u8;5 ψ(`+1) < = 6�8 4 5� ¤KI 3G3 :C¤K6]6�¤ 3 5,a?8 4 5�I O @?¤Q8;5A@#5 3 8;:=¢�¤u8;<>F 3 ¤KFG5 ¯




m̂
(`+1)
p =

∑
k τ

k(`)
p

∑
t∈Ik

yt/
∑

k nkτ
k(`)
p ,

ŝ
2(`+1)
p =

∑
k τ

k(`)
p

∑
t∈Ik

(yt − m̂
(`+1)
p )2/

∑
k nkτ

k(`)
p ,

π̂
(`+1)
p =

∑
k τ

k(`)
p /K.

U���<���Z

������� �  "!$#&%('*)+#,%.-0/ I05&7>)OK3? :O%.-M#�PC:<:A58;J%(-J)+#&7>! EHG07>- #,G07 '*% 1�#,4J5&7
?0)O5&)B'*7C#&7D5&!@)A587 K�-0:QEH-

´ 4 576¬8 4 5q6EI?¢��S5AF�<Qª 3 5�9>¢�57698 3 K a>8 4 5£6HIN¢D�S5AFy<Kª$6�8CI 3 8;5AF 3 P ¤K6N@¬8 4 5 O ¤KFG¤K¢T5J8;5AF 3 <Kª8 4 5�¢�:¥¨H8;I?FR5�¤KFG5��E6?< W 6�aV8 4 5�<>�HZR5A6A8;:IG>5�: 3 8;<�:�6?@^8 4 5`�n5 3 8 K D�@?:C¢�576 3 :C<>6?¤,8 O ¤QFR8;:¥8;:=<>6<Kª,8 4 54@�¤Q8«¤�¤,6�6A<>FG@?:=6)9�8G<�8 4 5�8C<L92D+8C:=�K5�8=: 4 <H<H@ logLKP (T, ψ) a W :=8 4 ψ �n57:=6)9|:N¨�5A@�<M´h5¤K:C¢ ¤Q85:�6?@?:=6)9 ¯
T̂ (ψ) = Argmax

T
{logLKP (T, ψ)} .

��:C6)6A5�8 4 5^:=6)67<>¢ O 8=5A8;5 D�@�¤u8«¤F8=<L92D�8=:C�Q5�8C: 4 <H<�@®: 3w3 8;:.8B8�¤K@N@?:=8G:BG>5^¤26�67<KFG@?:=6)9B8;<B8 4 5^6EI?¢ D�S5AF�<Qª 3 5A9>¢�57698 3 ¤�@�H�6?¤K¢T:B6 O FG<L9KF;¤K¢�¢T:=6)9b¤ ONO FG<9¤26 4 6�¤Q6h�n5�I 3 57@®8;<�67<>¢ O IN8G5�8 4 5�?FG57¤K� O <>:=698�:C6 3 8«¤K698 3 a,¤ 3 :¥8P: 3 8 4 5|6�¤ 3 5¬ªY<KF�6�8C¤ 3G3 :.67¤,8 3 5�9>¢�57698«¤u8;:C<K6L¢T<H@?5A8 3 U > 4 ¤ O 8G57F
Y[Z0<VJ 4 5D¢T¤K:C6�@?:=�S57FR576)6A5 8C:=5 3 :C6�8 4 5D5 3 8G:C¢T¤Q8;:=<>6#<Qª�8 4 5 O ¤KF;¤Q¢T5J8;57F 3 <Kª 3 5�9>¢�57698 3 < = 6
6�8¦¤ 3G3 :B6�¤,8 3 5�9>¢�57698«¤u8;:C<K6h¢�<�@?5A8 3 a�8 4 5�5 3 8;:=¢�¤u8;:C<K6®<Qªq8 4 5T�?FG57¤K� O <>:=698�:=6 3 8;¤K698 3 ¤Q6?@�<Kª8 4 5 3 5�9K¢T5A6E8 3PO ¤KFG¤K¢�5A8;5AF 3 : 3 @?<>6?5 3 :C¢�I)8=8;¤K6?57<KI 3 8IHL< = 6L8 4 5 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9
67<>698;5 ¨H8ea�8 4 5�5 3 8;:=¢�¤u8;:C<K6�<Kª ψ : 3qO < 3 8 O <>6N57@�¤K6?@�: 3 @?<K6?5 W :=8 4 8 4 5�°µ� ¤,8.9K<>FG:¥8 4 ¢�<

b 5J8 Ck+1,P (i, j;ψ) �n5�8 4 5 8C<,92D�8=:C�K5A8C: 4 <�<H@b<>�N8;¤K:C6N57@L�#H.8 4 5w�n5 3 8 O ¤KFR8G:=8G:C<>6#<Kªy8 4 5@�¤Q8«¤ Y ij = {Yi+1, ..., Yj} :C698;< k + 1
3 5A9>¢T5A698 3 W54 576^8 4 5�¢�:¥¨H8GI?FG5 O ¤KF;¤K¢�5A8G57F 3 ψ ¤KFG5

·	�
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�H6N< W 6�<�J 4 5�¤,8B9><>FG:¥8 4 ¢ 3 8;¤KFR8 3 ¤ 3 ªY<L8B8C< W 37¯ ªY<>F k = 0 ¤K6?@®ªY<>F (i, j) ∈ [1, n]2 a W :¥8 4
i < j a�6�¤,8B67I)8C¤Q8;5 ¯

C1,P (i, j;ψ) = log

{
P∑

p=1

πpf(yij; θp)

}
= log

{
P∑

p=1

πp

j∏

t=i+1

f(yt; θp)

}
.

C1,P (i, j;ψ) FR5 O FR5 3 5A698 3 8 4 5?8=<�67¤,8�8C<L9CD�8C:=�K5A8C: 4 <�<H@LªY<>F 3 5�9>¢�57698 Y ij < J 4 576�8 4 5�¤,8.9><CDFG:=8 4 ¢³: 3 FGI?6#¤ 3 ªY<L8B8C< W 37¯
∀k ∈ [1, Kmax] Ck+1,P (1, j;ψ) = max

h
{Ck,P (1, h;ψ) + C1,P (h + 1, j;ψ)}

��������� � :O-0:+#,:O-0%.PC% #���?05&:A? 7D5 #�� :�� #&GJ7 G���IJ58%.; )O=./O:O5&% #&G0'
	 e[mnsMmnv�g c[gYmni


 �C�|Q���
�N��?� 
 ���0N0����� �0S 
#�0P	N0�"� Q,�$� �
N
	���N0��P'�/P ��N ������� ���]Q,S 	E�C� ��P�� � 	EN0��N0�-Q,P	N��|Q
�
N�� 
�N0����N (T (h), ψ(h)

)
h≥0

P ��Q,P������0��N�QC�
N�� P ��Nc������� ���$S.N0P�N����#Q,P+Q S.� 	���S ���#N0S � ���
���V� 
�� � P ��Q,P��

logLKP
(
T (h+1), ψ(h+1)

)
≥ logLKP

(
T (h), ψ(h)

)
.

	 e[m&mVp
J 4 5 O FG<H<Kª�: 3 ��¤ 3 57@o<>6�8 4 5 O FG< O 57F�8;:C5 3 <Kª�@�HH6�¤K¢�:.6 O FR<L9>FG¤K¢T¢�:C6�9@U > 4 ¤ O 8;5AF�Y[Z¤K6?@.<Qª�8 4 5�°�� ¤,8.9><KFG:=8 4 ¢�U > 4 ¤ O 8G57F0�#Z0<5J 4 5 3 5D8 W <?67<>6#GK57F�9K576)6A5 O FG< O 57F�8;:=5 3 6�¤K6L�n5I 3 5A@ 3 :C6)6A5��n<K8 4 ¤28.9><>FR:=8 4 ¢ 3 ¤KFR5c8C:=6?�K5A@�8 4 FG<>I)9 4 8 4 5 8C<L92D+8C:=�K5�8=: 4 <H<H@P8 4 50Hw¤,8¥8;57FR6�¤Q8G:BG>5A8BH< O 8;:=¢T:=­75 ¯ 8 4 5�:=6)67<K¢ O 8=5A8G50D�@?¤Q8«¤|8=<L92D+8C:C�Q5�8=: 4 <H<�@�<Kª�8 4 5�¢�:¥¨H8;INFG5�<Kª 3 5A9>¢T5A698 3 <
J 4 ¤K6?� 3 8;<`8 4 5���5�8B8C¢T¤K6T< O 8;:=¢�¤,8=:=8�H O FG:=6)67: O 8C5sU��µ5�8.8=¢�¤Q6�¤K6N@b�4FG50HEªYI 3 U �! �#WLZy¤K6?@> 4 ¤ O 8G57Fd`LZ a?@�HH6�¤K¢�:.6 O FG<L9KF;¤K¢�¢T:=6)9|9,8C<>��¤28.8BH¬< O 8;:=¢T:=­75 3 8 4 5;8=:C�Q5�8C: 4 <H<�@ W :=8 4 FG5 3RO 5A6A88;< T < 2 8�:¥8;5AF;¤Q8G:C<>6 (h) W 5 4 ¤eG>5 ¯

logLKP
(
T (h+1);ψ(h)

)
≥ logLKP

(
T (h), ψ(h)

)
.

¡ 6o8 4 5^<K8 4 57F 4 ¤K6?@�a�8 4 5��K50Ho¢T<>6N<K8;<>6N:.67:¥8�H O FG< O 57F�8�H�<Kª48 4 5.°�� ¤,8.9><KFG:=8 4 ¢ : 38 4 5�:C6)6AFG57¤ 3 5T<Kª�8 4 5�:=6)67<>¢ O 8=5A8;5 D�@�¤u8«¤?8C<,92D�8=:C�K5A8C: 4 <�<H@L¤u8�57¤,6 4 3 8G5 O U �457¢ O?3 8;57F]N0P;Q,SIT
U �" � �LZ�Z ¯

logLKP
(
T (h), ψ(h+1)

)
≥ logLKP

(
T (h), ψ(h)

)
.

�yI�8w8;<L9>5J8 4 5AF�ay<>I?F¬¤28.9><>FR:=8 4 ¢ 9>576?5AF;¤Q8G5 3 ¤ 3 5A�EI?576)6A5 (T (h), ψ(h)
)
h≥0

8 4 ¤Q8w:=6)67FR5�¤ 3 5 38 4 5�:C6�67<>¢ O 8C5J8;5 D�@�¤Q8;¤|8C<,92D�8=:C�K5A8C: 4 <�<H@ 3 I)6 4 8 4 ¤u8 ¯
logLKP

(
T (h+1), ψ(h+1)

)
≥ logLKP

(
T (h), ψ(h)

)
.

2o3 6 4 57¢T¤Q8;:B6�FG5 O FG5 3 5A6E8;¤Q8;:=<>6�<Qª?8 4 5 4 H��NFG:C@�¤,8.9K<>FG:¥8 4 ¢ : 3 9>:BGK576�:=6 M :B9>I?FR5 �E< �L<t��<Q8;58 4 ¤Q8�8 W <~8C50G>5�8 3 <Qªq:C6?@N:.675 3 ¤QFG5�FG57�EI?:=FG5A@hªY<>F�8 4 : 3 ¤28.9><>FR:=8 4 ¢ ¯ h @?5 3 6AFG:C�n5 3 :=8;5AF;¤Q8G:C<>6 3�S5J8 W 5A576.8 4 5�°�� ¤,8.9><KFG:=8 4 ¢ ¤K6?@.@�H�6?¤K¢T:B6 O FG<L9KF;¤K¢�¢T:=6)9)a W54 57FR5�¤ 3 ` : 3 I 3 57@.ªY<KF£8 4 5:=8;5AF;¤Q8G:C<>6 3 W :=8 4 :C6�8 4 5�°µ�1¤,8B9><>FG:¥8 4 ¢�<

R$#
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Initialization

E−Step

M−Step

Initialization

Dynamic Programming

STOP

δ < ε

T
(h+1)

Ψ
(0)T (0)

Ψ
(h)T (h+1)

Ψ(0)

Ψ(`)

Ψ(`+1)

Ψ
(h+1)

T
(h+1)

∆ < ε

M :.9KI?FG5 �E< � ¯ ��:¦¤,9>FG¤K¢³<Qªt8 4 5 4 HH�?FR:C@#¤,8.9K<>FG:¥8 4 ¢�<

R \
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f3g�� � �Q�qj �Q��oAm"� 
 u
	7oAusm�� j j ��pqoAx u}pqj �

J 4 5�8 4 57<>FR5A8;:B6�¤,8y@?5AFG:IGK¤u8;:C<K6�<Kªq8 4 5�:=6NªY<>FR¢�¤Q8G:C<>6�¢T¤Q8;FR:¥¨BªY<KF`¢�:¥¨H8;INFG5�¢�<H@?5�8 O ¤KFG¤K¢ D5A8;5AF 3 4 ¤ 3 �n575A6-5 ¨ O 8¦¤K:=6?57@�:C6 > 4 ¤ O 8;5AF ��< = 6o8 4 : 3w3 5�6A8G:C<>6�a W 5�¤K:C¢ 8;< O FG<
GH:C@N5^8 4 55 3 8G:C¢T¤Q8;:=<>6�<Kªy8 4 5D:=6NªY<>FR¢�¤Q8G:C<>6�¢T¤Q8;FR:¥¨^ªY<>F�8 4 5w¢�:¥¨H8;INFG5 O ¤KF;¤K¢�5A8G57F 3 <KªM8 4 5 3 5A9>¢T5A6�D8«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9�¢T<H@?5A8 W54 576�8 4 5�6EI?¢��S5AFµ<Kª�6�8CI 3 8;5AF 3 ¤K6?@�8 4 5�6EI?¢D�n57F�<Qª 3 5A9>¢�57698 3¤KFG5�:N¨�57@�< ��FG:=5��)H,a 8C5J8�I 3 FR5�67¤,8.8 3 <>¢T5�:C¢ O <>FR8;¤K698w6?<K8;¤Q8;:=<>6 3 <KJ 4 5�<>�HZR5�6J8;:IG>5�: 3 8;<
6�¤,8B67I)8C¤Q8;548 4 5�<>� 3 57F-GK57@L:=6NªY<>FR¢�¤Q8G:C<>6T¢�¤u8;FG: ¨ ¯

I(ψ;Y ) = − ∂2

∂ψ∂ψT
logLKP (Y ;ψ, T )

= 6�8 4 5�ªY<L8.8=< W :=6)9)a W 5 W :B8.8XI 3 5�8 4 5 3 6A<>FG5�ªYI?6�6A8;:=<>6�a?6N<K8;5A@ ��a 3 I)6 4 8 4 ¤Q8 ¯




S(ψ;Y ) = ∂
∂ψ

logLKP (Y ;ψ, T ),

Sc(ψ;X) = ∂
∂ψ

logLcKP (X;ψ, T ).

J 4 5^@?:=�S57FR57698;:C¤Q8;:=<>6�<Kª48 4 5^:C6)6A<>¢ O 8C5J8;50D�@�¤Q8;¤F8C<L9CD�8C:=�K5A8C: 4 <�<H@��n57:=6)9�@?:��36AI)8=8�a W 5�I 3 58 4 5}67<K¢ O 8=5A8G50D�@?¤Q8«¤ 8=:C�K5A8C: 4 <�<H@�a W :=8 4 8 4 5�FG5A8¦¤Q8G:C<>6 3 4 : O 9>:BGK576^�#H b <KI?: 3 U �" 
	#WLZ ¯
I(ψ̂;Y ) = � X|Y {Ic(ψ;X)}

∣∣
ψ=ψ̂

− � X|Y {Im(ψ;X)}
∣∣
ψ=ψ̂

= � X|Y {Ic(ψ;X)}
∣∣
ψ=ψ̂

− � ovX|Y {Sc(ψ;X)}
∣∣
ψ=ψ̂

, U���< WLZ
W :=8 4 Im(ψ;X) �S5A:C6)9L8 4 5^¢T: 3G3 :=6)9L@�¤u8«¤B:C6NªY<KFG¢T¤Q8;:=<>6�¢T¤Q8GFG:¥¨�<���:C6�675b8 4 5�6A<>¢ O 8C5J8;5
6�¤,8B67I)8C¤Q8;:=<>6¬<Kª,8 4 : 3 :=6NªY<>FR¢�¤Q8G:C<>6¬¢T¤Q8;FR:¥¨¬: 3 8=<>6)9)aH:=8µ: 3 ªYI)8B8BHw@?5J8«¤K:B8C5A@�:C6 24O?O 576N@?:¥¨ 3 5A60D8;:C<K6 ��< ��< = 6L8 4 : 343 5�6J8;:C<K6�a W 5DªY<�6AI 3 <>6L8 4 5 O ¤QFR8;:B67I)8C¤KF 3 8GFGI)6J8;I?FR5w<KªM8 4 5�:C6NªY<>FR¢�¤u8;:C<K6¢�¤Q8GFG: ¨w:C6¬8 4 5 3 5A9>¢�57698«¤Q8G:C<>6�U26�8=I 3 8G57FG:=6)9}67<>698G5J¨H8e< M <>FM8 4 : 3yO I?F O < 3 5,a W 54I 3 5�8 4 5d67<>¢ DO 8C5J8;5�@�¤Q8;¤w:C6NªY<>FR¢�¤u8;:C<K6�¢T¤Q8;FR:¥¨�¤ 3 ¤K6^5J¨N¤K¢ O 8C52<B��:C¢�:.8C¤KF�67<>¢�¢�57698 3 6�¤Q6��n5�¢�¤Q@?5P<>68 4 5�¢�: 3G3 :C6)9w:=6NªY<>FR¢�¤Q8G:C<>6T¢�¤u8;FG: ¨�<

= 6b8 4 5 24O?O 576N@?:¥¨ 3 5�6J8;:C<K6 ��< � W 5 3 4 < W 8 4 ¤Q8q8 4 5;67<K¢ O 8=5A8G50D�@?¤Q8«¤�:=6NªY<>FR¢�¤Q8G:C<>6T¢�¤�D8;FG: ¨ Ic(ψ;X) : 3 �)8=<�6«��@?:¦¤,9K<>6�¤,8 W :=8 4 8G57FG¢ 37¯

� X|Y {Ic(π;X)}
∣∣
π=π̂

= K ×




1
π̂1

+ 1
π̂P

. . . 1
π̂P<<< < < < <<<

1
π̂P

. . . 1
π̂P−1

+ 1
π̂P


 ,

� X|Y {Ic(m;X)}
∣∣
θ=θ̂

=




np

ŝ21
. . . 0<<< < < < <<<

0 . . . nP

ŝ2
P


 ,

� X|Y

{
Ic(s2;X)

}∣∣
θ=θ̂

=




np

2ŝ41
. . . 0<<< < < < <<<

0 . . . nP

2ŝ4
P


 ,

R �
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¤K6?@ np =
∑

k nkτ
k
p
FR5 O FR5 3 57698 3 8 4 5b6EI?¢��S5AFw<Kª�@�¤Q8«¤ O <>:=6E8 3 W :=8 4 :C6h5AG>5AF-H 3 5�9>¢�57698:C6 6A8CI 3 8;57F p < J 4 5b:=6NªY<>FR¢�¤Q8G:C<>6�¢T¤Q8;FR:¥¨_6A<>6)675AFG6?:=6)9 O FR< O <KFR8;:=<>6 O ¤KF;¤K¢�5A8G57F 3 6�¤Q6��S5W FG:=8R8;5A6#¤ 37¯

� X|Y {Ic(π;X)}
∣∣
π=π̂

= K × � X|Y {ic(π;X)}
∣∣
π=π̂

,W54 57FR5 ic(π;X) W <>I�8C@BFG5 O FG5 3 5A6E8�8 4 5w:C6NªY<KFG¢T¤Q8;:=<>6 O FG<
GH:C@?5A@��[H.<>6?5 3 8«¤Q8G: 3 8;:.67¤,8�I?6?:=8�<> <>6 3 5A�EI?57698"8IHLa48 4 5L6EI?¢D�n57Fb<Qª`@?¤Q8«¤ O <>:C698 3 4 ¤ 3 6?<�:=6 ��I?5A6)675B<K6}8 4 5 O FR5�6A: 3 :=<>6§<Kª8 4 5 O FR< O <KFR8;:=<>6�5 3 8;:C¢T¤Q8G<>F 3 W54 :B6 4 <K6)8BH�@N5 O 576?@-<>6o8 4 5^6EI?¢D�n57F�<Kª 3 5�9>¢�57698 3 < ¡ 68 4 5367<>698GF;¤KF�HLa²8 4 5 O FR5�6A: 3 :=<>6®<Kª�8 4 5�5J¨H8G57FG6?¤,8 O ¤KF;¤K¢�5A8G57F 3 UY¢T57¤K6�¤K6N@OGQ¤KFG:C¤K6)6A5
Z W :.8.8:C6)6AFG5�¤ 3 5 W :=8 4 8 4 5�6EI?¢D�n57F£<Kªt@�¤Q8«¤ O <>:C698 3 a 3 :C6)6A5
� X |Y {Ic(m;X)}

∣∣
θ=θ̂

' n× � X|Y {ic(m;X)}
∣∣
θ=θ̂

.

J 4 : 3�O ¤KF�8;:.6AI)8¦¤QF��n5 4 ¤
GH:=<>F�<Qª�8 4 5 O ¤KFG¤K¢�5A8;5AF 3 � 5 3 8;:=¢�¤u8;<>F 3 : 3 8=:C6?�Q57@�8;<T8 4 5�@?5A:�6N:=8;:=<>6<Kªt8 4 5 3 8;¤Q8;: 3 8;:B6�¤,8XI?6?:=8 3 <Kª�8 4 5�¢�<�@?5A8 ¯ 4 :C@?@?5A6�GQ¤KFR:¦¤K��8C5 3 {Z1, . . . , ZK} <K6)8BH�67<>6)6A57FR6
K �
N
	���N0��P��0a W54 5AFG5�¤ 3 <>� 3 57F�G>5A@nGQ¤KFG:C¤K�)8=5 3 {Y1, . . . , Yn} 6A<>6)675AFG6 n @�¤Q8«¤ O <>:C698 3 <
f3g�� � j �]u6
 o0r 	 r/tnp ��j x r3y�j�z w �]j5m

K
u/m]y

P
u�	7j l���j5y

243�O FG50GH:C<>I 3 8BH.@?5 3 67FG:=�S5A@®8 4 5¬<>�HZR5A6A8;:IG>5¬<Kª�8 4 5 3 5�9>¢�57698«¤u8;:C<K6VU26�8=I 3 8G57FR:C6)9 O FR<>�)8=57¢±: 38;<�@N5A:�6?5 3 5�9K¢T5A6E8 3 ¤K6?@#8;<�6A8CI 3 8;5AF�8 4 57¢ :C698;<�¤ :�6?:¥8;5�6HIN¢D�S5AF4<Kª�9KFG<>I ON3 < = 6B¤ :�F 3 83 8;5 O a W 5£ªY<E67I 3 <>6w8 4 5d67¤ 3 5 W54 5AFG5 K ¤K6N@ P ¤QFG5�:N¨�57@�< = 6w8 4 : 3 6�¤ 3 5q8 4 5£¢�<�@N5�8)67¤K6T�n5
G�:=5 W 57@�¤ 3 ¤�¢T: ¨H8;I?FR5�¢�<�@?5A8t<Qªc�
N
	���N0��P'�0< J 4 5D<>�HZR5A6A8;:IG>5D: 3 8 4 576L8;<�6�8CI 3 8;5AF�G>5A6A8G<>F 3
{Y 1, . . . , Y K} :C698;< P 9>FR<>I O?3 <KJ 4 5#<>FG:B9>:C6?¤,8C:¥8�H�<Kª48 4 : 3 ¢�<�@?5A8q: 3 8 4 ¤Q8¬8 4 5h©A@�¤u8«¤�©W54 :.6 4 ¤QFG5?6A<>6 3 :=@?57FR57@��#H®8 4 5T¢T: ¨�8GI?FG5�¤KFG5 3 5A9>¢T5A698 3 <Kª£@N:=�S57FG5A698 3 :=­75 3 a�8 4 5 3 5 3 :C­A5 3�S5A:C6)9�@?5A:?6?57@��#H�8 4 5��?FR5�¤K� O <>:C698 O ¤KFG¤K¢T5J8;5AF 3 J W54 576�8 4 5�6HIN¢D�S5AF`<Qª 3 5A9>¢T5A698 3 : 3
:N¨�57@�a 3 :C6)6A548 4 5;8=576)9Q8 4 <Kª 3 5A9>¢�57698 k : 3 nk = tk − tk−1

< 2�3q3 5A9>¢T5A698 3£3 4 < W @?:=�S57FR576983 :C­A5 3 a�8 4 : 3 4 5A8;5AFG<L9K576?5A:=8�H}: 3 8C:=�K5A8BH�8;< 4 ¤eGK5_6A<>6 3 57�EI?576�675 3 <>6}8 4 5B�S5 4 ¤eGH:C<>F�<Qª�8 4 5¢T<H@?5�8&<
�����6��� � ' ?�)OP #�: � ! 7>/B'*7>-M#,!	��! %�
C7 :O-
����������������� ?J58:AI�)AI0%(=.% #,%.7>!
243 6?<Q8;57@ O FR5AGH:C<KI 3 8IHLa f(yk; θp)

: 3 8 4 5P@?5A6 3 :¥8�H�<Kªt¤ � ¤KI 3R3 :C¤K6?G>5A6A8;<KFq<Kª 8C576�9K8 4 nk < = 68 4 5}6�¤ 3 5�<Kª²¤ 4 <K¢T< 3 675A@�¤ 3 8G:.6�¢�<�@N5�8&:¥8 3 5J¨ O FR5 3R3 :C<K6.: 3A¯
f(yk; θp) = exp

{
−nk

2

(
log(2πs2) +

1

s2

[
d2
kp + w2

k

])}
,

W :=8 4 ¯




d2
kp = (ȳk −mp)

2

w2
k = (ȳ2

k − ȳ2
k)





ȳk = 1
nk

∑
t∈Ik

yt,

ȳ2
k = 1

nk

∑
t∈Ik

y2
t .

d2
kp
FG5 O FG5 3 57698 3 8 4 5D@?: 3 8;¤K6)675`<KªM8 4 5w¤eG>57FG¤,9>5w<Kª GK5�6J8;<>F Y k 8;<T8 4 5D¢�5�¤Q6.<Kª�6A8CI 3 8;57F p aW54 57FR5�¤ 3 w2

k
�EI�¤K698;:I:�5 3 8 4 5�:=698;F;¤�D+G>5A6A8G<>F GQ¤KFG:C¤K�?:.8=:=8�H,<OJ 4 5����
�0P�N0�0���C� O FG<K��¤K�?:B8C:=8�H�<Kª�S5A8C<>6)9K:C6)9�8G< O < O I�8¦¤Q8G:C<>6 p : 37¯

τkp =
πp exp

{
− nk

2s2
d2
kp

}
∑P

`=1 π` exp
{
− nk

2s2
d2
k`

} .

R��
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	 e[mVsMmnv�gYcdg mni
� �CP���� 	 p0

P ��N �0S 
[�0P�N0� � 
�� ��P���Q,P �
d2
k0 = inf

p

{
d2
kp

}
,

P���N0� �
lim
nk→∞

τkp0 = 1 lim
nk→∞

τkp = 0

lim
nk→0

τkp0 = πp0 lim
nk→0

τkp = πp.

	 e[m&mVp
M <KF�8 4 5 O FR<�<Qª	a W 5�@?5J8«¤K:B8X8 4 5}67¤,8.6AI)8CI 3 <Qªt8 4 5 ���
�0P	N0� ���C� O FG<>��¤Q�?:.8=:=8;5 3�3 I�6 4 8 4 ¤Q8 ¯

τkp0 =
1

1 +
∑

6̀=p0
π`

πp0
exp

{
− nk

2s2
(d2
k` − d2

k0)
}

τkp =
πp exp

{
− nk

2s2
(d2
kp − d2

k0

}

πp0 +
∑

6̀=p0
π` exp

{
− nk

2s2
(d2
k` − d2

k0)
}

Jt<L9K5A8 4 57F�a?8 4 5 3 5`5A�EI�¤Q8;:=<>6 3q3 4 < W 8 4 ¤u8 ¯
lim
nk→∞

τkp0 = 1 lim
nk→∞

τkp = 0

lim
nk→0

τkp0 = πp0 lim
nk→0

τkp = πp

J 4 : 3 ¢T57¤K6 3 8 4 ¤Q8dG>5A6A8G<>F Y k W :.8B8,�S5�¤ 3G3 :.9>6N57@^U W :=8 4 O FG<K��¤K�?:B8C:=8�H�<>6?5eZ£8;<�8 4 5s6�8=< 3 5 3 8O < O I)8¦¤Q8G:C<>6�¤ 3 :=8 3 8C576�9K8 4 :C6)6AFG5�¤ 3 5 3 < ¡ 6�8 4 5s67<>698GF;¤KF�HLan:=ª�8 4 5s8C576�9K8 4 <Kª�8 4 5sGK5�6A8G<>F4: 33 ¢T¤,8.8&au8 4 5q<>� 3 57F-GQ¤Q8G:C<>6w<QªS:¥8 3 FR5�¤,8=:C­7¤Q8;:=<>6 yk W :B8.8 O FG<
GH:C@?5�8=:=8R8"8C5�:C6�ªY<>FG¢T¤Q8;:=<>6�FG5�9>¤KFG@?:=6)9:=8 3 ¢T5A¢D�S5AF 3 4 : O a&¤K6?@B8 4 5 ���
�0P�N0� ���C� O FR<>��¤K�?:B8C:¥8�H W :.8.8�8;5A6?@B8;<b8 4 5|�$� ���C� O FG<>�?¤K�?:.8=:=8�H<Kª²¢�57¢��S5AF 3 4 : O 8;<¬<>6?5}9>FR<>I O <
�����6� � � ' ?�)OP # :�� ! 7>/B'*7>-M#,!	�6!,%�
C7�:O- '*% 1�#,4J5&7 ?�)A5&)M'*7C#,7D5&!�7>!$#&%�L

'*)+#,7>!

J 4 5�ªY<KFG¢DI)8C¤Q8;:=<>6B<Kªµ8 4 5�¢T: ¨H8;I?FR5 O ¤KF;¤Q¢T5J8;57F�5 3 8;:=¢�¤u8;5 3 : 3 9K:BG>5A6h:=6�°M�EI�¤Q8G:C<>6 U ��<���Z <b 5J8£I 3 ªY<�6AI 3 <>6^8 4 5�5 3 8;:=¢�¤Q8G:C<>6�<Kªt8 4 5}9>FG<KI O?3 � W 57:B9 4 8 ¯

π̂p =

∑
k τ̂

k
p

K
. U���<��#Z

�MFR< O <KFR8;:=<>6 πp W :B8.8��n54:=6E8G57F O FG5J8;57@^¤ 3 8 4 5 O FG< O <>F�8;:=<>6T<Qª segments W54 :B6 4 �S5A8C<>6�98;<?6A8CI 3 8;57F p < ��:=6)675 W 5 4 ¤eG>5 3 4 < W 6B8 4 ¤Q8 τ kp 8G576?@ 3 8G<�<>6?5D¤ 3 8 4 5 3 :C­A5D<Kª 3 5�9>¢�57698 k:C6)6AFG5�¤ 3 5 3 a�8 4 5T5 3 8;:C¢T¤Q8G<>F`<Qª πp W :.8B8��n5�¤28 3 < 3 5A6 3 :¥8;:BGK5�8;<�8 4 5 3 :C­A5�<Kªq8 4 5 3 5�9>¢�57698 3 <°y�EI�¤u8;:C<K6 U ��<��#ZM:C6?@N:.6�¤u8;5 3 8 4 ¤Q8 3 5�9>¢�57698 3 W :=8 4 :C¢ O <>F�8«¤K698 3 :=­75 W :.8.8 4 :B9 4 8IH�67<>698;FR:C�?I�8;58;<�8 4 5�5 3 8G:C¢T¤Q8;:=<>6w<Kª&8 4 5d9>FG<>I O?3µO FG< O <>FR8G:C<>6 3 aH¤K6?@T¢�¤eH�67FR5�¤Q8G54¤/9>FG<KI O <KªS8 4 5A:CFy< W 6�<

R��
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2�3 ªY<>F�8 4 5#5 3 8;:C¢T¤Q8G:C<>6�<Kª�:=698;57FR6�¤,8 O ¤KFG¤K¢T5J8;5AF 3 :=8 6�¤K6}�n5 3 575A6}ªYFG<>¢ °M�EI�¤Q8G:C<>6
U ��<���Z0a98 4 ¤Q8 G>5�6J8;<>F 3 <Kª&:C¢ O <>F�8«¤K698 3 :C­75 W :.8B8�:C6 �?I?576)6A5�8 4 545 3 8;:=¢�¤u8;:C<K6w<Kª&8 4 54¢�5�¤K6T¤K6?@
GK¤QFG:¦¤Q6)675�<Kªt5�¤26 4 6A8CI 3 8;57FAa 3 :=6)675

m̂p =

∑
k nkτ

k
p ȳk∑

k nkτ
k
p

.

J 4 : 3 ¢�5�¤K6 3 8 4 ¤u8q8 4 5�¢�5�¤K6 mp
<Kªl8 4 5 pth 6A<>¢ O <>6?5A698q<Kª�8 4 5�¢�:¥¨H8;INFG5 W :B8.8n�S5�FR5 O FR50D3 57698;¤Q8;:IG>5�<Kª�8 4 5}8C<K6)9>5 3 8�G>5A6A8;<KF 3 Y k W54 :.6 4 ¤KFR5�8 4 5}6�8=< 3 5 3 8q8;< O < O I)8C¤Q8;:=<>6 p <

f3g�� � r|x ��u�	�o���r|m w o0p � r}p ��j�	 x jcp ��r3y"� t2r
	 ��j<�sx j5m��
p u;pqoArsm�� �Rz �"��pqj�	�oAm�� ��	�r��]zAj5x �

��< W 8 4 ¤u8 W 5�@?50:�6?5A@�<>I?F�¢T<H@?5�8MªY<>F 3 5�9>¢�57698«¤u8;:C<K6VU26�8=I 3 8G57FR:C6)9 O FG<K�)8C5A¢ 3 at<>INF O INF�DO < 3 5¬: 3 8;<�67<>¢ O ¤KFR5¬:=8 W :=8 4 5 ¨�: 3 8G:C6)9�¢�<�@?5A8 3 W54 :B6 4 @N5�¤,8 W :=8 4 3 :C¢�:.8C¤KF4: 3G3 IN5 3 <�¶�:=@�D@?576L�.¤KFG�Q<
G#¢�<H@?5�8 3 67<>6 3 8;:¥8;IN8G5�8 4 5�¢T< 3 8 W :C@?5A8BHbI 3 57@#¢T5J8 4 <H@�8G<�¤ 3G3 5 3G3�3 5�9K¢T5A6E8;¤CD8;:C<K6VU26�8=I 3 8G57FR:C6)9w�EI?5 3 8;:=<>6 3 <cJ 4 : 3 : 3 W54 H W 5 O FR< O < 3 5�8;<�5J¨ O 8=<>FG5�8 4 5`@?:¥�X5AFG5A6)675 3 8 4 ¤Q85J¨�: 3 8��n5A8 W 575A6.<>INF�¢�<H@?5�8X¤K6?@#¶P�L� 3 a�ªYFG<>¢³¤¬¢�<H@?5�8B8C:C6�9 O <>:C698£<Kª GH:C5 W <
¶�:C@?@N576*�.¤KFG�Q<
G§¢T<H@?5A8 3 4 ¤eGK5��n575A6*¤ ONO 8C:=57@§8;<o¤KFRF;¤eH > � ¶	@�¤Q8«¤�¤K6?¤,8BH 3 : 3 �#HM FR:C@)8IH9¤K6N@^N0PcQ,SIT U�W,X,X,Y[Z0<£¶�< W 50G>57FP¤K6?<K8 4 57F 3 8;FG¤Q8;5A9,H 4 ¤ 3 �S5A576 O FG< O < 3 5A@.8;<�¤K6�¤,8IH 3 58 4 5 3 5®@�¤Q8«¤�< J 4 : 3 ¢T5J8 4 <H@ : 3 67¤,8.8=57@ >cb,2d> ªY<>F > 8CI 3 8;5AFG:=6)9 2 8C<K6)9 > 4 FG<>¢�< 3 <>¢T5 3

UY´h¤K6)9�N0PsQ,SIT U�W,X,X#`LZ�Z <®´�5^¤,8 3 < 67<K¢ O ¤QFG5b<>I?F�¢T<H@?5�8�8;<B8 4 : 3 6?5 W ¢�5A8 4 <�@ W54 < 3 5<>�HZR5�6J8;:IG>5 3 ¤KFR5 3 :C¢�:.8C¤KF�<
���
	���� � :B' ?�)A5&%(! :O- EH%2#,G G0%.;0;J7>- � )A5&KO:
� '*:<;J7>=.!
= 6�8 4 : 3�3 5�6J8;:=<>6�a W 5�¤Q:C¢	¤Q8s67<K¢ O ¤QFG:C6�9�8 4 5T@N:=�S57FG5A698�¢�<�@N5�8.8=:C6)9 3 8;FG¤Q8;5A9>:C5 3 �n5A8 W 575A6¶P�L� 3 ¤K6?@^8 4 5 3 5A9>¢�57698«¤Q8G:C<>6�U26�8=I 3 8G57FG:=6)9¬¢T<H@?5A8 W 5 O FG< O < 3 5,<q��<K8;5�8 4 ¤Q8 W 5`@?<�6?<K8O FG<
GH:C@?5D¤K6L5J¨H8G576 3 :BG>5wFR5AGH:C5 W <Qª 4 :C@?@N576��.¤QFG�K<
G.¢T<H@?5�8 3 < J 4 5DFG57¤K@?57F4: 3 FR5AªY5AFGFG5A@B8;<
� ¤K�N:C6?5AF/U �" 
	� #Z�¤K6?@#° O 4 FG¤K:C¢ U�W,XLXLWLZ�ªY<>F�8 4 : 3qO INF O < 3 52<
� eQgYaEpqste[aHv7aHiScdk�c[g mni�mVp�rtg {�{�aHi � k?e��Vm���fhm,{la��jv

= 6h<>FG@?5AF`8G<L@?F;¤ W ¤K6?¤,8C<L9K:C5 3 �n5A8 W 575A6-¶4�L� 3 ¤K6N@h8 4 5 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9¢T<H@?5�8&a W 5 W :B8.8�I 3 5 3 :=¢T:B8¦¤KF�8;5AFG¢�:C6?<,8C<L9>:=5 3 <�´ 4 576oI 3 :=6)9®¤ 4 :C@?@N576��.¤KFG�Q<
G�¢T<H@?5A8W 5s67<>6 3 :C@?5AFP¤ 3 57�EI?5A6)675w<Qª 4 :C@N@?576�GK¤QFG:¦¤Q�)8C5 3 Zn
1 = {Z1, . . . , Zn} 8;¤K�E:C6)93GQ¤,8CI?5 3 :=6.¤3 8«¤u8;5 3RO ¤,6A5 Z = {1, . . . , P} a W54 57FR5 P : 3 8 4 5�6EI?¢D�n57F`<Kª56�8=I 3 8G57F 3 <FJ 4 : 3D3 57�EI?576�675:C6?@?:B6�¤Q8G5 3 8 4 5|8¦¤K�n5�8B8C:C6�9w<Kªy5�¤,6 4 :=6?@?:IG�:=@?I�¤,8,@?¤Q8«¤ O <>:=6E8�8;< P 6A8CI 3 8;5AF 3 <�J 4 5D57¢�: 3R3 :=<>6<Kª£8 4 5^<>� 3 57F�G>57@ 3 5A�HIN576)6A5 yn1 = {y1, . . . , yn} : 3 ¢T<H@?5A8.8C5A@h8 4 FG<>I)9 4 8 4 5^¤ 3R3 <E67:¦¤u8;57@4 :C@?@N576 3 8«¤Q8G5 3 aN¢�5�¤K6?:=6)9�8 4 ¤Q8�8 4 5457¢�: 3R3 :=<>6T<Qª Yt : 3 ¢T<H@?5A8.8C5A@ 6A<>6?@?:¥8;:=<>6�¤,8B8BH�8;< Zt < = 68 4 5 � ¤KI 3G3 :¦¤K6]67¤ 3 52a�:=8qªY<L8B8C< W 3 8 4 ¤Q8

Yt|Zt = p ∼ N (mp, s
2
p).= ª�GQ¤KFR:¦¤K��8C5 3 Zt 3 W 57FR5P:C6?@N5 O 576?@?5A698ea W 5 W <>I)8=@��S5�:C6�8 4 5V6�¤ 3 5P<Kªl¤�¢�:¥¨H8GI?FG5�¢T<H@?5A8W54 :.6 4 @?<H5 3 6?<K856A<>6 3 :=@?57F�¤K6#H 3RO ¤Q8;:C¤,8X@N5 O 576?@?5A6)6AH�ªY<>F�6A8CI 3 8;57FR:C6)9�< = 6#<>FR@?57F�8G<T:=698;FG<CD@?I)675�8 4 : 3l3GO ¤Q8G:¦¤,89@N5 O 576?@?5A6)6AH�¤K¢�<>6)9 4 :C@N@?576/GK¤QFG:¦¤Q�)8C5 3 ad8 4 5 3 5A�EI?576)6A5 Zn

1
: 3�3 I O?O < 3 57@
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8;<��n5D@?FG¤ W 6BªYFR<>¢±¤��.¤KFG�Q<
G~6 4 ¤K:=6 W :=8 4 8;FG¤K6 3 :¥8;:=<>6L¢T¤Q8;FR:¥¨ φ = {φ(p, `)}P×P

3 I)6 48 4 ¤Q8 ¯
φ(p, `) = Pr{Zt = `|Zt−1 = p}.= 6�8 4 54ªY<,8.8C< W :=6)9)a W 5 W :B8.8n6?<K8G5 π = {πp}P 8 4 5 G>5�6J8;<>FqFR5 O FR5 3 57698;:=6)9D8 4 5�:=6?:=8G:¦¤,8�@N: 3 8GFG:{D�?IN8;:=<>6 3 a���T�N�Ty8 4 5 O FG<>�?¤K�?:.8=:=8�H¬8 4 ¤Q8£8 4 5�:C6N:=8;:C¤,8 3 8;¤Q8;5�: 3 p ¯

πp = Pr{Z1 = p}.
� aHz>mSi�vAcde���zKc[gYmSi�mVp�cdr�a.rtg {t{laHi§v7a����la�i�z>a

´ 4 576B8 4 5 O ¤KF;¤K¢�5A8G57F 3 <Kªy8 4 5w¢�<�@N5�8t¤KFG5w�E6?< W 6�a W 5¬¤K:C¢
¤Q8�FR5�67<K6 3 8GFGI)6J8;:C6�9^8 4 5
4 :C@?@N576 3 57�EI?5A6)675 Zn

1
W54 :.6 4 : 3 ¤ 3G3 <�6A:¦¤Q8G57@�8G<�8 4 5�<>� 3 5AF-GK57@�@�¤Q8;¤�<�J 4 : 3�3 57�EI?5A6)675b: 3I 3 5A@�8G<39K:BG>5�¤ 8C¤K�S5A8X8;<¬57¤,6 4 :=6?@?:IG�:=@?I�¤,8n@�¤Q8;¤ O <>:=698 Yt < J 4 : 3 FG5A67<>6 3 8;FRI)6A8G:C<>6�: 3 @N<>6?5I 3 :=6)9�8 4 5q�P:¥8;5AFG�?:?<KF�8 4 5qªY<>F W ¤KFR@�D��?¤,6«� W ¤KFR@�¤,8B9><>FR:=8 4 ¢n<qJ 4 5q�P:¥8;5AFG�?:�¤28.9><>FR:=8 4 ¢0¤Q:C¢ 3¤Q8�:�6?@?:=6)9`8 4 5�¢�< 3 8 O FG<>��¤Q�)8C5 4 :=@?@?576 3 5A�HIN576)6A5 z̃n1 9K:BG>5A6T8 4 5�<K� 3 5AF-G>5A@ 3 5A�HIN576)6A5�¤K6?@O ¤KF;¤Q¢T5J8;57F 3 (φ, π)

3 I)6 4 8 4 ¤Q8 ¯

z̃n1 = Argmax
zn
1

{
Pr

(φ,π)
{Zn

1 = zn1 |Y n
1 = yn1 }

}
,

W54 57FR5�¤ 3 8 4 5DªY<KF W ¤KFG@�D���¤,6«� W ¤KFG@h¤,8.9><KFG:=8 4 ¢ ¤K:C¢ 3 ¤Q8}67¤,8.6AI)8¦¤u8;:C6�9�¤Q8�50G>57F�H O < 3 :=8G:C<>6 t8 4 5 O FG<>�?¤K�?:.8=:=8�H�<Qª�5�¤,6 4 6A<>I O 8=5.<Kª 3 8«¤u8;5 3 {Zt = p, Zt+1 = `} ¤K6N@}<Kª�57¤,6 4 3 8;¤Q8;5
{Zt = p} 6A<>6?@?:¥8;:=<>6�¤,8B8BH¬8;<w8 4 5�<K� 3 5AF-G>5A@ 3 5A�EI?576)6A5 ¯

Pr
(φ,π)

{Zt = p, Zt+1 = `|Y n
1 = yn1 } ¤K6?@ Pr

(φ,π)
{Zt = p|Y n

1 = yn1 }, (p, `) ∈ Z2

��<K8G548 4 ¤u8q�S<Q8 4 ¢�5A8 4 <�@ 3 I 3 5�¤¬�.¤u¨�:=¢DI?¢ 2 �t< 3 8;5AFG:C<KFG: Uj� 2 � Z�FRI)8C548G<wFG5A67<>6 3 8;FRI)6A88 4 5 4 :=@?@?576 3 8«¤Q8G5 3 <
� cdk�c��tvwmVp£c[r�a.rtg {�{�aHi§v7a����laHitz>a

�H:C6)6A5�8 4 5 3 5�9>¢�57698«¤u8;:C<K6VU26�8=I 3 8G57FR:C6)9�¢�<H@?5�8K¤K6?@�¶P�L� 3 67¤K6��S5 6A<>6 3 :C@?5AFG57@`¤ 3 ¢�<�@ED5�8 3 W :=8 4?4 :=@?@?576 3 8GFGI)6J8;I?FR5,a W 5 O FR< O < 3 5£8;< 6A<>¢ O ¤KFG5£8 4 5 3 :B9>6?:B:)6�¤Q8G:C<>6�<Kª,�n<K8 4 4 :C@N@?576
GK¤QFG:¦¤Q�)8C5 3 <t´ 4 :.8C5�¤ O?O 8C:C5A@�8G<w¤KFRF;¤eH > � ¶ @�¤Q8«¤`¤K6�¤,8IH 3 : 3 a��n<K8 4?4 :C@N@?576 3 8;FRI)6A8GI?FG5 3 ¤K:C¢¤Q8y@?5 3 67FR:C�?:=6)9P8 4 5£6?<K6�D�<>� 3 57F�G>5A@�9>5A6?5567< O H#D�6EI?¢D�n57F W54 :B6 4 67¤K6¬�S5£¤ 3G3 <E67:C¤Q8;5A@w8;<�5�¤,6 4
6�8C<K6?5,< = 6�8 4 5�67¤ 3 54<Kª�¶P�L� 3 aN8 4 : 3µ3 57�EI?5A6)675�: 3�3 I O?O < 3 57@�8G<�ªY<L8B8C< W ¤w�#¤KFG�Q<�GH:C¤K6b@?: 3 D8;FG:=�?IN8G:C<>6�aN¢T57¤K6?:C6�9¬8 4 ¤Q8£8 4 5s9>5A6?5/67< O H#D�6EI?¢D�n57F�¤Q8�<>6?5 O <>:C698£@?5 O 5A6?@ 3 <K6#8 4 5s9>5A6?5
67< O H#D�6EI?¢D�n57Fy<KªX6?57:B9 4 �S<KFG:C6�9;6�8C<K6?5 3 <\J 4 : 3 �.¤QFG�K<
GH:¦¤Q6 O FR< O 57FR8�H�¤28.8C< W 3 8 4 5 3 57�EI?5A6)675<Kª 4 :C@?@?5A6�GQ¤KFR:¦¤K��8C5 3 8;< 3 4 < W 4 <>¢T<,9>576?5A<>I 3 8C¤K�S5A8 3�3 I)6 4 8 4 ¤Q8 ¯
Pr{Ztk

tk−1+2 = (p, . . . , p), Ztk+1 6= p|Ztk−1+1 = p, Ztk−1
6= p} = φ(p, p)nk(1−φ(p, p)),

W :=8 4 nk = tk− tk−1
�S5A:C6)9P8 4 5�8C5A6)9K8 4 <Qª 3 5�9>¢�57698 k ªY<>F W54 :.6 4 8 4 5�8C¤K�S5A8N: 3 p < = 6¬<>FR@?57F8;<�@?FG¤ W ¤K6�¤28C<L9>:=5 3 W :=8 4 8 4 5 3 5A9>¢�57698«¤Q8G:C<>6�U26�8=I 3 8G57FG:=6)9P¢�<�@N5�8�a W 5 W :B8.8�67¤,8.8H�?FR5�¤K� O <>:C698:C6 3 8«¤K698eaS8 4 5 O < 3 :=8;:=<>6 tk ªY<KF W54 :B6 4 8 4 5 8C¤K�S5A8�6 4 ¤Q6)9>5 3 <sJ 4 : 3 ¤,8B8C< W 3 I 3 8;<b@?50:�6?5 Ik a8 4 5 kth 3 5�9K¢T5A6E8£ªY<>F W54 :.6 4 8 4 5}8¦¤Q�S5A8�GQ¤KFG:C¤K�)8=5 3 z̃t 3 4 < W 8 4 5 3 ¤K¢�5;8¦¤K�n5�8 ¯

Ik =]tk−1, tk] / ∀t ∈ Ik, z̃t = z̃k, U���< Y[Z
R��
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W :=8 4 z̃k 8 4 538C¤K�n5�8M<Kª 3 5A9>¢T5A698 k < ¡ 6?5 O FR< O 5AFR8�H�<Kª 4 :=@?@?576��.¤KFR�K<
G�¢T<H@?5A8 3 : 3 8 4 ¤Q88 4 5d8C5A6)9K8 4 <Kª 3 5�9>¢�57698 3 ªY<L8B8C< W 3 ¤s9>5A<>¢�5A8;FR:.6q@?: 3 8GFG:C�NIN8;:=<>6 W :=8 4 ¢T57¤K6 1/(1−φ(p, p)) <J 4 : 3 ¢�5�¤K6 3 8 4 ¤Q8¬¢�<�@N5�8.8=:C6)9�8 4 5 3RO ¤Q8;:C¤,8�@?5 O 5A6?@?5A6)6AH W :¥8 4 ¤��#¤KFG�Q<�GH:C¤K6 O FG< O 57F�8�H:C¢ O 8C:B67:=8�8BHw¢�<H@?5�8 3 8 4 5�@?: 3 8GFG:C�NIN8;:=<>6b<Kª�8 4 5}8C5A6)9K8 4 <Qª 3 5�9>¢�57698 3 <
= 6�8 4 5 6�¤ 3 5�<Qªµ8 4 5 3 5�9K¢T5A6E8;¤Q8;:=<>6VU26A8CI 3 8;5AFG:C6�9�¢T<H@?5A8 W 5 O FR< O < 3 52al8 4 5�8¦¤K�n5�8 GQ¤KFG:{D¤K�)8C5 3 6A<>6)675AFG6 3 5�9>¢�57698 3 a9¤K6?@w6N<K8²@?¤Q8«¤ O <>:=6E8 3 <+��5�9>¢�57698 3 ¤KFR5�:C698;5AF O FR5A8G57@w¤ 3 9>576N<>¢T:B6FG5�9K:C<>6 3 W54 :.6 4 3 4 ¤QFG5�8 4 5 3 ¤K¢�5�9>576?5 D�6A< O Hw6EI?¢D�n57F�< = 6�<KI?F 6�¤ 3 5,a98 4 5 4 :C@?@N576�GK¤QFG:¦¤Q�)8C5 3¤KFG5 3 I O?O < 3 5A@®8G<��n5w:C6N@?5 O 576?@N57698eal¢�5�¤K6?:=6)9�8 4 ¤Q8 W 5�@N<�6N<K8�¢T<H@?5A8t8 4 5 O FG<>�?¤K�?:.8=:=8�H8;< O ¤ 3G3 ªYFG<K¢ <>6?5��?:C<,8C<L9>:B6�¤,8 3 8;¤Q8;5^8;<�¤K6?<K8 4 57FA<}��5AG>5AFR8 4 5�8=5 3G3 aq8 4 5AFG5�5J¨�: 3 8 3 ¤ 3RO ¤CD8;:¦¤28�@N5 O 576?@?5A6)6AHL¤K¢�<>6)9�9K576?5 6A< O H.6EI?¢��S5AF 3 a 3 :=6)675D<K6?5 O <>:C698 W54 < 3 5D6?57:B9 4 �S<KF 3 ¤QFG5@?5�8=5A8;5A@#¢T¤eHb�n5�@N5�8C5J8;5A@.¤ 3 W 5�8B8�<�¶�:=@?@?576.�.¤KFR�K<
G^¢�<�@?5A8 3 I 3 5�8 4 5`�.¤KFR�K<
GH:¦¤K6 O FG< O D57FR8�H.8;<^¢T<H@?5A8²8 4 : 3 �?:C<L8=<L9>:B6�¤,8 4 H O <K8 4 5 3 : 3 a W54 5AFG57¤ 3 <KI?F�¢T<H@?5A8�I 3 5 3 8 4 5 3 5A9>¢T5A698;57@6�¤Q8;INFG5�<Kª£8 4 5�<>� 3 57F�G>57@ 3 5A�EI?576)6A5�8G<B@?< 3 <�<_J 4 : 3 ¢�5�¤K6 3 8 4 ¤Q8D:C6h8 4 5?6�¤ 3 5b<Kª 3 5A92D¢T5A6E8;¤Q8;:=<>6VU26A8CI 3 8;5AFG:C6�9)a�8 4 5 3RO ¤Q8G:¦¤,8�@?5 O 576N@?576)60H�: 3 ¢�<�@?5A8.8=57@�8 4 FR<>I)9 4 8 4 5�<>� 3 57F�G>5A@3 57�EI?5A6)6752a W :¥8 4 8 4 5��NFG5�¤Q� O <>:=6E8 3 W54 :.6 4 ¤KFG5 O ¤QF;¤K¢�5A8G57F 3 8G<¬5 3 8G:C¢T¤Q8;52<
¡ 6?5^¢T¤[ZR<>FD@N:=�S57FG5A6)675^�n5 W 575A6��n<K8 4 ¢�<�@?5A8.8=:C6)9 3 8;FG¤Q8;5A9>:C5 3 8C:C5 3 :C6�8 4 5�GK¤QFG:¦¤Q�)8C5 3W54 :.6 4 ¤KFG5�¤Q�X5A6A8G57@h�#HO6 4 ¤K6)9K5 3 < = 6?@N5757@�a²8 4 5 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9^¢T<H@?5�8 3 I O DO < 3 5 3 8 4 ¤Q8^8 4 5 ���0�
N0� �,N�� @?¤Q8«¤�¤KFR5�¤u�X5A6A8;5A@ �#Hv6 4 ¤Q6)9>5 3 UY8 4 FG<KI)9 4 8 4 5A:CFb@?: 3 8;FR:C�?IED8;:C<K6 O ¤KFG¤K¢�5A8;5AF 3 Z0a W54 57FR5�¤ 3 ¶4�L� 3 ¢�<�@N5�8�6 4 ¤K6)9K5 3 8 4 ¤Q8q¤u�X5A6A8�8 4 5 �E���#�EN0� 3 57�EI?576�675,<

J 4 57FR5AªY<>FR5 6 4 ¤K6)9>5 3 ¤K6?@ 3 5A9>¢T5A698 3 4 ¤eG>5¬@?:¥�X5AFG57698 3 :.9>6N:B:�67¤Q8;:=<>6 3 :=6B�S<Q8 4 ¢�<�@?5A8 3 < = 68 4 5 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9 6A<>698;5 ¨�8�a&¤36 4 ¤K6)9>5`:C6^8 4 5 O ¤KFG¤K¢T5J8;5AF 3 <Kª�8 4 5�@?: 3 8;FR:C�?IED8;:C<K6h<Kªq8 4 5�<>� 3 57F�G>57@ 3 57�EI?576�675^: 3 6?<K8D6N5�675 3G3 ¤KFG:B8BHO8C:C6N�K57@�8;<B¤F6 4 ¤K6)9>5�:=6�8 4 5?8¦¤Q�S5A8<Kª²8 4 5 3 5�9>¢�57698�a 3 :C6)6A5�8 4 57FR5`5 ¨�: 3 8 3 6N<�67<K6 3 8GF;¤K:=6E8£ªY<>F Zk 8G<T�n5`@N:=�S57FG5A698�ªYFR<>¢ Zk+1 <�#<>FG5A<
G>57FT�?FG57¤K� O <K:C698�:=6 3 8;¤K698 3 @?<h6?<Q8 4 ¤eGK5.8 4 5 3 ¤K¢�5 3 8«¤u8;I 3 a 3 :C6�675^8 4 50H}¤KFR5 O ¤CDF;¤K¢�5A8G57F 3 W54 :B6 4 ¤KFR5¬< O 8;:=¢T:=­75A@B�[H�¢T¤u¨�:C¢�I?¢�D+8C:=�K5�8=: 4 <H<H@�:=6B8 4 536�¤ 3 5T<Qª�<>I?F�¢�<�@N5�8�aW54 57FR5�¤ 3 8 4 50H^¤KFR5�FR5�6A<�GK57FR57@.:=6b8 4 5}6�¤ 3 5�<Kª�¶4�L� 3 <

���
	�� � � :B' ?�)A5&%(! :O- EH%2#,G #,G07 ����� � )O?J?05&:B)OP8G
2 @N:=�S57FG5A698`¢�<H@?5�8B8C:C6�9 3 8GF;¤Q8G5�9,H 4 ¤ 3 �S5A576_67<>6 3 :C@?5AFG5A@h�#HL´h¤K6)9@N0P Q,SIT~U&W,XLX#`,Z0a W54 <O FG< O < 3 5£¤�6N5 W ¢�5A8 4 <H@¬ªY<KF 6�¤,8B8C:C6�9�99¤K:=6 3 <>F\8=< 3G3 5 3 :C6�¤KFRF;¤eH > � ¶}@�¤Q8;¤�<�J 4 : 3 ¢T5J8 4 <H@: 3 67¤,8.8=57@ CLAC ªY<>F > 8CI 3 8;5AFG:C6�9 2 8=<>6)9 > 4 FG<>¢�< 3 <>¢T5 3 < = 6�8 4 5�ªY<L8B8C< W :C6�9)a W 5 O FG< O < 3 58;< O FG5 3 5A6E8��?FR:C5���H�8 4 : 3 ¢T5J8 4 <H@�¤K6?@^8;<�67<K¢ O ¤QFG5�:=8 W :=8 4 <>I?Fq¢�<H@?5�8&<

J 4 5 O I?F O < 3 5q<Kª >cb,2d> : 3 8;<��NI?:.8=@w¤ 4 :=57F;¤QF�6 4 :B6�¤,8E6�8=I 3 8G57F�8;FR575q¤28C<>6)9�5�¤,6 4 6 4 FR<>¢�<2D3 <>¢�5£¤KFG¢�a 3 I�6 4 8 4 ¤Q8�99¤K:=6VU28C< 3G3 FR5�9>:=<>6 3 ¤KFG5 3 5 O ¤QF;¤Q8G57@�:=698;<�@?:=�S57FR57698��?F;¤Q6)6 4 5 3 <B��:C6�6758 4 5¬<>FR@?57F�<Kª�8 4 5�9>5A6?5 3 : 3 :�¨N5A@�¤,8=<>6)9b8 4 536 4 FG<>¢�< 3 <K¢T52a&8 4 5�<>FG@N57F�<Kªµ8 4 5�8C57¤eG>5 3 <Kª8 4 5�8;FR575�: 3 :N¨�57@.¤ 3 W 5A8.8&< > <>6 3 57�EI?5A698"8BH,aS<K6)8BH^¤Q@uZG¤,675A698�6A8CI 3 8;57F 3 ¤KFG5�ZR<>:C6N57@b8;<L9K5A8 4 57FW54 576^8 4 5�8GFG575�: 3 9K576?5AF;¤Q8G57@^ªYFG<>¢ 8 4 5��n<K8G8G<>¢�D�I O <
= 6-<>FG@N57F¬8;<®¢T57¤ 3 I?FR5b8 4 5 3 :=¢T:B8¦¤KFR:=8�H®�S5J8 W 5A576§6?5A:.9 4 �n<>FG:=6)9 6�8=<>6?5 3 aµ8 4 5.¤QIN8 4 <KF 3:C698;FR<�@?I�675�¤ 3 8;¤Q8;: 3 8;:B6;6�¤,8B8C5A@bFG5�8C¤Q8;:IG>5�@?:¥�X5AFG5A6)675�¤K6?@�@?50:�6?57@ 3 I)6 4 8 4 ¤u8 ¯

rd(yt, yt+1) =
|yt − yt+1|

|yt| + |yt+1| + |yt+1 + yt|
.

RS·
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J 4 5M@?: 3 8«¤K6�675M�n5A8 W 57576�8 W <56A<>698;:.9KI?<>I 3 6A8CI 3 8;57F 3 Ci = {t1, . . . , tk} ¤K6?@ Cj = {`1, . . . , `k}: 37¯
rd(Ci, Cj) = rd(ytk , y`1),W54 57FR5 `1 = tk + 1

3 :C6)6A5 Ci ¤K6N@ Cj ¤KFG5�6?5A:.9 4 �n<>FG:=6)9 6�8=I 3 8G57F 3 <
¡ 6)6A5D8 4 5`8;FG5A5 4 ¤ 3 �n575A6 67<>6 3 8;FRI)6A8G57@�8 4 5w�EI?5 3 8;:=<>6B: 3 8;< 3 5�8C5A6A8�:=6E8G57FR5 3 8G:C6)9�6A8CI 3 D8;57F 3 <�J�<�@?< 3 <)a�8 4 5D¤KIN8 4 <>F 3�O FR< O < 3 5�8;< 3 8;IN@�H^8 4 FR575|6 4 ¤KF;¤,6J8;5AFG: 3 8;:B6 3 <KªM5�¤26 4 6�8=I 3 8G57FW54 :.6 4 ¤KFR5 ¯ 8 4 5�FR5�8C¤Q8;:IG>5�@?:¥�X5AFG576�675�<Kª�8 4 5�6?<H@?5�:=6�8 4 5�8;FR5752a?8 4 5�6EI?¢D�n57F£<Kª76�8=<>6?5 3 :C68 4 5 3 I?�N8GFG5A5¬¤K6?@.8 4 5D¢�5�¤K6FGQ¤,8=I?5�<KªM8 4 5|8C5�¤eGK5 3 <KªM8 4 5 3 I?�N8;FR5752< = 6E8G57FR5 3 8G:C6)9�6�8CI 3 8;5AF 3¤KFG5;6 4 < 3 576#I 3 :=6)9367IN8�D�<K�~GQ¤,8=I?5 3 ªYFR<>¢ 8 4 5 3 5s6AFG:¥8;57FR:¦¤�<
2 ¢T¤[ZR<>FS@?:=�S57FR576)6A5y�S5J8 W 5A576`8 4 5 >cb,2d> ¤ ONO FG<9¤26 4 ¤Q6?@P8 4 5 3 5�9>¢�57698«¤u8;:C<K6VU26�8=I 3 8G57FR:C6)9¢T<H@?5�8y: 3 8 4 ¤Q8�8 4 53:�F 3 8D<>6?5�: 3 6?<K8���¤ 3 57@�<>6�¤ 3 8;¤Q8;: 3 8G:.6�¤28M¢T<H@?5�8&<�J 4 : 3 ¤,8B8C< W 3 8 4 5¤KIN8 4 <>F 3 8G<�@N5A:�6?5�¤ G>5AF-H 3 :C¢ O 8C5c6A8CI 3 8;5AFG:C6�9 O FG<E6757@NI?FG52aH�?¤ 3 5A@T<>6w8 4 556�8¦¤ 3G3 :B6�¤,8 4 :C5AF;¤KF	D

6 4 :.67¤,8�6A8CI 3 8;57FR:C6)94¢T5J8 4 <H@�< J 4 : 3 : 3 W54 Hw¢�<�@N5�8.8=:C6)9 3 8;F;¤u8;5�9K:C5 3 ¤KFG5µ@?:��367I�8=8²8G<;67<>¢ O ¤KFR5:C6�8 4 : 3 67¤ 3 52<M��50G>5AFR8 4 5�8C5 3G3 a�:¥8�: 3 6�8C57¤KFt8 4 ¤Q8�8 4 : 3 ¤ O?O FR<9¤,6 4 <>6)8IH|6A<>6 3 :C@?5AF 3 6?5A:.9 4 �n<>FG:=6)9O <>:=698 3 ªY<>Fs6A8CI 3 8;5AFG:C6�9)a W54 5AFG57¤ 3 8 4 57FG5�¢�¤eH��n5�6?<>6ED�67<K6E8G:.9>IN<>I 3�O <>:=698 3 �n5�8=<>6)9>:=6)9^8;<8 4 5 3 ¤K¢�5�6A8CI 3 8;57FA< ¡ 6T8 4 5 67<>698GF;¤KF�HLa�8 4 5 3 5�9>¢�57698;¤Q8;:=<>6VU26A8CI 3 8;57FR:C6)9�¢�5A8 4 <�@ 67<>6 3 :C@?5AF 35AG>5AF-H�@�¤u8«¤ O <K:C698 3 8G<�5 3 8;:=¢�¤u8;5�8 4 5 O ¤KF;¤Q¢T5J8;57F 3 <Kª457¤,6 4 9>FG<>I O <@J 4 5�<K8 4 5AFw¢�¤dZR<>F@?:=�S57FR576)6A5b: 3 8 4 ¤Q8D8 4 5 >cbl2d> ¤ O?O FR<9¤,6 4 @?<H5 3 6?<K8 67<>6 3 :C@?5AF�¤K6#H��?FR5�¤K� O <>:C698¬:C6�8 4 5<>� 3 5AF-GK57@b@�¤Q8;¤�<�J 4 5 3GO ¤Q8;:C¤,8�:C6NªY<KFG¢T¤Q8;:=<>6w: 3 I 3 57@�8G<|6�8=I 3 8G57F�6?57:B9 4 �S<KFG:C6�9 O <>:=6E8 3 <K6)8BH,<
¡ 6?5�¢�¤[ZR<KFs6AFG:=8G:.6A: 3 ¢
8 4 ¤Q8|6�¤K6h�S5�¢T¤K@?5¬8;<#8 4 5 >cb,2d> ¤ O?O FG<9¤,6 4 : 3 :¥8 3 8¦¤,6«��<Kª3 8«¤u8;: 3 8;:B6�¤,8Q��¤ 3 : 3 ªY<>F,¢T<H@?5A8 3 5A8C5�6J8;:=<>6�< J 4 : 3lO FR<�6A57@?I?FR5y: 3 @?<>6?5yI 3 :C6)9£5A¢ O :=FG:B6�¤,826 4 ¤KF;¤260D8;57FR: 3 8;:.6 3 W54 :B6 4 ¤KFR5 3 I ONO < 3 57@�8;<�@?5A:?6?5 4 <>¢�<L9>576N57<>I 3 6A8CI 3 8;5AF 3 <�J 4 57FR5AªY<>FR5£8 4 5 >cb,2d>

¢T5J8 4 <H@b: 3 GK57F-H^@N5 O 576?@?5A6984<>6b8 4 5�8�H O 5�<Kªt@�¤Q8«¤wI?6N@?57F 3 8GI?@�H,a W54 :.6 4 : 3 6?<Q8q8 4 5;67¤ 3 5ªY<>Fw¶P�.� 3 ¤Q6?@�ªY<>FD<>I?Fw¢�<H@?5�8&< = 6�8 4 5b6N5J¨H836 4 ¤ O 8G57F�a W 5 W :B8.8R67<>6 3 8;FRI)6A8T¤B¢T<H@?5A83 5�8=5�6J8;:C<K6 4 57I?FR: 3 8;:.6P8G< 3 5�8=5�6J8�8 4 5�6EI?¢D�n57F£<Kª 6�8=I 3 8G57F 3 ¤Q6?@ 3 5�9>¢�57698 3 <�J 4 : 3qO FG<E6757@NI?FG5: 3 �?¤ 3 5A@o<K6�8 4 5��n5 4 ¤
GH:=<>F�<Kª£8 4 5?8C:=�K5A8C: 4 <�<H@�<Qªq8 4 5�¢�<H@?5�8&aM¤K6?@@67¤K6��S5�¤ O?O 8=:C57@�8;<<K8 4 5AF�8�H O 5 3 <Kªt@�¤Q8;¤�<

R R
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f3g�� � r|m�� z��"��oArsm
= 6¬8 4 : 3 6 4 ¤ O 8G57F W 5d6A<>6 3 8;FGI�6A8;5A@�¤P6N5 W ¢�<H@?5�8HªY<>F 3 5A9>¢�57698«¤Q8G:C<>6�U26�8=I 3 8G57FG:=6)9 O INF O < 3 5 3 <> <>¢ O ¤KFG5A@ W :=8 4 <K8 4 57F�¢T<H@?5A8.8C:=6)9�¤ O?O FG<9¤,6 4 5 3 8 4 : 3 ¢T<H@?5A8n: 3 6?5 W 3 :=6)675�:=8R67<>¢D�N:C6?5 3 ¤3 5�9K¢T5A6E8;¤Q8;:=<>6L¢�<�@N5�8�¤Q6?@�¤�¢T: ¨H8;I?FR5�¢�<�@?5A8�<;J 4 : 3 67<>¢��?:C6�¤u8;:C<K6.: 3 8 4 <KI)9 4 8�8;< 4 ¤Q6�D@)8C548 4 5 3RO 5A67:B:)67:=8�H�<Kªl8 4 54@�¤Q8«¤�a W54 :.6 4 : 3 ¤ 3GO ¤Q8;:C¤,8X@?5 O 5A6?@?5A6)6AH^¤Q6?@�¤ 3 8;FRI)6A8GI?FG5�:=698;<
9>FG<>I O?3 <�´h5 O FR< O < 3 5A@T¤ 4 HH�?FR:C@�¤,8.9K<>FG:¥8 4 ¢ 8G<�5 3 8G:C¢T¤Q8;5µ8 4 5 O ¤QF;¤K¢�5A8G57F 3 <KªV8 4 5q¢�<�@N5�8�<
J 4 5 O FG¤,6A8G:.6�¤28t:=¢ O 8=57¢�57698«¤u8;:C<K6#<KªM8 4 : 3 ¤,8.9K<>FG:¥8 4 ¢ W :B8.8l�S5 3 8;IN@?:C5A@B:C6.8 4 5D6?5 ¨�8 O ¤KFR8�<= 8 W :.8B8VFG57�EI?:=FG54¤K6b¤ O?O FG< O FR:¦¤Q8G54:=6?:=8G:¦¤,8=:C­�¤u8;:C<K6 3 8G5 O a?¤ 3 50G>57F�H�:¥8;57FG¤Q8;:IG>54¤,8.9><KFG:=8 4 ¢�a9¤K6?@W 5 W :.8B8 O FR< O < 3 5�¤¬¢T5J8 4 <H@b8;< 3 8;¤K�?:.8=:C­A548 4 5�¢�5A8 4 <�@ W54 576.:¥8qª ¤,675 3 8C<E6�¤,8S¢�¤u¨�:=¢�¤�<

J 4 5D6?5J¨H8 3 8;5 O : 3 8 4 5 3 5�8C5A6A8G:C<>6#<KªM8 4 5`6EI?¢D�n57FP<Kª 3 5�9>¢�57698 3 ¤K6?@~6A8CI 3 8;5AF 3 a W54 :.6 4: 3 8 4 5 O I?F O < 3 5�<Kª�8 4 5�6N5J¨H8�6 4 ¤ O 8;5AF�<

R �
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f3g�f � �"� j5m�y�o �
= 6^8 4 : 3�3 5�6J8;:=<>6�a�<>I?F�<>�HZR5�6J8;:IG>5�: 3 8G<�6�¤,8B67I)8C¤Q8;548 4 5�57¢ O :=FG:.67¤,8 M : 3 4 57F�:=6NªY<>FR¢�¤Q8G:C<>6T¢�¤�D8;FG: ¨ W :¥8 4 8 4 5�FR5�8¦¤u8;:C<K6 3 4 : O�O FR<�GH:=@?57@��#H b <KI?: 3 U �" 
	#WLZ ¯

I(ψ̂;Y ) = � X|Y {Ic(ψ;X)}
∣∣
ψ=ψ̂

− � X|Y {Im(ψ;X)}
∣∣
ψ=ψ̂

= � X|Y {Ic(ψ;X)}
∣∣
ψ=ψ̂

− � ovX|Y {Sc(ψ;X)}
∣∣
ψ=ψ̂

, U���< `LZ
W54 57FG5 Ic(ψ;X) @?5A6?<K8;5 3 8 4 5 6A<>¢ O 8C5J8;50D�@�¤Q8;¤�:C6NªY<KFG¢T¤Q8;:=<>6T¢T¤Q8GFG:¥¨�¤K6N@ Im(ψ;X) 8 4 5¢T: 3G3 :=6)9w@�¤Q8;¤w:C6NªY<>FR¢�¤u8;:C<K6�¢T¤Q8;FR:¥¨�<
��� �3��� � :B' ?�=.7C#,7 L ;J)A#,) %(- � :A5 '*)+#,%(:O- '*)A# 5&%21 � :A5 '*% 1�#,4J5&7 ?�)�L

5&)M'*7C#,7D5&!
M :CF 3 8q<Kª²¤,8B8�a W 5 3 4 < W 8 4 ¤Q8£8 4 5/6A<>¢ O 8C5J8;5P@�¤u8«¤¬:C6NªY<>FR¢�¤u8;:C<K6�¢T¤Q8;FR:¥¨�: 3 �)8=<�6 D�@?:C¤,9><>6�¤28�<= 6®8 4 5 6A<>¢ O 8C5J8;50D�@�¤Q8;¤bªYFG¤K¢�5 W <>FG��a W 5 6�¤K6®I 3 5�8 4 5�ªY<,8.8C< W :=6)9�ªY<>FR¢DI)8¦¤ g(Y, Z;ψ) =
h(Z; π) × f(Y |Z; θ) a W :=8 4 h �n57:=6)9^8 4 5¬¢T¤KF�9>:=6�¤,8�@N576 3 :=8�H�<Kªµ8 4 5 4 :C@N@?576 GQ¤KFG:C¤K�)8C5 3 <
J 4 576 W 5 4 ¤eG>5 ¯

Sc(ψ;X) =
∂

∂ψ
log g(Y, Z;ψ)

=
∂

∂ψ
log h(Z; π) +

∂

∂ψ
log f(Y |Z; θ).

��:C6)6A5
∂

∂θ
log h(Z; π) = 0,

∂

∂π
log f(Y |Z; θ) = 0,

= 8£: 3 6�8=5�¤KF�8 4 ¤Q8 ¯
Ic(ψ;X) =

[
Ic(π;X) 0

0 Ic(θ;X)

]
.

= 6h<>FG@?5AF�8;<#@?57FR:BGK5�8 4 5 6�¤,8B67I)8=I 3 <Qª�8 4 5�67<>¢ O 8C5J8;5 D�@�¤Q8;¤�:=6NªY<>FR¢�¤Q8G:C<>6�¢T¤Q8;FR:¥¨�a W 56?575A@�8G< 67¤,67I)8C¤Q8;5P8 4 5}67<>¢ O 8=5A8;5 D�@�¤u8«¤ 3 6A<>FG5 Sc(ψ;X)
3 I)6 4 8 4 ¤u8 ¯

∂

∂πp
LcKP (X;ψ, T ) =

∑

k

Zkp
πp

− ZkP
πP

, U���< �#Z

∂

∂mp

LcKP (X;ψ, T ) =
∑

k

Zkp

∑
t∈Ik

(yt −mp)

s2
p

,

∂

∂s2
p

LcKP (X;ψ, T ) =
∑

k

Zkp
2

(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)
.

�$#
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b 5J8�I 3 ªY<E67I 3 <>6�8 4 5 O FR< O <>FR8G:C<>6 O ¤KFG¤K¢T5J8;5AF 3 :C6�¤n:�F 3 8 3 8;5 O <.��:=�S57FG5A698;:¦¤u8;:C6�9�8 W :B6758 4 5}67<K¢ O 8=5A8G50D�@?¤Q8«¤ 8=<L92D�8=:C�Q5�8C: 4 <H<�@�9>:IG>5 3A¯

� X|Y {Ic(π;X)} =
∑

k




τk
1

π2
1

+
τk
P

π2
P

. . .
τk
P

π2
P<<< < < < <<<

τk
P

π2
P

. . .
τk
P−1

π2
P−1

+
τk
P

π2
P


 .

��:C6)6A5
π̂p =

1

K

∑

k

τkp ,

W 5;:�6�¤28.8BH�<>�N8;¤K:C6 ¯

� X|Y {Ic(π;X)}
∣∣
π=π̂

= K ×




1
π̂1

+ 1
π̂P

. . . 1
π̂P<<< < < < <<<

1
π̂P

. . . 1
π̂P−1

+ 1
π̂P


 .

M <KF�8 4 5�5 ¨�8G57FR6�¤,8 O ¤KFG¤K¢T5J8;5AF 3 θ = (m, s2) a W 5/67¤K6 W FG:=8G5 ¯

Ic(θ;X) =

[
Ic(m;X) Ic(m, s2;X)

Ic(m, s2;X) Ic(s2;X)

]
,

M <KF�8 4 5�¢�5�¤K6 O ¤KFG¤K¢�5A8;5AF 3 a Ic(m;X) : 3 @?:C¤,9><>6�¤28 3 :=6)675
∂2

∂mp∂m`

logLcKP (X;ψ, T ) = 0.

= 8qªY<L8.8=< W 3 8 4 ¤Q8 ¯
� X|Y {Ic(m;X)}

∣∣
θ=θ̂

= @?:¦¤29 [∑k nkτk1
ŝ2
1

, . . . ,

∑
k nkτ

k
P

ŝ2
P

]
.

J 4 576 W 5 4 ¤eG>5 ¯
� X|Y

{
Ic(m, s2;X)

}∣∣
θ=θ̂

= 0,

� X|Y

{
Ic(s2;X)

}∣∣
θ=θ̂

=
1

2
@?:C¤,9 [∑k nkτk1

ŝ4
1

, . . . ,

∑
k nkτ

k
P

ŝ4
P

]
.

= ª W 5B6?<K8G5 np =
∑

k nkτ
k
p
8 4 5B6EI?¢D�n57F�<Kª�@�¤Q8;¤ O <K:C698 3 W :¥8 4 :=6 6�8=I 3 8G57F p aq8 4 567<>¢ O 8C5J8;5 D�@�¤Q8;¤D:C6NªY<KFG¢T¤Q8;:=<>6�¢T¤Q8;FR:¥¨ 4 ¤ 3 8 4 5�ªY<,8.8C< W :=6)9D5J¨ O FR5 3R3 :C<K6 ¯

� X|Y {Ic(θ;X)}
∣∣
θ=θ̂

= @?:¦¤,9 [n1

ŝ2
1

, . . . ,
nP
ŝ2
P

;
n1

2ŝ4
1

, . . . ,
nP
2ŝ4

P

]
.

� \
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��� �3� � � %.! !,%.-0/�L ;J)+#&) %(- � :A5 '*)+#,%(:O- '*)+#,5&% 1
= 6�8 4 : 3q3 5�6A8G:C<>6�a�<>I?F£¤K:=¢³: 3 8G<�6�¤,8B67I)8C¤Q8;5 ¯

� X |Y {Im(ψ;X)}
∣∣
ψ=ψ̂

= � ovX |Y {Sc(ψ;X)}
∣∣
ψ=ψ̂

.

M <KF�8 4 : 3�O I?F O < 3 5 W 5h6?5A57@ 8G<K67¤,67I�8¦¤Q8G5�8 4 5_67<>¢ O 8C5J8;5 D�@�¤Q8;¤ 3 67<KFG5 Sc(ψ;X) ¤ 3 :C6°y�EI�¤u8;:C<K6 U���< �LZ0< = 6^8 4 5�ªY<L8B8C< W :C6�9)aH8 4 5}6�¤,8B67I)8=I 3 : 3 @N5�67<K¢ O < 3 5A@ 3 I)6 4 ¤ 37¯

Im(ψ;X) =



Im(π;X) Im(π,m;X) Im(π, s2;X)

Im(m;X) Im(m, s2;X)
Im(s2;X)


 .

� g v�v�g il��];{lkNcdk®gjilp�mVeufhkNc[gYmni�fhk�cdeug���p�mVeTste[mVsMmVe[cdg mni�v¬s�k?e[k�fha9cdaEeuv��
J 4 5c6�¤,8B67I)8=I 3 <Qª Im(π;X) 6�¤Q6D�S5�@?<>6?5 3 5 O ¤KF;¤Q8G5�8IH`ªY<>F�@?:C¤,9><>6�¤28�¤Q6?@D6?<>6ED�@?:C¤,9><>6�¤288;57FR¢ 3 <

@?:C¤,9 � X |Y {Im(π;X)} =
�
{∑

k

Zk
p

πp
− Zk

P

πP
|Y
}
,

8;FR:CI � X |Y {Im(π;X)} = � ov
{∑

k

Zk
p

πp
− Zk

P

πP
;
∑

k

Zk
`

π`
− Zk

P

πP
|Y
}
.

@?:¦¤,9 � X|Y {Im(π;X)} =
∑

k

τkp (1 − τ kp )

π2
p

+
τkP (1 − τ kP )

π2
P

+ 2
τkp τ

k
P

πpπP
,

8GFG:CI � X|Y {Im(π;X)} =
∑

k

τkP (1 − τ kP )

π2
P

− τkp τ
k
`

πpπ`
+
τkp τ

k
P

πpπP
+
τk` τ

k
P

π`πP
.

� g v�v�g il��];{lkNcdk®gjilp�mVeufhkNc[gYmni�fhk�cdeug���p�mVe�fhaEk�itv¬s�k?e[k�fha9cdaEeuv
= 6�<>FG@N57F�8;< 3 :=¢ O 8=:=ª�H�6?<K8;¤Q8;:=<>6 3 ªY<>FP8 4 5 67¤,8.6AI)8CI 3 <Qª Im(m;X) a W 5�I 3 5�6?<K8;¤Q8;:=<>6

dkp = (ȳk −mp)
<�J 4 5D¢�: 3R3 :=6)92D�@?¤Q8«¤¬:C6NªY<KFG¢T¤Q8;:=<>6^¢�¤Q8GFG: ¨bªY<>F�8 4 5D¢�5�¤K6 O ¤KFG¤K¢T5J8;5AF 3: 3 8 4 576 ¯

@?:¦¤29 � X |Y {Im(m;X)} =
�
{∑

k

Zk
p

s2
p

∑

t∈Ik

(yt −mp)|Y
}
,

8;FG:=I � X |Y {Im(m;X)} = � ov
{∑

k

Zk
p

s2
p

∑

t∈Ik

(yt −mp);
∑

k

Zk
`

s2
`

∑

t∈Ik

(yt −m`)|Y
}
.

@?:¦¤,9 � X |Y {Im(m;X)} =
∑

k

τkp (1 − τ kp ) × n2
k ×

d2
kp

s4
p

,

8GFG:=I � X |Y {Im(m;X)} = −
∑

k

τkp τ
k
` × n2

k ×
dkpdk`
s2
ps

2
`

.

� �
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∑
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(yt −mp)
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s4
p

)
|Y
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8;FG:=I � X |Y

{
Im(s2;X)

}
= � ov

{∑

k

Zk
p

2

(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)
;

∑

k

Zk
`

2

(
−nk
s2
`

+

∑
t∈Ik

(yt −m`)
2

s4
`

)
|Y
}
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@?:¦¤,9 � X |Y

{
Im(s2;X)

}
=

∑

k

1

4
τkp (1 − τ kp )

(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)2

,

8GFG:=I � X |Y

{
Im(s2;X)

}
= −

∑

k

1

4
τkp τ

k
`

(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)(
−nk
s2
`

+

∑
t∈Ik

(yt −m`)
2

s4
`

)
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@N:¦¤,9 � X|Y {Im(π,m;X)} = � ov
{∑

k

Zk
p

πp
− Zk

p

πP
;
∑

k

Zk
p

s2
p

∑

t∈Ik

(yt −mp)|Y
}
,

8;FR:CI � X|Y {Im(π,m;X)} = � ov
{∑

k

Zk
`

π`
− Zk

P

πP
;
∑

k

Zkp
s2
p

∑

t∈Ik

(yt −mp)|Y
}
.

@?:¦¤29 � X|Y {Im(π,m;X)} =
∑

k

[
τkp (1 − τ kp )

πp
+
τkp τ

k
P

πP

][∑
t∈Ik

(yt −mp)

s2
p

]
,

8GFG:=I � X|Y {Im(π,m;X)} =
∑

k

[
τkP τ

k
p

πP
− τkp τ

k
`

π`

] [∑
t∈Ik

(yt −mp)

s2
p

]
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∑
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2
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p

)
|Y
}
,

8GFG:=I � X |Y

{
Im(π, s2;X)

}
= � ov

{∑
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Zk
`
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P
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;
∑

k
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∑
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p

)
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}
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@?:¦¤,9 � X |Y

{
Im(π, s2;X)

}
=

1

2

∑

k

(
τkp (1 − τ kp )

πp
+
τkP τ

k
p

πP

)(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)
,

8GFG:=I � X |Y

{
Im(π, s2;X)

}
=

1

2

∑

k

(
τkP τ

k
p

πP
− τkp τ

k
`

π`

)(
−nk
s2
p

+

∑
t∈Ik

(yt −mp)
2

s4
p

)
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∑

k

Zk
p

2

(
−nk
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p

+

∑
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(yt −mp)
2

s4
p

)
|Y
}
,

8GFG:CI � X|Y

{
Im(π, s2;X)

}
= � ov

{∑

k

Zk
p

s2
p

∑

t∈Ik

(yt −mp) ;

∑

k

Zk
`

2

(
−nk
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`

+

∑
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2

s4
`

)
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}
.
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1

2
τkp (1 − τ kp )
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t∈Ik

(yt −mp)

s2
p

] [−nk
s2
p

+

∑
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(yt −mp)
2

s4
p

]
,

8;FR:CI � X|Y

{
Im(π, s2;X)

}
= −

∑
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1

2
τkp τ

k
`

[∑
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(yt −mp)

s2
p

][−nk
s2
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+

∑
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2
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�45 3RO :=8G5�¤�8C<>6)9]67¤,8.6AI)8CI 3 a²¤28.8�8 4 5 3 5�8;5AFG¢ 3 67¤K6h�n5�5�¤ 3 :.8BH~6�¤,8B67I)8C¤Q8;5A@ W :¥8 4 :=6�8 4 5�°��ªYF;¤K¢�5 W <>FG��< = 8,FG5A�EI?:CFR5 3 8 4 5 67¤,8.6AI)8CI 3 <KªE8 4 5M¢�: 3R3 :=6)9�:C6�ªY<>FG¢T¤Q8;:=<>64¢T¤Q8GFG:¥¨ � X |Y {Im(ψ;X)}¤Q8 ψ = ψ̂ aV¤K6?@b8 4 5/6A<>¢ O IN8«¤u8;:C<K6b<Kª
I(ψ̂;Y ) = � X|Y {Ic(ψ;X)}

∣∣
ψ=ψ̂

− � X |Y {Im(ψ;X)}
∣∣
ψ=ψ̂

.

� 6NªY<>F�8;I?6?¤Q8;5A8.8BH�8 4 5AFG54: 3 6?< 3 :=¢ O 8C5�ªY<>FR¢ <Kª&8 4 54¢�: 3G3 :C6)9�:=6NªY<>FG¢T¤Q8G:C<>6w¢T¤Q8;FR:¥¨¬50G>5A6�ªY<>F
ψ = ψ̂ <
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= 6 O FG¤,6A8G:.675£6?5A:=8 4 57Fy8 4 5�6EI?¢D�n57F�<Kª 3 5�9>¢�57698 3 6?<>FM8 4 546EI?¢D�n57F�<Kª�6�8CI 3 8;5AF 3 ¤KFG5��E6?< W 6�a¤K6?@L8 4 5AH 3 4 <>I)8=@B�S5w5 3 8G:C¢T¤Q8;5A@�<���5AGK57F�8 4 5A8C5 3R3 a,8 4 5�ZR<>:C698P5 3 8G:C¢T¤Q8;:=<>6.<Kªy8 4 5w6EI?¢D�n57F<Kª 3 5�9K¢T5A6E8 3 ¤Q6?@�9>FG<>I O?3 : 3 6?5 W ¤K6N@�6N<`¢�5A8 4 <�@ 4 ¤ 3 H>5A8��n575A6 O FR< O < 3 5A@�<\J 4 : 3 : 3 W54 HW 5 O FR<�6A5757@#:C6�8 W < 3 8;5 ON3 <
��:=�S57FG5A698y¢T5J8 4 <H@ 3 4 ¤eGK5��n575A6 O FG< O < 3 57@w:C6D8 4 5�67<K6E8G5J¨H8y<Kª 3 5A9>¢�57698«¤Q8G:C<>6�¢T5J8 4 <H@ 38;< 6 4 <H< 3 5P8 4 5�6EI?¢D�n57Fq<Kª 3 5�9>¢�57698 3 U 3 5A5 > 4 ¤ O 8;5AF�Y[Z0aN¤K6?@^:C6�8 4 5 6A<>698;5J¨H8�<Kª�¢�:¥¨H8;I?FR5¢T<H@?5�8 3 8;< 6 4 <�< 3 5#8 4 5.6EI?¢D�n57F�<Kª;6A8CI 3 8;5AF 3 U 3 5A5 > 4 ¤ O 8G57F �#Z0< J 4 5 3 5L¢�5A8 4 <H@ 3 ¤QFG5

8¦¤KF-9>5�8IH}��¤ 3 57@ <K6 O 576�¤28C:C­A57@ 8C:=�K5�8=: 4 <H<H@ 67FG:¥8;5AFG:¦¤�¤K6N@*<>I?F O FR:C¢T¤KF-H}<>�HZR5�6J8;:IG>5®: 3 8;<@?5A8G57FG¢�:C6N5w:=ª�8 4 50H 6�¤K6®�S5T¤ O?O 8C:C5A@L8;<�<>I?F}6�¤ 3 5,<3J 4 : 3 : 3 W54 H W 5 O FG< O < 3 5T:=6�¤�:�F 3 83 8;5 O 8;< 3 8;IN@�Hh¢�<H@?5�8 3 5A8C5A6A8;:=<>6 3 8;FG¤Q8;5A9>:C5 3 :C6®8 W < 3 :=8GI�¤Q8;:=<>6 3A¯ W54 5A6�8 4 5�6EI?¢��S5AF�<Kª
6�8CI 3 8;5AF 3 : 3 :N¨�57@�aN¤K6?@ W54 576�8 4 546EI?¢D�n57F�<Kª 3 5�9>¢�57698 3 : 3 :N¨�57@�< J 4 576�8 4 5 3 5�6A<>6?@ 3 8;5 OW :.8.8M�n5T8G<L@?50G>5�8=< O ¤ 4 57I?FR: 3 8G:.6¬8;< 3 5�8=5�6J8D8 4 5T6EI?¢D�n57F�<Qª�6�8=I 3 8G57F 3 :�F 3 8w¤K6?@�8 4 5A6�8;<@?57@?I�675�8 4 5�6EI?¢D�n57F£<Kª 3 5A9>¢T5A698 3 <
� gAh �3j�z0j �RpqoArsm rst

K
w ��j5m

P
o�� l��?j5y

��:C6)6A5�¢�<�@?5A8 3 5�8=5�6A8G:C<>6@6AFG:¥8;57FR:¦¤#¤KFG5�¢T¤K:=6)8BH���¤ 3 57@�<>6�8 4 5�8C:=�K5A8C: 4 <�<H@�<Qªq8 4 5b¢�<�@N5�8�aW 5`¤K:C¢³¤Q8 3 8GI?@�HH:C6�9T8 4 5��n5 4 ¤
GH:=<>F£<Kªt8 4 5}8C:=�K5�8=: 4 <H<H@�<Kª�8 4 5 3 5A9>¢T5A698«¤Q8G:C<>6VUC6�8CI 3 8;5AFG:=6)9¢T<H@?5�8 W54 576 P : 3 :N¨�57@�< = 6�¤�:�F 3 8 3 8;5 O W 5 3 4 < W 8 4 ¤Q8l8 4 : 3 8C:C�Q5�8=: 4 <H<�@4: 3 6?<K8�6?5A675 3R3 ¤KFR:.8IH:C6)6AFG5�¤ 3 :C6�9)a 3 :=6)675�¢�<H@?5�8 3 W :=8 4 :=6)67FR5�¤ 3 :C6)9¬6EI?¢D�n57F 3 <Qª 3 5�9>¢�57698 3 ¤KFR5�6?<K8�6?5 3 8;5A@�<
� �(�O��� � :B-<L -07>!$#,7>; '*:<;07>=.!
	 e[mVsMmnv�gYcdg mni

	 N0���CP&��� 	 M(K,P ) P ��Ns�
N0P5��� Q,S�S��
N
	���N0��P�Q,P&���C��
��0S 
#�0P�N0�0��� 	 �����EN0S � � ��P � K �
N
	��
��N0��P'�sQ,�$� P �0S 
#�0P	N0�"�
� M(K,P ) Q,�$� M(K + 1, P ) Q,�"N/���CP ��N��0P	N���� 
�� ��P ��Q,P��

M(K,P ) 6⊂ M(K + 1, P ).
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	 e[m&mVp
b 5J8bI 3 6?<Q8;5 TK 8 4 5 3 5A8�<Kª O < 3G3 :=�)8C5#�?FG57¤K� O <K:C698 3 ¤Q6?@ ΨP

8 4 5 3 5J8b<Kª�¢�:¥¨H8;I?FR5O ¤KF;¤Q¢T5J8;57F 37¯
TK = {1 = t0 < t1 < t2 < . . . < tK−1 < tK = n, tk ∈ {2, . . . , n− 1}}
ΨP = {π1, . . . , πP ;m1, . . . , mP ; s1, . . . , sP |

0 ≤ πp ≤ 1,
P∑

p=1

πp = 1;mp ∈ � , sp ∈ � }.

J 4 5�ª ¤,6J8�8 4 ¤Q8 M(K,P ) ¤Q6?@ M(K+1, P ) ¤QFG5�6?<K8�6?5 3 8;5A@�: 3 @?I?5£8;<�8 4 5�@?: 3 67FR5A8G56�¤Q8;INFG5D<Kª��?FR5�¤K� O <>:C698 3 <N��:C6�675 3 5�9>¢�57698 3 <Qªµ6EI)8B8 3 :C­75D¤KFG5D6N<K8�¤,8B8C< W 5A@L:C6#8 4 5w¢�<�@N5�8�a:=8�ªY<L8B8C< W 3 8 4 ¤Q8 ¯
TK 6⊂ TK+1,¢T57¤K6?:C6�9D8 4 ¤Q8 ¯

M(K,P ) 6⊂ M(K + 1, P ).

��:C6)6A5�8 4 5�¢�<H@?5�8 3 ¤KFR5T6N<K8�6N5 3 8G57@�:¥8`ªY<L8B8C< W 3 8 4 ¤u8`8 4 5�8=<L92D�8=:C�Q5�8C: 4 <H<�@L@N<�5 3 6?<K8`6?5A60D5 3G3 ¤KFG:B8BH�:=6)67FR5�¤ 3 5 W54 576�8 4 5�6HIN¢D�S5AF¬<Kª 3 5�9>¢�57698 3 :C6)6AFG57¤ 3 5 3 < = 6o8 4 5^ªY<L8B8C< W :C6)9�a W 5O FG<
GH:C@?5�¤K6^:B8.8CI 3 8;FG¤Q8;5A@�5J¨N¤K¢ O 8=5P8;<�:C698;5AF O FR5A8q8 4 : 3£O ¤KF�8;:.6AI)8¦¤QF��n5 4 ¤eGH:C<>FA<

� �(�O� � � =(%2KO7>=.%.G0:<:<; #&GJ)+#�PC)O- ;J7>P 5&7>)B! 7

´h5 3 8;IN@�HL¤ 3 5A�HIN576)6A5 y = {y1, . . . , yn} W :=8 4 P = 2 6�8CI 3 8;5AF 3 ¤K6?@ K = 4
3 5A9>¢�57698 3 a3 :C¢�I)8¦¤Q8G57@ W :=8 4 O ¤KFG¤K¢T5J8;5AF 3 @N5A:�6?5A@�:C6L°M�EI�¤Q8G:C<>6@U 	�<���Z0<VJ 4 : 3�3 5A�HIN576)6A5�: 343 4 < W 6B:C6M :.9>INFG5 	�<��LaN8G< O <





m =
[

0 5
]
,

s2 =
[

1 1
]
,

π =
[

0.5 0.5
]
,

nk = 20,
T =

{
20 40 60 80

}
.

U 	�<���Z

= 6 O F;¤26A8;:B675 W 5#6?<Q8;:.6A57@�8 4 ¤u8�8 4 5#¤K@?@?:¥8;:C<K6o<Qª46?5 W 3 5A9>¢T5A698 3 67<>I)8=@-FR5 3 I)8=8�:C6o¤@?5�6AFG5�¤ 3 5¬:C6L8 4 5 8C<L9CD�8C:=�K5A8C: 4 <�<H@b<Kªy8 4 5w¢�<H@?5�8&< = 6�<>FR@?57F�8;<^:.8B8CI 3 8;F;¤u8;5�8 4 : 3PO ¤KF�8;:.6AI)8¦¤QF�S5 4 ¤eG�:=<>F�a?8 4 5/8C<L92D+8C:=�K5�8=: 4 <H<H@ logLKP (T̂ ; ψ̂) : 3 67¤,8.6AI)8¦¤Q8G57@�:C6^8 4 5/6�¤ 3 5�<Kª�5 ¨?¤Q¢ O 8C5 �LaªY<>F�¤�:N¨�5A@L6EI?¢D�n57F�<Kª\6A8CI 3 8;57F 3 U P = 2 Zq¤K6?@#ªY<KF�¤Q6#:=6)67FR5�¤ 3 :C6)9�6EI?¢D�n57F�<Kª 3 5�9>¢�57698 3U K = 2, . . . , 20 Z <|J 4 : 3 67I?F�G>5¬: 3 FR5 O FR5 3 57698;5A@�:C6 M :B9>I?FR5 	�<��nU �n<K8G8G<>¢?Z a&¤K6N@ 3 4 < W 3 ¤@?5�6AFG5�¤ 3 :C6�9 8=<L92D�8=:C�Q5�8C: 4 <H<�@ W54 5A6#8 4 5�6EI?¢��S5AF�<Qª 3 5�9>¢�57698 3 : 3 9>FG57¤Q8;5AF£8 4 ¤K6]Y)<
´ 4 576 6A<>6 3 :=@?57FR:C6)9o¤ O ¤KFR8G:=8G:C<>6 W :¥8 4 K

3 5A9>¢T5A698 3 a 3 I O?O < 3 5®8 4 ¤Q8 3 5�9>¢�57698 Y `�S5A8C<>6)9 3 8;<�6�8=I 3 8G57F p0
<�J 4 : 3 ¢T57¤K6 3 8 4 ¤u8 ¯

f(Y `;ψP ) =
P∑

p=1

πpf(Y `; θp) ' πp0f(Y `; θp0).
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J 4 5}8C<L92D+8C:=�K5�8=: 4 <H<H@T<Kª�8 4 : 3 67<K6�:�9>I?FG¤Q8;:=<>6�6�¤Q6#�n5�¤ O?O FR<d¨�:=¢�¤Q8G57@ 3 I�6 4 8 4 ¤Q8 ¯

logLKP (T̂K; ψ̂P ) '
K−1∑

k 6=`

log

{
P∑

p=1

π̂pf(Y k; θ̂p)

}
+ log

{
π̂p0f(Y `; θ̂p0)

}

J 4 : 3 ¤ ONO FG<�¨�:C¢T¤Q8;:=<>6 3 5757¢ 3 FG57¤,8C: 3 8;:B6�:=6L8 4 5�6�¤ 3 5¬<Kª W 5A8.8 3 5 O ¤KFG¤Q8;5A@O6A8CI 3 8;5AF 3 aq8=:C�K5�:C68 4 5 3 :C¢�I)8¦¤Q8G57@T5J¨N¤K¢ O 8C52<\J 4 576 W 5 67<K6 3 :=@?57F�8 4 5 67¤ 3 5 W54 57FR5�¤�6?5 W 3 5�9>¢�57698q: 3 ¤K@N@?57@¤K6?@ W54 5AFG5�8 4 : 3 ¤K@N@?:=8G:C<>6`<>6)8BHs67<K6)675AFG6 3 8 4 5c67IN8y<Qª 3 5�9K¢T5A6E8 Y ` :C698G< (Y `1, Y `2) <+��:C6�6758 4 50HbFG5A¢�¤K:=6�67<>6N@?:=8G:C<>6�¤28.8BH�:=6?@?5 O 576N@?57698 W 5 4 ¤eG>5 ¯
∀p, f(Y `; θp) = f(Y `1; θp) × f(Y `2; θp).

= ª Y ` �n5�8=<>6)9 3 8;< p0
¤K6?@w:¥ª?8 4 5R67FR5�¤Q8G:C<>6D<QªV6?5 W 3 5A9>¢�57698 3 @N<�5 3 6?<K8�¤Q�X5A6A8t8 4 5c8C¤K�n5�8.8=:C6)9<Kª Y `1 ¤K6?@ Y `2 aN8 4 5/8=<L92D+8C:C�Q5�8=: 4 <H<�@¬<Kª�8 4 : 3 6?5 W 67<K6�:�9>I?FG¤Q8;:=<>6^: 3 ¤ O?O FG<�¨�:C¢T¤Q8G57@ 3 I)6 48 4 ¤Q8 ¯

logLK+1,P (T̂K+1; ψ̂P ) '
K−1∑

k 6=`1,`2

log

{
P∑

p=1

π̂pf(Y k; θ̂p)

}

+ log
{
π̂p0f(Y `1 ; θ̂p0)

}
+ log

{
π̂p0f(Y `2 ; θ̂p0)

}
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∀K ∈ {P, . . . , K̃P} J̃K =
JK̃P

− JK

JK̃P
− JP

(K̃P − P ) + P,

3 I)6 4 8 4 ¤Q8 J̃K̃P
= P ¤K6N@ J̃P = K̃P

<?J 4 5A6 W 5 O FR< O < 3 5¬8;<�6�¤,8B67I)8C¤Q8;5D8 4 5T5A¢ O :CFG:B6�¤,83 5�6A<>6?@#@?57FR:BGQ¤Q8;:IG>5�<Kª J̃K a 3 I)6 4 8 4 ¤u8 ¯
∀K ∈ {P + 1, . . . , K̃P − 1}, DK = J̃K+1 − 2J̃K + J̃K−1.
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K̂P = max

K

{
K ∈ {P + 1, . . . , K̃P − 1} | DK ≥ s

}
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K̂P = Argmax

K
{logLKP (T̂ , ψ̂) − 1

2
log(n) ×K}.
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:N¨�:C6)9�8 4 5®6EI?¢D�n57F�<Kª 3 5�9>¢�57698 3 ¤Q8 3 <K¢T5 GQ¤,8CIN5�¤ O?O 57¤KF 3 67<K6E8GF;¤K@N:.6A8G<>F-H 3 :C6)6A5®8 4 5<>�HZR5�6J8;:IG>5B<Kª�8 4 5 3 5 3 8;I?@N:C5 3 : 3 8G<�@?5A8G57FG¢�:C6N5 4 < W ¢�¤K6#HK6 4 FG<K¢T< 3 <>¢T¤,84¤Q�S5AFGF;¤u8;:C<K6 38 4 5AFG5�¤KFG5£:=6T¤ > � ¶ O FG<,:)8C5,<7Jt<�8 4 : 3 5J¨H8;5A698ea W 5d6 4 <H< 3 5q8;<�ªY<E67I 3 <>6w8 4 5�6N5J¨H8 3 5�6J8;:C<K6�aW54 :.6 4 @?5�¤28 3 W :=8 4 8 4 5�ZR<>:=6E8 3 5�8=5�6A8G:C<>6^<Kª�8 4 5�6EI?¢��S5AF�<Qª 3 5�9>¢�57698 3 ¤K6N@n6A8CI 3 8;57F 3 <
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M :.9>INFG5�	�< � ¯ � 5 O FG5 3 57698;¤Q8;:=<>6�<Kª�8 4 5]8=<L92D�8=:C�Q5�8C: 4 <H<�@�<Kª48 4 5^¢T<H@?5�8£¤26�67<KFG@?:=6)9®8G<®8 4 56HIN¢D�S5AF£<Kª�6A8CI 3 8;5AF 3 a?ªY<KF£¤ :�¨N5A@.6EI?¢D�n57F£<Kª 3 5A9>¢�57698 3 K = 6 <
� g�� � ��j � 	7o ��pqo�� pqr ��j�z0j �Rp

K
usm]y

P
´h5 O FG< O < 3 57@}¤Q6§¤,8.9K<>FG:¥8 4 ¢ 8;<h5 3 8G:C¢T¤Q8;5^8 4 5 O ¤KFG¤K¢�5A8;5AF 3 <KªP8 4 5#¢�<�@N5�8 W54 576}8 4 56HIN¢D�S5AFq<Kª 3 5�9K¢T5A6E8 3 ¤K6?@b8 4 5�6EI?¢��S5AFq<Kª�6A8CI 3 8;5AF 3 ¤KFR5 :N¨�57@�< = 6 O F;¤,6J8;:B675P8 4 5 3 5�6EI?¢ D�S5AF 3 ¤QFG546N<K8��E6?< W 6^¤K6N@ 3 4 <>I)8C@��S5�5 3 8G:C¢T¤Q8;5A@�aH¤ 3 :¥8�: 3 8 4 5�67¤ 3 5�:C6�8 4 5 3 5�9K¢T5A6E8;¤Q8;:=<>6
67<>698;5 ¨H8}U > 4 ¤ O 8;5AFRY#ZM<KFµ:=6�8 4 5V6A<>698;5 ¨�8�<Kª&¢�<H@?5�8{D���¤ 3 57@�6�8=I 3 8G57FR:C6)9�U > 4 ¤ O 8;5AF3�#Z <\J 4 5<>FG:B9>:C6�¤28C:=8�H#<Kª£<>INF O FR<>�)8C5A¢	: 3 8 4 ¤Q8`8 4 5 3 5�6EI?¢��S5AF 3D3 4 <>I)8=@��S5�ZR<>:C698�8BH�5 3 8;:=¢�¤Q8G57@�:C6<>FG@?5AFq8;< 3 5�8=5�6A84¤¬¢T<H@?5�8 W :¥8 4 K̂ 3 5A9>¢�57698 3 ¤K6?@ P̂ 6�8CI 3 8;5AF 3 <£°�¨�: 3 8;:=6)9¬¢T5J8 4 <H@ 3 4 ¤eG>5�S5A576 O FR< O < 3 57@¬:=6�8 4 5 67<>698;5 ¨H8y<Kª 3 5A9>¢T5A698«¤Q8G:C<>6D<KF²ªY<>F²¢�<H@?5�8{D���¤ 3 57@ 6A8CI 3 8;5AFG:C6�9)aK��¤ 3 57@<>6b¤ O 576�¤,8=:C­7¤Q8;:=<>6¬<Kªl8 4 5�¢T<H@?5�8 � 3 8C<L9CD�8C:=�K5A8C: 4 <�<H@�< = 6�<>INFc6�¤ 3 5,aN8 4 5 8=<L92D�8=:C�Q5�8C: 4 <H<�@D@N50DO 5A6?@ 3 <>6��n<K8 4 K ¤K6N@ P < = 8µ: 3 ¤ 3 I?FRª ¤,6A5�8 4 ¤Q8 6�¤Q6��n5�FR5 O FR5 3 5A698;57@�8=:C�Q5�:=6 M :.9>I?FR5 	�< 	�<2 6L:=@?5�¤,8�FG5 3 I)8¥8 W <>I)8=@L�S5�8;<b¤Q@�¤ O 845J¨�: 3 8;:C6�9�FG5 3 I)8¥8 3 8;<�<>INF O FR<>�)8C5A¢naS¤K6?@#8;<�@?5AFG:IG>5¤ O 576?¤,8=8�H�8G< 3 5�8=5�6J8 K ¤K6?@ P 3 I)6 4 8 4 ¤Q8 ¯

(K̂, P̂ ) = Argmax
KP

{
logLKP (T̂ , ψ̂) − β × pen(K,P )

}
.

��5AGK57F�8 4 5A8C5 3R3 a O FR5AGH:C<KI 3 @?: 3 67I 3G3 :=<>6 3 <K6L¢T<H@?5A8 3 5�8C5A6A8G:C<>6wZRI 3 8G:=ª�H^8 4 5�@?:��367I�8=8�H^8;<�@N50DFG:BGK5 3 I)6 4 ¤�67FG:¥8;5AFG:C<K6®8 4 57<>FR5A8G:.6�¤28.8BH,<b�#<KFG57<
GK57F�a W 5 3 4 < W 57@�8 4 ¤Q8`8 4 5367<>¢ O 8C5 ¨�:=8�H�<Kª8 4 5�¢�<�@N5�8&<>6�8BH�@N5 O 576?@ 3 <>6^8 4 5�6HIN¢D�S5AF£<Kª�6A<>698;:=6HIN<>I 3qO ¤KFG¤K¢�5A8;5AF 3 <Kªl8 4 5�¢�:¥¨H8GI?FG52a¤K6?@h6N<K8D<Kª�8 4 5T6HIN¢D�S5AF�<Kª�@?: 3 67FG5J8;5 O ¤KF;¤Q¢T5J8;57F 3 <]J 4 : 3 W54 H W 5?6 4 <H< 3 5T8;<.¤K@?< O 8D¤3 57�EI?5A698;:¦¤28 3 8;FG¤Q8;5A9,H 3 5A8C5A6A8;:=6)9¬8 4 5�6EI?¢D�n57F£<Kª�6�8CI 3 8;5AF 3 :�F 3 8e<��#<>FR57<
G>5AF�8 4 5s6A<>6 3 8;FGI�60D8;:C<K6�<Kªq¤ 4 5AI?FG: 3 8;:B6�ªY<KF�¢�<H@?5�8 3 5A8C5A6A8;:=<>6 3 4 <>I)8=@ 6A<>6 3 :=@?57F�8 4 5�:�6�¤28µ<>�EZR5�6A8G:BGK5�<Kª�8 4 5¢T5J8 4 <H@�< = 6�¤KFRF;¤eH > � ¶}@�¤Q8;¤�¤K6�¤,8IH 3 : 3 ªY<KFM:C6 3 8«¤K6)6A5,a>8 4 5 O FG:=¢�¤KF�H/9><9¤,8?<Qªn8 4 5£¢T5J8 4 <H@
\ # �



�����A�\�	�"
��[��� ���������0�"���A(��&%'���

: 3 8G<?6�8=I 3 8G57FV6 4 FG<>¢�< 3 <>¢�¤28tFR5�9>:=<>6 3 :=698;<�¤3:�6?:=8G5D6EI?¢D�n57F�<Kª�6�8=I 3 8G57F 3 < > <>6 3 57�EI?57698�8BH
6 4 <�< 3 :C6�9^8 4 5¬6EI?¢D�n57F�<KªR6�8CI 3 8;5AF 3 :�F 3 8 3 575A¢ 3 FR5�¤ 3 <>6�¤K�)8=5wªYFG<>¢±¤ O FG¤,6A8G:.67¤,8 O <>:C698�<Kª
G�:=5 W <
� � � ��� ��7>=(7>P #,%(-J/ #,G07 -�40' I 7D5 : � PC=.40!$#,7D58!
= 6T¤�:?F 3 8 3 8;5 O a W 5qªY<E67I 3 <>6D8 4 5q5 3 8;:=¢�¤Q8G:C<>6�<KªV8 4 5q6EI?¢D�n57FM<Qª�6A8CI 3 8;5AF 3 < = 6 �H5�6A8G:C<>6 	�< WW 5`@?: 3 67I 3R3 57@L8 4 5`ª ¤26A8�8 4 ¤Q8 3 5A8C5A6A8;:=6)9T8 4 5�6HIN¢D�S5AF4<Kª\6�8CI 3 8;5AF 3 ªY<>F4¤�:N¨�57@L6EI?¢��S5AF4<Kª3 5�9K¢T5A6E8 3 4 ¤K@�8C:=8R8"8=5q:C698;5AFG5 3 8�:=6 O F;¤26A8;:B6752<\J 4 : 3 : 3 W54 H W 5P6?575A@�8;< 3 5�8=5�6J8�8 4 5�6EI?¢D�n57F<Kª�6�8=I 3 8G57F 3 W54 ¤Q8;50G>5AFP8 4 5D6EI?¢��S5AFP<Kª 3 5A9>¢�57698 3 <;J 4 5�ªY<L8B8C< W :C6)9 O FR< O < 3 :=8G:C<>6.¤K:C¢ 3 ¤Q8
67<>6 3 8;FRI)6A8G:C6)9.¤ 3 5A�EI?576)6A5^<Kª�:=6)67FR5�¤ 3 :C6)9n8C<L92D+8C:=�K5�8=: 4 <H<H@ 3 W54 :B6 4 6�¤Q6h�n5�I 3 57@�ªY<>F�8 4 : 3O I?F O < 3 5,<
	 e[mVsMmnv�gYcdg mni

� �����CP���N��0�.��� ��� �

∀P ∈ {1, . . . , Pmax}, ∃K̃P ,
� 
�� �]P ��Q,P : K̃P = Argmax

K

{
logLKP (T̂ ; ψ̂)

}
.


 �C�|Q��
N0PV���}�
N
	���N0��P�Q,P&���C��
��0S 
#�0P	N0� ��� 	 �����EN0S ��� ��P�� P �0S 
#�0P	N0�"�
� P ∈ {1, . . . , Pmax}Q,�$� K �
N
	���N0��P'�
� K ∈ {P, . . . , n} � 
E�$�EN0� �������CP���N��0�.��� ��� P���N0�"N/N 
L�.�0P'�}Q �
N�� 
�N0����N/���
�����0��N�QC�0��� 	�S.� 	���S ���#N0S � ���
���C� ���CP�N�� log L̃P � 
�� �sP���Q,P log L̃1 . . . ≤ log L̃P ≤ . . . log L̃Pmax� ��P��

log L̃P = max
K

{
logLKP (T̂K ; ψ̂P )

}
.

	 e[m&mVp
J 4 5 O FR<�<QªX<Kªn8 4 : 3yO FG< O < 3 :=8G:C<>6DI 3 5 3 8 4 5£FR5 3 I�8=8 3 8 4 ¤Q8 4 ¤eG>5��S5A576 3 4 < W 6�: 3 ��5�6J8;:=<>6 3

	�< ��¤K6N@ 	�< W�<²´�5£6?<K8G5 M(K,P ) 8 4 5 3 5A8�<Kª,¤28.8 3 5�9>¢�57698«¤u8;:C<K6VU26�8=I 3 8G57FR:C6)9�¢�<�@N5�8 3 W :¥8 4
K
3 5�9>¢�57698 3 ¤K6?@ P 6A8CI 3 8;57F 3 < = 6 3 5�6J8;:=<>6 	�< W W 5 3 4 < W 5A@#8 4 ¤Q8

M(K,P ) ⊂ M(K,P + 1),

¤K6?@b8 4 ¤u8
∀K ∈ {P, . . . , n} logLKP (T̂ , ψ̂) ≤ logLK,P+1(T̂ , ψ̂). U 	�< WLZ

� 3 :=6)9#¶dH O <Q8 4 5 3 : 3 Uj¶�Z W 5 3 I O?O < 3 5�8 4 ¤Q8�8 4 57FR5�5J¨�: 3 8 3 ¤ 3 57�EI?5A6)675 {K̃1, . . . , K̃Pmax
}3 I)6 4 8 4 ¤Q8 ¯

K̃P = Argmax
K

{
logLKP (T̂ ; ψ̂)

}
.

> <K6 3 :=@?57FR:C6)9�°y�EI�¤u8;:C<K6 U 	�< WLZ�¤K6?@�8 4 546EI?¢D�n57Fµ<Kª 3 5A9>¢�57698 3 K̃P
W54 :B6 4 ¢�¤[¨N:=¢T:=­75 38 4 5}8C<,92D�8=:C�K5A8C: 4 <�<H@¬<Kª²¤¬¢�<H@?5�8 W :¥8 4 P 6A8CI 3 8;57F 3 :¥8�ªY<L8B8C< W 3 8 4 ¤Q8 ¯

logLK̃P ,P
(T̂ , ψ̂) ≤ logLK̃P ,P+1(T̂ , ψ̂). U 	�<��#Z

��:C6)6A5
K̃P+1 = Argmax

K

{
logLK,P+1(T̂ ; ψ̂)

}
,
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W 5�¤,8 3 < 4 ¤eG>5
logLK̃P ,P+1(T̂ , ψ̂) ≤ logLK̃P+1,P+1(T̂ , ψ̂) U 	�< Y[Z

= ª W 5P6N<K8;5 log L̃P 8 4 5P¢T¤u¨�:C¢T¤,8�8=<L92D�8=:C�Q5�8C: 4 <H<�@�ªY<KF�¤ 3 5�9>¢�57698;¤Q8;:=<>6VU26A8CI 3 8;57FR:C6)9`¢T<H@?5A8W :=8 4 P 6A8CI 3 8;5AF 37¯
log L̃P = max

K

{
logLKP (T̂ ; ψ̂)

}
,

= logLK̃P ,P
(T̂ , ψ̂),

ªYFG<>¢³°y�EI�¤u8;:C<K6 3 U 	�<��#Z�¤K6?@OU 	�< Y#Z W 5 4 ¤eG>5 ¯
log L̃1 . . . ≤ log L̃P ≤ . . . log L̃Pmax

.

��� euvAcTvAcde[kNcdaE��~�cdm�v7a��YaHzKcwc[r�aLi��tfB|MaEe�mVp�z � ��vAcdaEeuv
2 6T:B8.8=I 3 8GF;¤Q8G:C<>6`<KªS8 4 : 3M3 57�EI?5A6)675�<KªX:=6)67FR5�¤ 3 :C6)9}8=<L92D�8=:C�Q5�8C: 4 <H<�@ 3 : 3MO FG<
GH:C@?5A@¬:C6 M :.9CDI?FG5 	�<  �< log L̃P 6�¤K6`�S5�:C698;5AF O FR5A8G57@D¤ 3 8 4 5µ¢T¤u¨�:C¢T¤,8Q�HI?¤,8C:¥8�H�<Kª):?8l8 4 ¤Q876�¤K6`�S5�FG57¤,6 4 57@�[H#¤ 3 5�9K¢T5A6E8;¤Q8;:=<>6VU26A8CI 3 8;5AFG:C6�9�¢�<H@?5�8 W :=8 4 P 6A8CI 3 8;57F 3 < > <>6 3 57�EI?57698�8BH�8 4 5 3 57�EI?5A6)675<Kª�:=6)67FR5�¤ 3 :C6)938C<L9CD�8C:=�K5A8C: 4 <�<H@ 3 6�¤K6#�S5}GH:C5 W 57@L¤ 3 8 4 5�8«¤KF-9>5A8£8;<��n5 O 576�¤28C:C­A57@�:C6�<>FG@N57F8;< 3 5A8C5�6J8£8 4 5�6EI?¢D�n57F£<Kª76�8=I 3 8G57F 3 W54 ¤u8;5AGK57F£8 4 5�6EI?¢D�n57F£<Kª 3 5A9>¢�57698 3 <
2 6.:=6E8GI?:=8G:BGK5 W ¤eHb8;< O 576�¤,8=:C­A5P8 4 : 3�3 57�EI?5A6)675D<Qª²:=6)67FR5�¤ 3 :C6)938C<L9CD�8C:=�K5A8C: 4 <�<H@ 3 W <KI)8C@�S5�8;<¬I 3 5�¤���SIQ ����� O 5A6�¤,8¥8�HLa 3 I)6 4 ¤ 3A¯

P̂ = Argmax
P

{
log L̃P − νP

2
log(n)

}

W :=8 4 νP �n57:=6)9w8 4 5�6EI?¢D�n57F£<Kª²:C6?@?5 O 5A6?@?5A6E8 O ¤QF;¤K¢�5A8G57F 3 <Kª�8 4 5`¢�:¥¨H8;INFG5,< J 4 : 3 67FR:=8;5 DFG:C<K6�: 3 FG5 O FG5 3 57698G57@�:C6 M :B9>I?FR5 	�<��
X�< = 6 > 4 ¤ O 8G57F � W 5�@?: 3 6AI 3G3 57@¬8 4 5�ª ¤26A8²8 4 ¤Q8�8 4 5 � = >
¤ O?O FR<d¨�:=¢�¤Q8G:C<>6 W ¤ 3 6?<K8VGQ¤,8C:=@�ªY<>FV6�8C¤ 3G3 :.6�¤28�¢�:¥¨H8GI?FG5`¢T<H@?5�8 3 aV�?IN8 3 :C6�675`8 4 : 3�O 5A6�¤,8¥8�HO FG<
GH:C@?5 3 9><�<H@^FG5 3 I)8¥8 3 :C6 O FG¤,6A8G:.6752a W 5/6 4 <H< 3 5�8;<�¤K@?¤ O 8�:=8q8G<�<KI?F56�¤ 3 5,<y´h5�¤,8 3 <¬@?: 3 D
67I 3R3 57@b8 4 5 67<K6 3 8GFGI)6J8;:C<K6�<Kª = >cb :C6�8 4 5 67¤ 3 5P<Qª,¢T: ¨H8;I?FR54¢�<�@?5A8 3 <A��:=6)67548 4 : 3 67FR:=8;5AFG:=<>6
4 ¤ 3 �n57576 3 4 < W 6�8;<^�n5¬¤K@�¤ O 8;57@ W54 5A6®8 4 5¬<>�HZR5�6J8;:IG>5¬<Kªy8 4 5 3 8;I?@�HL: 3 8;<�6A8CI 3 8;5AF�8 4 5@�¤Q8«¤�a W 5 O FR< O < 3 5P8;<�@?: 3 67I 3G3 8 4 5�¤K@?¤ O 8«¤u8;:C<K6b<Kª = >cb 8G<¬<>I?F�6�¤ 3 5,<
� {lk?slc[gjil�hk?i	��
 � z>eug cdaEeQgYmni�c�m�c[rlaLz>k�vAaLmVp4v7aE�nfhaHiScdk�c[g mni
�Nz � ��vAcdaEeugjil�

�H:C6)6A5¬8 4 5 = 698;5�9KF;¤Q8G57@ > 8¦¤ 3R3 :B:)6�¤Q8G:C<>6 b :C�Q5�8C: 4 <H<�@ 4 ¤ 3 �S5A576 3 4 < W 6�8G<#�n5w5��36A:C576988;< 3 5�8=5�6A8�8 4 5�6EI?¢D�n57F�<Kª 6A8CI 3 8;57F 3 :=6�8 4 5s6A<>698;5 ¨�8P<Kª�¢�:¥¨H8;INFG5�¢T<H@?5�8 3 a W 5 O FR< O < 3 5�8;<¤K@�¤ O 8�8 4 : 3 6AFG:¥8;57FR:C<>6^8 4 5�8 4 5s6�¤ 3 5D<Kª 3 5�9>¢�57698;¤Q8;:=<>6VU26A8CI 3 8;57FR:C6)9�<dJ 4 5 O I?F O < 3 5�<KªM8 4 5= >cb 6AFG:=8G57FR:C<>6�: 3 8;<F6�¤,8B67I)8C¤Q8;5�8 4 5����
�0P�N0� ���C� O FR<>��¤K�N:.8C:¥8�HBªY<>F�57¤,6 4 ¢T<H@?5A8 9>:IG>576�8 4 5
67<>¢ O 8C5J8;5D@?¤Q8«¤�a f(y, z|mPK) a W54 :B6 4 : 3 8 4 5�6A<>¢ O 8C5A8G50D�@�¤Q8«¤�:=698;5�9KF;¤Q8G57@ 8C:=�K5�8=: 4 <H<H@.<Kª¢T<H@?5�8 mPK

W :=8 4 P 6A8CI 3 8;57F 3 ¤K6?@ K 3 5A9>¢�57698 3 < ¡ 6?5 O ¤KF�8;:B67I)8C¤KFG:¥8�H^<Kª�<>I?FP¢�<�@N5�8²: 38 4 ¤Q8²8 4 5�8=:C�K5A8C: 4 <�<H@�: 3 6?<Q8y@?:=�S57FR57698;:C¤K�)8C5 W :=8 4 FG5 3RO 5A6A8y8;<P8 4 5q�?FR5�¤K� O <>:C698 O ¤QF;¤K¢�5A8G57F 3 <
J 4 : 3 : 3 W54 H W 5 :N¨�8 4 5y�?FG57¤K� O <K:C698 3 ¤Q8 T ¤K6N@ W 5µ6N<K8;5 mPK(T ) 8 4 : 3�O ¤KFR8G:.67I�8¦¤KF&¢�<H@?5�8&<= 6�8 4 : 3 6A<>698;5J¨H8�aV8 4 5}67<>¢ O 8=5A8;5 D�@�¤u8«¤D:C698G5�9>FG¤Q8;5A@�8=:C�Q5�8C: 4 <H<�@T: 3

f(y, z | mPK(T )) =

∫

ΨP

f(y, z | mPK(T ), ψ) h(ψ | mPK(T )) dψ,
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} <
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8C:C�Q5�8=: 4 <H<�@ 3 <

\V\ �



�����A�\�	�"
��[��� ���������0�"���A(��&%'���

0 2 4 6 8 10 12 14 16 18 20
−200

−190

−180

−170

−160

−150

−140

−130

−120

−110

−100

K

lo
g 

L K
P

1 2 3 4 5 6
−200

−180

−160

−140

−120

−100

P

log L
KP

log L
KP

−0.5 log(n)(2P)

M :.9>INFG5 	�<��
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W :=8 4
f(y, z | mPK(T ), ψ) =

K∏

k=1

P∏

p=1

{
πpf(yk; θp)

}zk
p .

ΨP
@?5A6?<K8;5 3 8 4 5 O ¤KF;¤K¢�5A8G57F 3GO ¤,675µ<Kª�¢�<�@?5A8 mPK(T ) a ψ = (θ, π) @?5A6?<K8;5 3 8 4 5µ¢�:¥¨H8GI?FG5O ¤KF;¤Q¢T5J8;57F 3 ¤K6?@ h(ψ|mPK(T )) ¤�6?<K6�D�:=6NªY<>FG¢T¤Q8G:BG>5 O FG:C<KF�@?: 3 8;FG:=�?IN8G:C<>6�<>6 ψ ªY<>F�8 4 53 ¤K¢�5�¢T<H@?5A8�<O��:=6)675 W 5}6�¤K6�¢�¤Q�K5�8 4 5�¤ 3R3 I?¢ O 8G:C<>6�8 4 ¤Q8

h(ψ | mPK(T )) = h(θ | mPK(T ))h(π | mPK(T )),

W 5 67¤K6�¤ O?O 8IH#8 4 5 8C5A¢T¢T¤ O FG< O < 3 5A@B�#H ��:=57FG6?¤,6«�E:VN0PVQ,SIT�U�W2XLX �#Zq8;<b: 3 <L8¦¤u8;5`8 4 5 6A<>6�D8;FG:=�?IN8G:C<>6b<Kª�8 4 5�¢�: 3R3 :=6)9D@�¤Q8;¤�a 3 I�6 4 8 4 ¤Q8 ¯
f(y, z | mPK(T )) = f(y | z,mPK(T ))f(z | mPK(T )).

´ 4 576L8 4 5w�?FG57¤K� O <K:C698 6A<�<>FR@?:C6?¤Q8;5 3 ¤KFR5|:N¨�57@®¤Q8 T 8 4 5 � = > ¤ O?O FG<�¨�:C¢T¤Q8;:=<>6.: 3 GQ¤,8C:=@ªY<>F f(y | z,mPK(T )) W54 :B6 4 : 3 ¤ O?O FR<�¨N:=¢�¤u8;57@ 3 I)6 4 8 4 ¤Q8 ¯
log f(y | z,mPK(T )) ' max

θ
log f(y | z,mPK(T ), θ) − λP

2
log(n),

W :=8 4 λP 8 4 5�6EI?¢D�n57F£<Kª�ªYFG5A5 O ¤KF;¤K¢�5A8G57F 3 :C6 θ <
2�3 ªY<>F�8 4 5q¢T: 3G3 :=6)9P:=6NªY<>FG¢T¤Q8G:C<>6�aQ¤P@?:=FG5�6J8�6�¤,8B67I)8=I 3 67¤K6¬�S5q@?5AFG:IG>57@¬I 3 :C6)9�¤��4:=FG:B6 4 D

8C5A8 O FR:C<>F�@?: 3 8;FR:C�?IN8G:C<>6BªY<>F`¢T: ¨�:C6)9 O FR< O <KFR8;:=<>6 3 a²6?<K8G57@ D(δ, . . . , δ) <#�²¤KFG¤K¢�5A8;5AF δ : 33 5A8q8G< �[ULW`8G< 4 ¤
GK5�¤��K5A�SFG5AH 3 6?<>6^:=6NªY<>FG¢T¤Q8G:BG>5�@?: 3 8;FR:C�?I�8;:C<K6�ªY<>F�¢�:¥¨�:C6�9 O FR< O <KFR8;:=<>6 3 <
J 4 576 W 5�:C698GFG<H@?I)675�6N<K8«¤Q8G:C<>6

kp = 6�¤KFR@ {k, 1 ≤ k ≤ K | Zk
p = 1} (1 ≤ p ≤ P ),

W54 :.6 4 6A<>FGFR5 3GO <>6?@ 3 8;<48 4 5�6EI?¢D�n57F�<Qª 3 5�9K¢T5A6E8 3 �n5�8C<K6)9>:C6�9�8;<�6�8CI 3 8;5AF p <7J 4 5�¢�: 3R3 :C6�92D:C6NªY<>FR¢�¤u8;:C<K6�:C698G5�9>FG¤Q8;5A@�8=:C�Q5�8C: 4 <H<�@?67¤K6^�S5}67¤,8.6AI)8¦¤Q8G57@ 3 I�6 4 8 4 ¤Q8 ¯
f(z | mPK(T )) =

∫
πk11 . . . πkP

P

Γ(P/2)

Γ(1/2)P
1l �

p πp=1dπ

=
Γ(P/2)

Γ(1/2)P
Γ(k1 + 1/2) . . .Γ(kP + 1/2)

Γ(K + P/2)
.

2 :�F 3 8¬FG57¢T¤KFR�h: 3 8 4 ¤Q8w8 4 5b¢�: 3G3 :C6)9.:C698;5A9>F;¤Q8G57@^8C:=�K5A8C: 4 <�<H@�@N<�5 3 6?<K8¬@?5 O 5A6?@-<K6 n a8 4 5^6EI?¢D�n57F¬<Kª4@�¤Q8«¤ O <>:C698 3 <�´ 4 :.8=5�6�¤,8B67I)8C¤Q8;:=6)9 f(z | mPK(T )) aµ:¥8�¤ O?O 5�¤KF 3 8 4 ¤Q88 4 5T<>�HZR5�6J8 3 8G<L�n5�6�8=I 3 8G57FR57@�¤KFR5 3 5A9>¢�57698 3 ay¤K6?@�6?<Q8D@�¤Q8;¤ O <>:C698 3 <nJ 4 : 3 : 3 W54 H W 5:C698;FR<�@?I�6757@#6?<K8;¤Q8;:=<>6 kp :C6 3 8;57¤K@#<Qª np W54 :.6 4 FG5 O FG5 3 57698 3 8 4 5�6EI?¢D�n57F�<Kª�@�¤u8«¤ O <>:=6E8 3W :=8 4 :C6#¤ 6�8=I 3 8G57F£ªY<>F£8 4 5�8;FG¤K@?:=8G:C<>6?¤,8 = >cb 67FR:=8;5AFG:=<>6�< = 6.8 4 5/6�¤ 3 5�<KªM¢�:¥¨H8GI?FG5�¢�<�@?5A8 3 a8 4 5w5 ¨ O FG5 3R3 :=<>6�<Qª f(z | mP ) : 343 :C¢ O 8=:B:�5A@LI 3 :=6)9^¤K6®¤ O?O FG<�¨�:C¢T¤Q8;:=<>6.<Kª�8 4 5 � ¤K¢�¢T¤ªYI?6)6A8G:C<>6 W :=8 4 8 4 5��H8;:=F�8C:=6)9�ªY<>FG¢DI�8¦¤ W54 576 ñp : 3 8C¤KF�9>52<\J 4 : 3 8C57¤K@ 3 8G<w¤ 3 :C¢ O 8C:I:�6�¤Q8G:C<>63 I)6 4 8 4 ¤Q8 ¯
f(z̃ | mP ) '

P∑

p=1

ñp log
ñp
n

− P − 1

2
log(n).

> <>¢D�?:=6?:C6)9P8 4 : 3 ¢�: 3R3 :=6)92D�@?¤Q8«¤4:=698;5�9KF;¤Q8G57@38C:C�Q5�8=: 4 <H<�@ W :=8 4 8 4 5 � = > ¤ ONO FG<�¨�:C¢T¤Q8;:=<>6w<Kª
f(y|z,mP ) 8C5�¤Q@ 3 8G<T8 4 5 O 576�¤28C:C­7¤Q8;:=<>6^<Kª�8 4 5|6A<>¢ O 8C5A8G50D�@�¤Q8«¤ 8=:C�K5A8C: 4 <�<H@ W :=8 4 ¤�8G57FR¢
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νP log(n)/2 a W :¥8 4 νP
8 4 5�8;<K8;¤,8y6EI?¢D�n57F�<Kª�ªYFG5A5 O ¤QF;¤K¢�5A8G57F 3 :C6®8 4 5T¢T: ¨H8;I?FR5FU 8 4 5 3 5

6�¤,8B67I)8=I 3 4 ¤eG>5��S5A576�@?5A8;¤K:.8=57@b:=6^8 4 5 O FG50GH:C<>I 3 6 4 ¤ O 8;5AF�<K6#¢�:¥¨H8;INFG5�¢�<�@?5A8 3 Z0<
��5AGK57FR8 4 5�8=5 3R3 aV:=8£¤ O?O 57¤KF 3 8 4 ¤Q8�8 4 5 3 :=¢ O 8C:B:)6�¤Q8G:C<>6�<Kªl8 4 5�¢�: 3R3 :=6)92D�@?¤Q8«¤�:C698;5A9>F;¤Q8G57@

8C:C�Q5�8=: 4 <H<�@T: 3 6?<Q8 O < 3R3 :=�)8C5P:=6^<>I?F�6�¤ 3 5,a 3 :C6)6A5 f(z̃ | mPK(T )) @?<H5 3 6?<K8£@N5 O 576?@#<>6 n a�?IN8�<K6)8BH�<>6 K < = 8²ªY<,8.8C< W 3 8 4 ¤u8²8;5AFG¢ P−1
2

log(n) @?<H5 3 6?<K8²¤ O?O 5�¤KFt:C6`8 4 5 O 576�¤28C:C­7¤Q8;:=<>6<KªM8 4 5|67<>¢ O 8C5J8;5 D�@�¤Q8;¤T:=6E8G5�9>FG¤Q8;5A@ 8C:=�K5�8=: 4 <H<H@�aV¤K6?@L8 4 : 3 8=5�¤K@ 3 8;<^¤ 67FG:¥8;5AFG:C<K6 W54 :B6 4 : 36?<K8£5��36A:C57698�:C6 O FG¤,6A8G:.675 UY:=8q<
G>5AF�D�5 3 8G:C¢T¤Q8;5 3 8 4 5�6EI?¢D�n57F£<Kª76�8CI 3 8;5AF 3�3 H 3 8G57¢T¤Q8;:B6�¤,8B8BH�Z0<
J 4 : 3 : 3 W54 H W 5V6 4 <�< 3 5�8G<�ªY<�6AI 3 <>6�¤ 3 5�67<K6?@b¤,8¥8;57FR6�¤Q8G:BG>5 3 8;FG¤Q8;5A9,Hw8;< 3 5�8C5A6A8�8 4 5£6EI?¢ D�S5AFq<Kª\6A8CI 3 8;57F 3 <
� v7aHz>mni�{§vAcde[kNcdaE��~�cdm�v7a��YaHzKcwc[r�aLi��tfB|MaEe�mVp�z � �tvAc�aHeuv

2 3 5A67<>6N@ 3 8GF;¤Q8G5�9,H¬8G< 3 5�8C5A6A8�8 4 5�6EI?¢D�n57F�<Kª�6A8CI 3 8;5AF 3 67<>I)8=@T�n5£8;<`¤ O?O 8IHD8 4 5�¤K@�¤ O D8;:BGK5¬¢T5J8 4 <H@ O FG< O < 3 57@h�#H b ¤eGH:C5�8B8C5�U �" � � #Z < 24O?O 8=:C5A@�8G<#<KI?F O FG<>��8C57¢�a&8 4 : 3 ¢T5J8 4 <H@¤K:C¢ 3 ¤Q8}:�6?@N:C6)9b8 4 5�6EI?¢��S5AF�<Qªc6�8=I 3 8G57F 3 ªY<KF W54 :.6 4 8 4 5�8C<,92D�8=:C�K5A8C: 4 <�<H@�675�¤ 3 5 3 8;<^:=6�D
67FG57¤ 3 5 3 :B9>6?:I:�6�¤K698�8BHL< = 8�: 3 ��¤ 3 57@#<>6^8 4 5/6�¤,8B67I)8=I 3 <Kªt8 4 5�57¢ O :CFR:.67¤,8 3 5�67<K6?@�D�@N57FG:IGQ¤Q8;:IG>5<Kª²8 4 5s8=<L92D+8C:C�Q5�8=: 4 <H<�@�<\J 4 I 3 W 5 O FR< O < 3 5`¤ 3 5�6A<>6?@ 3 8;F;¤u8;5�92Hb8;< 3 5�8=5�6J848 4 5`6EI?¢D�n57F�<Kª
6�8CI 3 8;5AF 3 <��4576?<Q8;:C6�9 JP = − log L̃P aS8 4 5|:�F 3 8 3 8;5 O 6A<>6 3 : 3 8 3 8 4 5 6�¤,8B67I)8=I 3 <Qª J̃P 3 I)6 48 4 ¤Q8 ¯

J̃P =
JPmax

− JP
JPmax

− J1
× (Pmax − 1) + 1.

J 4 : 3 6?<KFG¢T¤,8C:=­�¤Q8G:C<>6 3 8G5 O 576 3 I?FG5 3 8 4 ¤Q8 J̃1 = Pmax
¤K6?@B8 4 ¤Q8 J̃Pmax

= 1 <sJ 4 576�:C6�¤3 5�6A<>6?@ 3 8;5 O a�6�¤28.67I�8¦¤Q8G5 ¯
∀P ∈ {2, . . . , Pmax − 1}, DP = J̃P−1 − 2J̃P + J̃P+1.

J 4 576 3 5A8C5�6J8£8 4 5�6EI?¢D�n57F£<Kª76�8=I 3 8G57F 3 a 3 I)6 4 8 4 ¤Q8 ¯
P̂ = max

P
{P ∈ {2, . . . , Pmax − 1} | DP ≥ s} ,

W :=8 4 s ¤¬8 4 FG5 3 4 <L8=@b8;<¬�S5�@?5J8;5AFG¢�:C6?5A@�:=6 O F;¤,6J8;:B675,<
2 @?¤ O 8;:IG>5 3 8;FG¤Q8;5A9>:C5 3 4 ¤eG>5w�n575A6 3 4 < W 6B8;<��S5`5��367:=57698�:C6#8 4 5 3 5�9>¢�57698;¤Q8;:=<>6F6A<>6�D8;5J¨H8;Uj�M:.67¤KFG@ N0P Q,SITdU&W,XLX#`,Z�Z 3 :C6�675�8 4 5AH¬8G576?@�8G<�:.9K6?<>FG5 3 5�9>¢�57698 3 :=ª&8 4 57:=F 3 :C­75�: 3µ3 ¢T¤,8.8<Kª�:¥ªy8 4 5�ZRI?¢ O :C6B8 4 5w¢T57¤K6��S5J8 W 5A576h8 W < 3 5�9K¢T5A6E8 3 : 3�3 ¢T¤,8.8&< = ª W 5�8GF;¤K6 3RO < 3 5w8 4 : 3�S5 4 ¤eG�:=<>F�8G<�8 4 5 6�¤ 3 5w<Kªy¢�:¥¨H8;I?FR5`¢�<H@?5�8 3 a W 5 4 < O 5�8 4 ¤Q8�8 4 5w¤Q@�¤ O 8G:BG>5 3 8GF;¤Q8G5�9,H W :.8.88;576N@�8G<�:B9>6?<>FR5;6�8=I 3 8G57F 3 :¥ª�8 4 57:=Fq@?: 3 8«¤K6�675�: 3q3 ¢�¤,8B8X:=6^8G57FR¢ 3 <Kª O ¤KFG¤K¢T5J8;5AF 3 <

� � � � � � G07 ?058:AI0=(7Q' : � #,G07 -�4J=.= P )O!,7
= 6¬¤K6#H�¢�<�@N5�8 3 5�8=5�6J8;:C<K6 O FG<E675A@?I?FR5,a9:=8²: 3 67FGI�67:¦¤28H8G<P@?5A8G57FR¢T:=6?5 W54 ¤u8M: 3 8 4 5��n5 4 ¤
GH:=<>F�<Kª8 4 5;6AFG:=8G57FR:C<>6 W54 576^8 4 5AFG5�: 3 6N<K8 4 :=6)9D8;<w@N5A8;5A6A8�< = 6^<>I?F 6�¤ 3 5,a?8 4 : 3 ¢�5�¤K6 3 W54 576^8 4 5AFG5: 3 6?< 9>FR<>I O ¤K6N@b6?< 3 5A9>¢�57698e< = 6 O FG5AGH:=<>I 3�3 5�6A8G:C<>6 3 W 5 3 4 < W 57@b8 4 ¤u8�8 4 54:C6�67<>¢ O 8C5J8;5 D@�¤Q8«¤~8=:C�Q5�8C: 4 <H<�@O6�¤K6o@?5�6AFG57¤ 3 5 W54 576�8 4 5^¤K@?@?:¥8;:C<K6�<Kª�6?5 W 3 5�9K¢T5A6E8 3 @?<�5 3 6?<K8�8C57¤K@8;<�¤Q6�:C698G57FG5 3 8G:C6)9O6�8CI 3 8;5AFG:=6)9hFR5 3 I�8=8e< > <>6 3 57�EI?5A698"8BH W 5F67<>I)8=@-8 4 :C6?��8 4 ¤Q8�8 4 5n8C<L9CD
8C:C�Q5�8=: 4 <H<�@T: 3 ¤,8 W ¤eH 3 @?5�6AFG57¤ 3 :=6)9T:=6b8 4 5�6EI)8.8�6�¤ 3 5,< = 6E8G57FR5 3 8G:C6)9,8BH�8 4 : 3 : 3 6?<K8q8;FRI?5,<
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= 6 M :B9>I?FR5 	�<�� �b: 3`3 4 < W 57@o8 4 5�:=6)67<K¢ O 8=5A8G50D�@?¤Q8«¤�8C<L92D+8C:=�K5�8=: 4 <H<H@ 6�¤,8B67I)8C¤Q8;5A@�ªY<>FD¤3 ¤K¢ O 8C5�<Kª �
X,X.@�¤Q8;¤ O <K:C698 3 W :=8 4 6?<~9>FR<>I O ¤K6N@�6?< 3 5A9>¢�57698e< = 8|6�¤K6��n5 3 5A576�8 4 ¤Q88 4 : 3 8=:C�K5A8C: 4 <�<H@ 3 4 < W 3 ¤ 3 :C¢�:.8C¤KF��n5 4 ¤eGH:C<KF 67<K¢ O ¤QFG57@ W :=8 4 <K8 4 57FR6�¤ 3 5 3 aN¢T57¤K6?:C6�9�8 4 ¤Q8:=8;67¤K6 3 4 < W ¤�¢T¤u¨�:C¢DIN¢ W54 5A6 P : 3 :N¨�57@�< = 6�8 4 5�6�¤ 3 5 W54 57FR5¬8 4 57FR5¬5J¨�: 3 8 3 9>FG<KI O?3¤K6?@ 3 5A9>¢�57698 3 a W 5 3 4 < W 5A@�8 4 ¤Q8�8 4 5�8C:=�K5�8=: 4 <H<H@ W ¤ 3 @?5A67FR5�¤ 3 :C6)9 W54 5A6¬8 W <;67<K6 3 5A67IN8G:BG>53 5�9K¢T5A6E8 3 �n5�8=<>6)9w8;<¬8 4 5 3 ¤K¢T5}6A8CI 3 8;57FA< = 6^8 4 5�6EI)8.8�67¤ 3 52a 3 :C6)6A5�8 4 5�¢T:=6?:C¢DIN¢ 3 :C­75�<Kª3 5�9K¢T5A6E8 3 : 3 <>6?5 O <K:C698eal8 4 5 4 HH�?FR:C@�¤28.9><>FR:=8 4 ¢k67¤K6 8C57¤K@�8G<F6A<>6�:�9>INF;¤Q8G:C<>6 3 W54 57FR5�W
67<>6 3 5�6AIN8;:IG>5 O <>:=6E8 3 6A<>6 3 :=8;I�8;5�W 3 5A9>¢�57698 3 �S5A8C<>6)9K:C6)9�8;<�@?: 3 8;:=6)656�8=I 3 8G57F 3 < J 4 : 3 : 3 W54 H8 4 5}8C:=�K5A8C: 4 <�<H@�:=6)67FR5�¤ 3 5 3 5AGK576L:=6�8 4 5�6EI)8.8�67¤ 3 52<

�H:C6)6A5�8 4 5�8=:C�K5A8C: 4 <�<H@w: 3 67<K6 3 8;¤K698 W54 5A6 P = 1 aE6A<>6 3 :C@?5AFG:C6�9`8 4 5 3 5A�EI?576)6A5P<Kª,¢T¤u¨[D:C¢DI?¢k8C:C�Q5�8=: 4 <H<�@ 3 log L̃P W :.8B8M6?5�6A5 3R3 ¤KFR:.8BH_8=5�¤K@�8;<.¤K6h:=6)67FR5�¤ 3 :C6)9 3 5A�HIN576)6A5 W :=8 4 ¤K6:C¢ O <>F�8«¤K698&ZRI?¢ O �n5A8 W 57576 log L̃1
¤K6?@ log L̃2

¤ 3�3 4 < W 6^:=6 M :B9>I?FG5 	�<�� �L<\J 4 5 O FG<K�)8C5A¢: 3 8 4 ¤Q8�8 4 : 3�3 :=8GI�¤Q8G:C<>6_6�¤K6h6?<K8`�S5T@?: 3 8;:C6�9>I?: 3 4 57@®ªYFG<>¢�8 4 5�67¤ 3 5 W54 57FR5�8 4 57FG5T5J¨�: 3 8 3
6�8CI 3 8;5AF 3 <
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� i�k � ~lv�g vDmVp�e[aEk ��{lkNcdk�v7a9c[v
J 4 5c8¦¤ 3 8\6 4 ¤ O 8;5AF�<Kª�8 4 : 3²O ¤KFR8 W :.8.8E�n5�@?5A@?:.67¤Q8;5A@�8;<48 4 5q¤ ONO 8C:B6�¤Q8G:C<>6�<KªV<>I?Ft¢T5J8 4 <H@8;<�FR5�¤,8 > � ¶ @�¤u8«¤ 3 5A8 3 < = 6b¤}:�F 3 8 3 8G5 O W 5 O FG< O < 3 5�8;<�¤ 3G3 5 3G3 W54 5A8 4 57F�8 4 5 3 5�9K¢T5A6E8;¤CD8;:C<K6VU26�8=I 3 8G57FR:C6)9^¢�<�@?5A8 3 4 <KI)8C@O67<>6 3 :C@?5AF 4 <K¢T<L9K576?5A<>I 3 <>F 4 5A8;5AFG<L9K576?5A<>I 3 GQ¤KFR:¦¤K6�675 3 a¤K6?@ W 5 3 4 < W 8 4 ¤u8w¤ 4 <>¢�< 3 6757@?¤ 3 8G:.6�¢�<H@?5�8�: 3`3 I?:¥8«¤K�)8=5TªY<>F`FG57¤,8�@�¤u8«¤ 3 5A8 3 < � 6NªY<>F	D8;I?6�¤u8;5�8B8BH�8 4 5AFG5w@?<H5 3 6?<Q8�5J¨�: 3 8 O I?�)8=:.6�@?¤Q8«¤ 3 5J8 3 ªY<>F W54 :.6 4 8 4 5w�?:=<L8C<,9>:.67¤,8 3 8«¤u8;I 3 <Kª8 4 5;6A8C<>6?5 3 4 ¤eG>5��S5A576�67<>6�:�FG¢�57@��#Hb<K8 4 57Fq¢�5A8 4 <�@ 3 <�J 4 : 3 : 3 W54 H W 5/6�¤K6^6?<Q8�¤ 3G3 5 3G38 4 5¬¤K�N:.8C:¥8�H�<Kª�<KI?FP¢�5A8 4 <�@B8;<?:?6?@��N:C<L8=<L9>:.67¤,8.8IH�FR5�8C50GQ¤K698�5AG>5A698 3 < = 6_6 4 ¤ O 8G57F ��WEa W 5O FG< O < 3 5P8;<�67<>¢ O ¤KFR548 4 5�FR5 3 I)8=8 3 <Kª²5 ¨�: 3 8G:C6)9w¢�5A8 4 <H@ 3 ªY<>Fq¤KFRF;¤eH > � ¶ @�¤Q8;¤¬¤K6�¤,8IH 3 : 3 aW54 :.6 4 ¤QFG5 3 5�9K¢T5A6E8;¤Q8;:=<>6�¢�5A8 4 <H@ 3 a�¤K6?@�¶P�L� 3 <M´h5 O FG< O < 3 5�9>IN:C@?5A8C:C6N5 3 8;<`:C698;5AF O FR5A8> � ¶ FR5 3 I�8=8 3 ¤K6N@n9>:IG>5 3 <>¢T5 O 57F 3GO 5�6A8G:BGK5 3 FG5�9>¤KFG@?:=6)9w8 4 5�¤Q6�¤,8BH 3 : 3 <Kª 3 I)6 4 @�¤Q8;¤�<
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J 4 5 4 H��NFG:C@�¤28.9><>FR:=8 4 ¢�FG5A�HIN:CFG5 3 ¤K6®¤ O?O FR< O FR:¦¤Q8G5�:C6N:=8;:C¤,8C:=­�¤Q8G:C<>6 3 8;5 O <|J 4 : 3P3 8;5 O 6A<>6�D3 : 3 8 3 :=6D8 4 5q:=6?:=8G:¦¤,8=:C­7¤Q8;:=<>6P<Kªn�n<K8 4 �?FR5�¤K� O <>:C698 O ¤QF;¤K¢�5A8G57F 3 T (0) ¤Q6?@¬<KªV¢T: ¨H8;I?FR5�¢T<H@?5A8O ¤KF;¤Q¢T5J8;57F 3 ψ(0) ªY<>F�¤?:N¨�5A@h6EI?¢D�n57F�<Kª 3 5A9>¢�57698 3 ¤K6?@_9>FR<>I O?3 < J W < 3 8;FG¤Q8;5A9>:C5 3 6�¤K6�S5}67<K6 3 :=@?57FR57@ ¯
D��H8;FG¤Q8;5A9,H � ¯ :=6?:=8G:¦¤,8=:C­A5�8 4 5��?FG57¤K� O <K:C698c6A<�<>FR@?:C6?¤Q8;5 3 :�F 3 8���¤ 3 5A@b<>6b¤ 3 5�9K¢T5A6E8;¤CD8;:=<>6b¢T<H@?5A8�a?¤Q6?@#@N57@?I)6A5�8 4 5 O ¤KFG¤K¢T5J8;5AF 3 <Kª�8 4 5�¢�:¥¨H8;INFG5�¢�<�@?5A8�<
D��H8;FG¤Q8;5A9,H|W ¯ :C6?:¥8;:C¤,8C:=­75²8 4 5�¢�:¥¨H8;INFG5 O ¤KF;¤Q¢T5J8;57F 3 :�F 3 8M�?¤ 3 5A@D<>6w¤4¢�:¥¨H8GI?FG5�¢T<H@?5A8<>6^:C6?@N:BGH:C@?I?¤,8X@�¤u8«¤ O <K:C698 3 a�¤K6?@�@?57@NI)675�8 4 5��?FR5�¤K� O <>:C69856A<�<>FR@?:C6?¤Q8;5 3 <
¶�< W 50G>57FAa�:¥8w¤ O?O 5�¤QF 3 8 4 ¤Q8 �H8GF;¤Q8G5�9,H W.: 3 6N<K8 W 5�8.8�¤K@�¤ O 8;57@�8G<BFG5�¤28 > � ¶ @�¤Q8«¤�<M :.9>INFG5  �<���:B8.8=I 3 8GF;¤Q8G5 3 8 4 5�FR5 3 I)8=8�<KªD¤o¢�:¥¨H8;INFG5�¢T<H@?5A8���¤ 3 5A@*<>6 :C6N@?:BGH:C@NI�¤,8P@�¤u8«¤O <>:=698 3 ªY<>F�¤�FR5�¤,8q@�¤u8«¤ 3 5A8~UY8 4 5#6EI?¢��S5AFT<Kª�6�8=I 3 8G57F 3 : 3 :N¨�57@}¤K6?@�5A�EI�¤,8 3 �#Z <�J 4 5¤ O?O 8=:.6�¤u8;:C<K6b<Kªy¤ 6A8¦¤ 3R3 :B6�¤,8,¢�:¥¨H8;INFG5�¢T<H@?5A8 8=5�¤K@ 3 8G<�8 4 5|6AFG5�¤u8;:C<K6#<Kª�<>6?5/6�8CI 3 8;5AF W :¥8 4

4 :.9 4 GQ¤KFR:¦¤K6�675,< > <>6 3 57�EI?5A6E8�8BH O I�8«¤Q8G:BG>5y@?5A8C5J8;57@�¤K6N@�¤K¢ O 8=:B:�5A@ 3 5A9>¢T5A698 3 ¤KFG5 6A8CI 3 8;5AFG57@W :=8 4 :C6b8 4 5 3 ¤K¢T5/9>FR<>I O < J 4 5�FG5 3 I)8=8�<Kªt8 4 5�@?< W 6 3 8;FR5�¤K¢ 3 5A9>¢�57698«¤Q8G:C<>6 O FR<�6A57@?I?FR5`: 3:.8.8=I 3 8GF;¤Q8G57@�:C6 M :.9>I?FR5� �< W U 8;< O Z0< ¡ 6D8 4 5 6A<>698;FG¤KF-H,a9¤K6w:C6N:=8;:C¤,8C:=­�¤Q8G:C<>6���¤ 3 57@w<>6 3 8;F;¤u8;5�92H
�.@?:=FG5�6J8"8IH O FG<
GH:C@?5 3�3 5A9>¢�57698 3 W54 :.6 4 ¤QFG5F6A8CI 3 8;5AFG57@�:C6�@N:=�S57FG5A698?9>FR<>I O?3 W54 :.6 4 ¤QFG54 :.9 4 8BH 3 5 O ¤KF;¤Q�)8C5 U M :.9>INFG5  �< W�a��S<Q8G8;<K¢?Z < J 4 5 3 5®5J¨N¤K¢ O 8C5 3b3 4 < W 8 4 ¤Q8"�H8;FG¤Q8;5A9,H �
4 5�8 O?3 8;<�FG5�6A<
G>57FP8 4 5 6A8CI 3 8;57FR57@ 3 8;FGI�6A8;INFG5w<Kª 3 5�9>¢�57698 3 <;J 4 : 3 : 3 W54 H W 5 6 4 <�< 3 5D8 4 : 33 8;FG¤Q8;5A9,HL<
� g�� �$m�o0pqoAu/z0o
�co�m�� ��	7j5u � � r/o�m p � r�r
	\y�oAm�u;pqj �

J 4 5 O FG< O < 3 ¤,8X<Qªt�NFG5�¤Q� O <>:=6E8c67<H<>FG@?:=6�¤Q8G5 3 T (0) 6�¤K6b�n5�@?<>6N5�I 3 :=6)9 3 8;¤K6?@�¤KFR@ 3 5A9>¢T5A6�D8«¤Q8G:C<>6L8G5�6 4 6?:=�EI?5 3 ¤ 3 @?5 3 67FR:C�n57@®:C6®�²¤KF�8 =�= < = 6�8 4 : 3 6 4 ¤ O 8G57F W 5�6A<>6 3 :=@?57F�¤b¢�:¥¨H8;I?FR5¢T<H@?5�8 W :=8 4�4 5A8;5AFG<L9K576?5A<>I 3 GK¤QFG:¦¤Q6)675 3 <�J 4 57FR5AªY<>FR5�8 4 5�6�¤Q8GI?F;¤28&¢T<H@?5A8X8 4 ¤u8£: 3 67<K6 3 :=@�D57FG5A@TªY<>FM8 4 5�:=6?:=8G:¦¤,8=:C­7¤Q8;:=<>6�<KªX8 4 5��NFG5�¤Q� O <>:=6E8 3 : 3 ¤ 3 5�9>¢�57698«¤u8;:C<K6T¢�<�@N5�8?:=6�8 4 5 � ¤KI 3 D3 :¦¤Q6�ªYF;¤Q¢T5 W <>FR��a W54 57FR5�8 4 5 O ¤KFG¤K¢�5A8;5AF 3 8 4 ¤u8w¤KFR5�¤Q�S5�6J8;57@h�[H®8 4 5�6 4 ¤K6�9>5 3 ¤QFG5T8 4 5
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M :.9>INFG5� �< � ¯ 4 : 3 8G<L9>FG¤K¢ <Qª log2
F;¤u8;:C< 3 ªY<>F �µ8�Y �2Y 6 4 FR<>¢�< 3 <>¢�5 �LaN¤K6?@^5 3 8;:=¢�¤Q8G57@b@?5A6�D3 :=8G:C5 3 <Kª�¤�¢T: ¨�8GI?FG5#¢T<H@?5A8 W :¥8 4 P = 3 9KFG<>I ON3 < J 4 5.5 3 8G:C¢T¤Q8;5A@ O ¤KFG¤K¢�5A8;5AF 3 ¤KFG5

m̂ = {−0.18,−0.02, 0.28} a ŝ = {0.07, 0.02, 0.50} ¤K6?@ π̂ = {0.58, 0.08, 0.34} <
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M :.9>INFG5� �< W ¯ > <>¢ O ¤KFR: 3 <>6�<Qª�8 W <.:C6?:¥8;:¦¤28C:C­7¤Q8;:=<>6 3 8;FG¤Q8;5A9>:C5 3 ªY<>F�@�¤u8«¤ ��8"Y �2Y�a76 4 FR<>¢�<2D3 <>¢�5 �LaMªY<>F P = 3 ¤K6N@ K = 8 < = 6�8 4 5?:?F 3 8367¤ 3 5OUY8G< O Z`8 4 5b¢T: ¨H8;I?FR5�¢T<H@?5A8 O ¤CDF;¤K¢�5A8G57F 3 4 ¤
GK5#�n575A6-5 3 8G:C¢T¤Q8;5A@^:?F 3 8�a�¤Q6?@o8 4 576-¤ 3 5A9>¢T5A698«¤Q8G:C<>6 W ¤ 3 I 3 5A@-8;<�5 3 8;:{D¢�¤Q8G5D8 4 5¬�?FR5�¤K� O <>:C698/67<H<>FR@?:C6�¤u8;5 3 <�J 4 5T5 3 8G:C¢T¤Q8;5A@ O ¤KF;¤K¢�5A8G57F 3 <Kª�8 4 5¬¢T: ¨�8GI?FG5¬¤QFG5
m̂ = {−0.18,−0.02, 0.28} a ŝ = {0.07, 0.02, 0.50} ¤K6?@ π̂ = {0.58, 0.08, 0.34} < = 6w8 4 53 5�6A<>6?@ 67¤ 3 5~U �n<K8G8G<>¢�Z0al�?FG57¤K� O <K:C698/67<H<>FG@?:=6�¤Q8G5 3 4 ¤eG>5��n575A6h5 3 8;:=¢�¤u8;57@_:�F 3 8�I 3 :C6�9.¤3 5�9K¢T5A6E8;¤Q8;:=<>6�¢T5J8 4 <H@�an¤K6?@�8 4 5�FG5 3 I)8¥8;:C6�9 3 5�9>¢�57698 3 4 ¤eG>5`�S5A576~6A8CI 3 8;57FR57@#:C698;<�8 4 FR575
9>FG<>I O?3 I 3 :=6)9 4 :=57F;¤QF�6 4 :B6�¤,8�6�8CI 3 8;5AFG:=6)9)<�J 4 5�5 3 8G:C¢T¤Q8;5A@ O ¤KF;¤Q¢T5J8;57F 3 <KªV8 4 5q¢�:¥¨H8GI?FG5q¤QFG5
m̂ = {−0.72,−0.16, 0.55} ¤K6?@ ŝ = {0.42, 0.12, 0.43} ¤K6?@ π̂ = {0.12, 0.50, 0.38} <
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¢T57¤K6w¤K6?@D8 4 5 GQ¤KFR:¦¤K6)6A5;UY¢T<H@?5�8 M1
Z <���50G>5AFR8 4 5�8C5 3G3 �M:.67¤KFG@FN0P7Q,SIT�U�W2XLX#`LZ 4 ¤eG>5 3 4 < W 68 4 ¤Q8P¤�¢�<�@?5A8 W :¥8 4~4 <>¢T<,9>576?5A<>I 3 GQ¤KFR:¦¤K6�675�UY¢T<H@?5A8 M2

Z W ¤ 3 ¢T<KFG5D¤ O?O FG< O FG:C¤Q8;5�ªY<>F¤KFGFG¤
H > � ¶$@�¤u8«¤�< J 4 : 3 : 3 W54 H W 5}6 4 <H< 3 5�8G<¬8GF-Hb�n<K8 4 O FG5�8=:C¢�:C6�¤QF-H 3 5A9>¢T5A698«¤Q8G:C<>6 3 <
� g�� �$m�o0pqoAu/z0o
�co�m�� x o � p ��	7j x r y�j�z@��u�	\u/x jcpqj�	+�

J 4 5 O FR< O < 3 ¤,8�<Kªn¤P¢T: ¨H8;I?FR5�¢�<�@?5A8 O ¤KF;¤K¢�5A8G57F76�¤K6?@N:C@�¤Q8G5 ψ(0) : 3 @?<>6?5q<>6�675�8 4 5��?FR5�¤K�LDO <>:=698 3 4 ¤eG>5��n57576�:C6N:=8;:C¤,8C:=­75A@�<�´�5 O FG< O < 3 5P8 4 FR575 3 8GF;¤Q8G5�9>:=5 3 ªY<>F�8 4 : 3q3 8;5 O <
� � � ��� � %(7D5&)A58P8GJ%(P )O= P =(4J! #,7D5&%(-J/

J 4 5c:�F 3 8 3 8GF;¤Q8G5�9,H�: 3 8G<;6�8=I 3 8G57F²8 4 5 O FR5AGH:C<>I 3 8BH�@?5A:?6?57@ 3 5A9>¢�57698 3 I 3 :C6)9�¤ 4 :C57FG¤KF�6 4 :.6�¤28
6�8CI 3 8;5AFG:=6)9T¢�5A8 4 <H@�< 2 9L9L8C<K¢T5AF;¤Q8G:BG>5 4 :C57FG¤KF�6 4 :.6�¤28�6�8CI 3 8;5AFG:=6)9T: 3 ¤ 3 8;5 O W : 3 5 O FG<E6757@NI?FG5:C6 W54 :.6 4 O ¤K:=F 3 <Kª\6A8CI 3 8;5AF 3 ¤KFG5 3 I�6�675 3G3 :BG>5A8BH#¢T5AF�9>5A@�< = 6L¤K6#H 4 :=57F;¤QF�6 4 :B6�¤,8�6A8CI 3 8;57FR:C6)9�a<>6?546N5757@ 3 8;<D@?50:�6?5�¤Q6�<>�HZR5A6A8;:IG>5 6AFG:¥8;57FR:C<>6�8;<D< O 8;:=¢T:=­75,aE¤`@?: 3 8«¤K6)6A5P�n5A8 W 57576]9>FR<>I O?3 a¤K6?@L¤TFGI)8=5�8G<�¢�57F�9K5s6A8CI 3 8;57F 3 W :¥8 4 :=6#8 4 5 3 ¤Q¢T5/9>FG<KI O <dJ 4 5�¢�< 3 8 O < O I)8C¤KF£¢T5J8 4 <H@ 3¤KFG5D�?¤ 3 5A@B<>6 9>57<K¢T5J8;FG:B6|6A<>6 3 :=@?57FG¤Q8;:=<>6 3 a W54 5AFG5D8 4 5D<>�HZR5A6A8;:IG>5 6AFG:=8G57FR:C<>6.8G<�< O 8G:C¢�:C­A5
6�¤K6��n5¬8 4 5 W :=8 4 :C6�D+6�8C¤ 3G3 GK¤QFG:¦¤Q�?:.8=:=8�H^ªY<>FP:=6 3 8;¤K6)675nU ´�¤KFR@KU �" � �#Z�Z <w��50G>57F�8 4 5A8C5 3G3 <>I?F<>�HZR5�6J8;:IG>5¬: 3 8G< O FG<
GH:C@?5�¤�9><H<�@ 67¤K6?@?:=@�¤Q8;5wªY<>F�¢�:¥¨H8GI?FG5D¢�<H@?5�8 O ¤KF;¤K¢�5A8G57F 3 < J 4 : 3 : 3W54 H W 5�6 4 <H< 3 5b8;<B@N5AG>5A8C< O ¤ 4 :C5AF;¤KF-6 4 :.67¤,8c6A8CI 3 8;57FR:C6)9�¤28.9><>FR:=8 4 ¢1:C6�8 4 5�6A<>698;5 ¨�8T<Kª¢T<H@?5�8{D���¤ 3 57@�6A8CI 3 8;5AFG:C6�9)a?I 3 :C6)9w8 4 5/6A8¦¤ 3R3 :I:�6�¤Q8G:C<>6�8=:C�Q5�8C: 4 <H<�@�¤ 3 ¤�6AFG:¥8;57FR:C<>6�<

b 5J84I 3�O FG5 3 5A6E8�8 4 5s6�8C¤ 3G3 :.6�¤28l¤,8.9><KFG:=8 4 ¢³<QªM¤ 4 :C57FG¤,6 4 :B6�¤,8�6A8CI 3 8;57FR:C6)9 W54 5A6 4 ¤eGH:C6)9
n <K�HZR5�6J8 3 8;<�6�8=I 3 8G57F£:C698G< P 9>FG<>I O?3 <

� � ����P���Q,S ���
Q,P&���C� �
� ∀(k, `) ∈ {1, . . . , n}2 ��� ��� 
EP	N dind(k, `) P ��N��,�.�0P�Q,����N��0N0P � N�N0� ���$�,���
����
)Q,S �

k Q,�$� ` T
����N0P h = n P ��N/������P���Q,S�� 
 ���0N0�|��� �0S 
#�0P�N0����T

���5N���N�Q,P��
� ��N0� 	EN �0S 
[�0P�N0�"� Ci Q,�$� Cj � � dclust(i, j) = min

k`
{dclust(k, `)} �

� h = h− 1 �
� ∀(k, `) ∈ {1, . . . , h}2 

���#Q,P	N|�,�.�0P�Q,����N�� d(k, `) T

����P	���#�$��� 	3� 
ES.N � �
	��cT
= 6#<>I?Fd67<>698G5J¨H8eaV8 4 5�@�¤Q8;¤¬8G<��n5s6A8CI 3 8;5AFG57@.¤KFG5 K 3 5�9>¢�57698 3 {Y 1, . . . , Y K} W54 :.6 4

4 ¤eG>5��S5A576L@?50:�6?5A@.�#H^8 4 5;:�F 3 8 3 5�9K¢T5A6E8;¤Q8;:=<>6 3 8;5 O <�´�5`6N<K8;5 T (0) 8 4 5�:C6?:¥8;:¦¤28X�?FR5�¤K�LDO <>:=698\67<H<>FR@?:C6�¤u8;5 3 < b 5A8�I 3 67<>6 3 :C@N57Fy¤ � ¤KI 3G3 :¦¤K6�¢T: ¨�8GI?FG5�¢T<H@?5�8 W :=8 4 P 6A8CI 3 8;57F 3M3 I)6 48 4 ¤Q8 ¯
Y k ∈ Cp ∼ N (µp, σ

2
p),

W :=8 4 θp = (µp, σ
2
p).´h5�@?50:�6?5�8 4 5}6A8¦¤ 3R3 :B:)6�¤Q8G:C<>6�8=<L92D�8=:C�Q5�8C: 4 <H<�@�<Kª�8 4 : 3 ¢T<H@?5�8 ¯

CLP (Y ; θ) =
P∑

p=1

∑

Y k∈Cp

log f(yk; θp).
U  �<���Z
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2 8�:¥8;57FG¤Q8;:=<>6 (h) <Qª²8 4 5 4 :C57FG¤KF�6 4 :.6�¤28�6�8=I 3 8G57FG:=6)9)aN8 4 5 3 5A9>¢T5A698 3 ¤KFG5;6A8CI 3 8;57FR57@#:C698;<
h 9>FR<>I O?3 @N576?<K8G57@ C(h)

1 , . . . , C
(h)
h

a W :=8 4 O ¤KFG¤K¢T5J8;5AF 3 θ1, . . . , θh < � 5 O 8C¤,67:=6)9 θp �#HL:=8 3¢�¤u¨�:=¢DI?¢ 8C:C�Q5�8=: 4 <H<�@T5 3 8;:C¢T¤Q8G<>F�aH8 4 5}6�8C¤ 3G3 :B:�67¤Q8;:=<>6�8C<,92D�8=:C�K5A8C: 4 <�<H@T¤Q8q8 4 : 3q3 8G5 O : 37¯

ĈLh(Y ; θ̂) = −
h∑

p=1

np log σ̂2
p,

W :=8 4 np �n57:C6�9¬8 4 5�6EI?¢D�n57F£<Kª 3 5�9K¢T5A6E8 3 :=6]6�8CI 3 8;5AF p < 2 8�:=8G57F;¤u8;:C<K6 (h+ 1) a 3 I O?O < 3 58 4 ¤Q856A8CI 3 8;5AF 3 C(h)
i

¤K6?@ C(h)
j
¤KFR5�¢T5AF�9>5A@�a?6?<K8G:C6)9 σ2

ij
8 4 5;GQ¤KFG:C¤K6)6A5�<Kª�6A8CI 3 8;5AF {C(h)

i ∪
C

(h)
j } < J 4 5/6A8¦¤ 3R3 :I:�6�¤Q8G:C<>6�8=<L92D+8C:C�Q5�8=: 4 <H<�@T¤Q8£:¥8 3 ¢T¤u¨�:C¢DI?¢ : 3A¯

ĈLh−1(Y ; θ̂|C(h)
i ∪ C(h)

j ) = −
h−2∑

p=1

np log σ̂2
p − (ni + nj) log σ̂2

ij.

= 8qªY<L8.8=< W 3 8 4 ¤Q8 ¯
ĈLh−1(C

(h)
i ∪ C(h)

j ) − ĈLh(C
(h)
i , C

(h)
j ) = −(ni + nj) log σ̂2

ij + ni log σ̂2
i + nj log σ̂2

j .¡ INFP<>�HZR5A6A8;:IG>5w�n57:=6)9�8 4 5D¢�¤[¨N:=¢T:=­�¤Q8G:C<>6^<Kªy8 4 5 6�8C¤ 3G3 :B:�67¤Q8;:=<>6~8=<L92D�8=:C�Q5�8C: 4 <H<�@^¤Q845�¤,6 43 8;5 O a W 5`@?50:�6?5�8 4 5�@?: 3 8;¤K6)675��n5A8 W 575A6.8 W < 6A8CI 3 8;57F 3 a 3 I�6 4 8 4 ¤Q8
d(i, j) = (ni + nj) log σ̂2

ij − ni log σ̂2
i − nj log σ̂2

j .

J W <~6�8=I 3 8G57F 3 W :.8B8��n5�¢�57F-9>57@h:=ª�8 4 57:=F`@?: 3 8;¤K6)675T: 3 8 4 5 3 ¢T¤,8.8=5 3 8`¤K¢�<>6)9.¤,8.8 O < 3G3 :C�)8=5O ¤K:CF W : 3 5�@?: 3 8«¤K6)6A5 3 <
	 e[mVsMmnv�gYcdg mni

b 5J8�I 3 @?576N<K8;5 Ci, Cj 8 W < 6�8=I 3 8G57F 3t3 I)6 4 8 4 ¤Q8 #Ci = ni
a #Cj = nj

¤Q6?@ ni, nj ≥ 2 <> <>6 3 :=@?57F d(i, j) 8 4 5�@?: 3 8«¤K6)6A5��S5J8 W 5A576~6A8CI 3 8;5AF 3£3 I)6 4 8 4 ¤u8 ¯
d(i, j) = (ni + nj) log σ̂2

ij − ni log σ̂2
i − nj log σ̂2

j .

J 4 576�8 4 5]6A8¦¤ 3R3 :B:)6�¤Q8G:C<>6^8C<,92D�8=:C�K5A8C: 4 <�<H@�@?5A:?6?57@-:C6o°M�HI?¤Q8;:=<>6 U� �<���Z�: 3 8=<�67¤,8.8IH®¢�¤u¨�:{D¢T:=­757@�¤Q8£57¤,6 4 :=8;5AF;¤Q8G:C<>6b<Qªt8 4 5 4 :C57¤KF�6 4 :B6�¤,8�6�8CI 3 8;5AFG:=6)9¬¤,8.9K<>FG:¥8 4 ¢�<
	 e[m&mVp

J 4 5 O FR<�<Kª4<KªP8 4 : 3�O FG< O < 3 :=8G:C<>6�: 3¬3 8;F;¤Q:.9 4 ªY<KF W ¤KFG@ 3 :=6)675 W 5n6 4 < 3 5�8 4 5#@?: 3 8«¤K6�6753 I)6 4 8 4 ¤Q8 ¯
ĈLh−1(C

(h)
i ∪ C(h)

j ) − ĈLh(C
(h)
i , C

(h)
j ) = −d(i, j).

Jt<L8 4 : 3 5J¨H8;5A6E8�ay¢T5AF�9>:=6)9#8 W < 6�8CI 3 8;5AF 3 W :¥8 4 ¢�:C6N:C¢T¤,8M@?: 3 8«¤K6�675 d(i, j) 576 3 I?FG5 3 8 4 ¤Q8
ĈLh−1(C

(h)
i ∪ C(h)

j ) : 3 ¢�¤[¨N:=¢�¤28X¤Q8£:¥8;5AF;¤Q8G:C<>6 (h + 1) <

�mnf�f�a�inc[v

\H� ·
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D M :CF 3 8µ<Kªl¤,8B8�aE:=8µ: 3 :C¢ O <>FR8;¤K698�8G<D6?<K8G:.6A5�8 4 ¤Q8�8 4 54< O 8;:=¢T:=­�¤Q8G:C<>6¬: 3 8C<E6�¤28�aE¢T57¤K6?:=6)98 4 ¤u8q8 4 : 3 ¤,8.9><KFG:=8 4 ¢ @?<H5 3 6?<K8 O FR<�GH:=@?5�¤K6^< O 8;:=¢�¤28 3 <,8CIN8G:C<>6�<
D�J 4 5�¤,8B9><>FR:=8 4 ¢ : 3 FR5 O 5�¤Q8G57@^I?698;:B8X¤|:�¨N5A@^6HIN¢D�S5AF�<Kª 9>FR<>I O?3 a?¤K6?@�8 4 5PFR5 3 I�8=8;:=6)9¢T57¤K6�a#GQ¤KFG:C¤K6)6A5�¤Q6?@ O FR< O <>FR8G:C<>6¬<KªX5�¤,6 4 9KFG<>I O 67<K6 3 8G:=8;I�8;5£8 4 5 O ¤KFG¤K¢T5J8;5AF 3 ψ(0)I 3 5A@#8G<T:=6?:=8G:¦¤,8=:C­75£8 4 5 4 HH�?FG:=@.¤28.9><>FR:=8 4 ¢n< J 4 : 3£3 8GF;¤Q8G5�9,H^: 3 8 4 <>I)9 4 8£8G< O FR<
G�:=@?5¤wFG5�¤ 3 <>6?6?¤K�)8C5;67¤K6?@?:=@�¤Q8G5�FR5�99¤QFG@?:=6)9D8 4 5�@?< W 6 3 8;FR5�¤K¢�¢�:¥¨H8;INFG5�¢�<�@?5A8�<
D�J 4 : 3q3 8;5 O FR57�EI?:CFR5 3 8 4 5�¤K�?:.8=:=8�Hw8G<367¤,8.6AI)8¦¤u8;5�¤ GQ¤KFG:C¤K6)6A5�¤Q8q8 4 5 :�F 3 8 3 8;5 O U W54 5765�¤,6 4 3 5�9>¢�57698q: 3 :=6�:=8 3 < W 6�9>FR<>I O Z < = 6b<>I?FR6�¤ 3 5,a W 5 67<K6 3 8GF;¤K:=6E8�<>I?F 3 5�9K¢T5A6E8;¤CD8;:=<>6 O FG<E675A@?I?FR5�8G< O FG<
GH:C@?5 3 5�9>¢�57698 3 W :=8 4 ¤¬¢�:C6N:C¢DI?¢ 3 :=­75�<Kª\W�<

� � � � � �M#&:<P&G0)O! #,%.P�! # 58)+#,7>/O%.7>!
� cdm&zQrlk�vAc[g z �naHeuv�gYmni�mVp�� �

2�3 5A67<>6?@ 3 8;FG¤Q8;5A9,H#8 4 ¤Q8V6�¤K6B�n5|6A<>6 3 :C@?5AFG57@L8G<�:=6?:=8G:¦¤,8=:C­75�8 4 5`¢T: ¨�8GI?FG5`¢T<H@?5A8 O ¤CDF;¤K¢�5A8G57F 3 : 3 ¢�<K8;:IGK¤u8;57@��#H�8 4 5b@?: 3 67I 3G3 :=<>6 67<>6)6A57FR6?:C6)9B8 4 5^°�� ¤,8B9><>FR:=8 4 ¢ 9K:BG>5A6�:C6�²¤KF�8 =�=-= <�J 4 5AFG5�: 3 ¤ 3 8;FG<K6)9~8C:=6?�B�n5A8 W 57576�8 4 5�:C6N:=8;:C¤,8C:=­�¤Q8G:C<>6 3 8;5 O <Kªq8 4 5b°�� ¤,8.9><CDFG:=8 4 ¢ ¤K6?@B:¥8 3 8;5A6?@?576�6AH.8G<?67<K6[GK57F-9>5D8;<?8=<�67¤,8l¢�¤[¨N:=¢�¤�<�J 4 : 3 : 3 W54 H W 5 O FG< O < 3 5`8;<I 3 5�8 4 5 3 8;<E6 4 ¤ 3 8;:B6 G>5AF 3 :C<>6�<Qª�8 4 5T°�� ¤,8B9><>FG:¥8 4 ¢ U��N°��~Z�8;<.:=6?:=8G:¦¤,8=:C­A5`8 4 5�¢�:¥¨H8;I?FR5¢T<H@?5�8 O ¤KFG¤K¢T5J8;5AF 3 ψ(0) <>6�675�8 4 5��?FR5�¤K� O <>:C69856A<�<>FR@?:C6?¤Q8;5 3 T (0) 4 ¤eGK5`�n575A6 O FR< O < 3 5A@�<
J 4 : 3 ¤28.9><>FR:=8 4 ¢�: 3 �E6?< W 6B8;<^¤eGK<>:C@ 3RO I?FG:=<>I 3 ¢T¤u¨�:C¢�:C­A57F 3 a�6A<>¢ O ¤KFG5A@ W :=8 4 8 4 5 4 :C57F	D¤KF�6 4 :B6�¤,8�6�8CI 3 8;5AFG:=6)9 3 8;5 O W54 :.6 4 8C<E6�¤,8B8BH�¢�¤[¨N:=¢T:=­75 3 8 4 5}8=:C�K5A8C: 4 <�<H@�<
� rlmVe[c�� �

J 4 538C¤ 3 8 3 8;FG¤Q8;5A9,H W54 :B6 4 : 3 67<>6 3 :C@N57FG5A@ 4 ¤ 3 �S5A576 3 I)9,9>5 3 8;57@��#H ��:C5AFG6�¤26«�H:dN0P Q,SIT
U�W,XLX �#Z0< = 6 3 8G5�¤K@b<Kª&FGI?6?6N:C6)9�8 4 5 3 8;<E6 4 ¤ 3 8;:B6VG>5AF 3 :C<>6�<Qª&8 4 5P°µ�
¤,8.9><KFG:=8 4 ¢ W54 :.6 4 ¢T¤eHFG57�EI?:=FG5�¢T¤K6#Hb:=8G57F;¤u8;:C<K6 3 ¤K6?@�¢�¤eHb�n5 3 8=< W 8;<�67<>6#GK57F�9K5,aV8 4 5`¤KIN8 4 <>F 3£3 I)9L9>5 3 8�8;<�I 3 53 4 <>F�8MFGIN6 3 <KªV8 4 5�°µ��¤,8B9><>FR:=8 4 ¢ W :=8 4 FG¤K6?@?<K¢ 3 8«¤KF�8 3 aE¤Q6?@D8;<;6 4 <H< 3 5£¤K¢T<K6)948 4 5q�S5 3 8O FG< O < 3 57@F67¤K6?@?:=@�¤Q8G5 3 < � H 3 4 <>F�84FRI?6 3 <Kª�8 4 5�°�� ¤,8B9><>FR:=8 4 ¢ 8 4 5D¤KI�8 4 <>F 3 ¢�5�¤Q6�8 4 ¤Q88 4 5w¤28.9><>FR:=8 4 ¢�: 3�3 8;< O?O 5A@��S5JªY<>FG5`:=8 3 67<>6#G>5AF�9>5A6)6752<|J 4 : 3P3 8GF;¤Q8G5�9,Hn6�¤Q6B�S5|GH:=5 W 57@®¤ 3¤�¢T<H@?:I:�57@3G>57F 3 :=<>6b<Kª&8 4 5
�N°���¤,8B9><>FG:¥8 4 ¢�ªY<>F W54 :B6 4 8 4 54¢T< 3 8�:=¢ O <>F�8«¤K698µ:=8;5AF;¤Q8G:C<>6 3¤KFG5P8 4 5;:�F 3 8�<K6?5 3 <
� g�� � ��rso�� j r/t u/m o�m�o pqo�u}z0o ��u;pqo�rsm ��p>	�u}pqj<��� �nu ��j5y rsm

	7j5u/z y]u;p u �qjcp �

´h5 4 ¤eG>5 O FG< O < 3 57@ 3 :¥¨®:C6N:=8;:C¤,8C:=­�¤Q8G:C<>6 3 8GF;¤Q8G5�9>:=5 3 ªY<>F�8 4 5 4 H��NFG:C@h¤,8.9K<>FG:¥8 4 ¢ ¯ 8 W <#ªY<>F8 4 5��?FG57¤K� O <K:C698 6A<�<>FR@?:C6?¤Q8;5 3 at¤K6?@h8 4 FG5A5TªY<>F�8 4 5�¢�:¥¨H8;I?FR5T¢�<H@?5�8 3�O ¤KF;¤K¢�5A8G57F 3 <�J 4 5�HIN5 3 8G:C<>6�: 3 8G<�6 4 <�< 3 5�¤K¢�<>6)9w8 4 5A¢n<
_^a � itg c[gYmni-mVp ����k �jg c ~oz>eQg cdaEeug kLc�mhzur�mXmSvAaLk�fhmnil��vAcde[k?�Va9c[gYa�v

M :BG>5b@N:=�S57FG5A698 6AFG:¥8;57FR:¦¤L¤QFG5b@?50:�6?57@oªY<>FD8 4 : 3wO I?F O < 3 5,<@J 4 5 O I?F O < 3 5^<Kª�8 4 5b:C6?:{D8;:¦¤28C:C­7¤Q8;:=<>6 3 8;5 O : 3 8;< O FG<
GH:C@?539><H<�@_6�¤Q6?@?:C@?¤Q8;5 3 (T (0), ψ(0)) 8G< 3 8;¤KFR8�8 4 5 4 HH�?FG:=@�¤,8{D
\H� R
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M :.9>INFG5  �<�� ¯ °²¨N¤K¢ O 8C5�<Kª > � ¶ O FR<,:�8C5`ªY<>FPFG57¤,8�@�¤u8«¤ 3 5J8 3 @?5 3 67FR:C�n57@®:C6��4¤Q�Q¤Q<@N0PVQ,SIT
U�W,XLX2Y[Z0<\J 4 5 3 5 O FR<,:�8C5 3 67<>FRFG5 3RO <K6?@�8G<�6 4 FG<>¢�< 3 <>¢T5 	wªY<>F�8 W <T@N:=�S57FG5A698 O ¤Q8;:=57698 3 <

9><>FG:¥8 4 ¢�<;J 4 5 :�F 3 8�6�¤Q8GI?F;¤28�67FR:=8G57FG:=<>6.8 4 ¤Q8�: 3 I 3 5A@®8G< 3 67<KFG5D8 4 5w@?:=�S57FR57698 3 8GF;¤Q8G5�9>:=5 3: 3 8 4 5�:C6�67<>¢ O 8C5J8;5 D�@�¤Q8;¤/8=<L92D+8C:C�Q5�8=: 4 <H<�@w<Qª,8 4 5�¢�<�@N5�8�U��������	�[Z 6�¤28.67I�8¦¤Q8G57@b¤Q8 T = T (0)¤K6?@ ψ = ψ(0) <?J 4 5 3 5�6A<>6?@ 6AFG:¥8;57FR:C<>6�: 3 8 4 5�:C6)6A<>¢ O 8C5A8G50D�@�¤Q8«¤?8=<L92D+8C:C�Q5�8=: 4 <H<�@#<Kª�8 4 5¢T<H@?5�8cU������
�LZ�¤Qª 8G57F;67<K6[GK57F-9>576)6A5�<Kª�8 4 5 4 HH�?FR:C@�¤,8.9K<>FG:¥8 4 ¢�<sJ 4 5��n5 3 8�:C6?:¥8;:¦¤28C:C­7¤Q8;:=<>6¢T5J8 4 <H@ 3 4 <>I)8C@ O FG<
GH:C@?5�8 4 5��S5 3 8;8=:C�K5A8C: 4 <�<H@�< ¡ 8 4 5AF 67FR:=8G57FG:C¤T¤QFG5DI 3 57@L8G<b¤ 3G3 5 3R3 8 4 53 8«¤Q�?:.8=:=8�H¬<Kªl8 4 5�¤,8.9><KFG:=8 4 ¢"ªY<>Fq¤ 9K:BG>5A6^:C6?:¥8;:¦¤28C:C­7¤Q8;:=<>6w¢�5A8 4 <�@b¤ 3q3 4 < W 6�:C6?Jt¤K�)8=5  �< Y�<
�����
��� �S5 3 8d6�¤K6N@?:C@�¤u8;5
�����
� �S5 3 85:?8|U':�6?¤,8�Z
� ��
�� 67<>¢ O IN8;¤Q8;:=<>6�¤,8n8;:C¢�5
��
�� ����� ������� � 67FG57¤Q8;5�57¢ O 8�H�6A8CI 3 8;5AF 3
������� � 
���� 67<>6#G>5AF�9>5`:C6b¢�<>FG5P8 4 ¤Q8�`,XLX,XD:=8;5AF;¤Q8G:C<>6 3

J²¤K��8C5  �<�� ¯ > FG:¥8;5AFG:¦¤DI 3 57@�8;<�¤ 3R3 5 3R3 8 4 5��S5 3 8�:C6?:¥8;:C¤,8C:=­�¤Q8G:C<>6 3 8GF;¤Q8G5�9,H,<
	 e[aHv7aHiScdkNcdg mni-mVp£c[rlaL{lkNcdk�v7a9c

J 4 5�@�¤Q8;¤ W 5�I 3 5�8;<36 4 <�< 3 5D¤Q¢T<>6�9�@N:=�S57FG5A6984:=6?:=8G:¦¤,8=:C­�¤u8;:C<K6 3 8;F;¤u8;5�9K:C5 3 4 ¤eG>5��n57576@?5 3 67FG:=�S5A@�:C6���¤K�u¤K<KN0P}Q,SIT U�W2XLX,Y[Z <#´�5 4 ¤eG>5 > � ¶ O FR<,:�8=5 3 ªY<>F ��WL` O ¤Q8;:=57698 3 ay¤K6?@ªY<>F£5�¤,6 4 O ¤u8;:C5A698 W 5 6A<>6 3 :=@?57Fd6 4 FR<>¢T< 3 <>¢�5 3 �La 	�¤K6?@~W,X�< M :=6�¤,8B8BH W 5 4 ¤
GK5 � �,` O FR<2D
:�8C5 3 a&57¤,6 4 �S5A:C6)9�<Kª 3 :C­A5 �
XLX O <>:=698 3 < M :.9>INFG5  �< Y�9>:IG>5 3 ¤K6L5 ¨?¤Q¢ O 8=5D<Kª 3 I)6 4 O FG<,:)8C5 3 <
J 4 5 4 HH�?FR:C@-¤,8.9><KFG:=8 4 ¢ : 3 FGI?6�ªY<>Fw57¤,6 4 O FR<,:�8=5,a W :¥8 4 @?:¥�X5AFG57698�6EI?¢D�n57F 3 <Kª�9>FG<KI O?3
U P = 1, . . . , 6 Z�¤K6?@ 3 5A9>¢T5A698 3 U K = P, . . . , 20 Z0<

� i�k � ~! Eg i���c[rla.e[aHv � �Yc[v#"Tg c[r-k �jg ilaHkNe�fhm&{�a��
´�5 4 ¤eG>5 `£@?:¥�X5AFG5A6E8 6AFG:=8G57FR:¦¤�a[5�¤26 4 �n57:C6�9£8 4 5�FG5 3 I)8=8�<KªH8 4 5µ< O 8;:C¢�:C­7¤Q8;:=<>6 O FG<E6757@NI?FG5��¤ 3 5A@L<>6.8 4 5 �T:C6?:¥8;:¦¤28C:C­7¤Q8;:=<>6 3 8;FG¤Q8;5A9>:C5 3 < b 5J8PI 3 67<>6 3 :C@N57F�8 4 5D:=6)67<>¢ O 8=5A8;5 D�@�¤u8«¤ 8C<L9CD

8C:C�Q5�8=: 4 <H<�@�U������
�,ZDªY<KFw:C6 3 8«¤K6)6A5,< M <>F�5�¤,6 4 K ¤Q6?@ P 8 4 5 4 HH�?FR:C@-¤,8.9K<>FG:¥8 4 ¢	: 3 FGI?6
\H� �
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I 3 :=6)9 �B@?:=�S57FR57698¬:C6?:¥8;:C¤,8C:=­�¤Q8G:C<>6 3 8;F;¤u8;5�9K:C5 3 < = 6�<>FR@?57FD8G<®@N5A8;5AFG¢�:C6?5�:=ª�<>6?5 3 8;F;¤u8;5�92H3 H 3 8G57¢T¤Q8;:B6�¤,8B8BH O FG<
GH:C@?5 3 8 4 5��S5 3 8d:?8ea W 5�F;¤K6?�T8 4 5 3 5/8C<L92D+8C:=�K5�8=: 4 <H<H@ 3 ªY<KFq5�¤,6 4 P ¤K6?@
K <7J 4 5A6`8 4 5 O I?F O < 3 5µ: 3 8;<£@?5A8G57FR¢T:=6?5 W54 :.6 4 :C6?:¥8;:C¤,8C:=­�¤Q8G:C<>6 3 8GF;¤Q8G5�9,H�¤Q�X5A6A8 3 8 4 : 3 FG¤K6?��<
Jt<�@?< 3 < W 5�I 3 5�¤V8C:=6?5�¤QF�¢�<H@?5�8H¤ 3 ªY<L8.8=< W 3 <l´h5µ6?<K8;5 αi 8 4 5�5A�S5�6J8�<KªN8 4 5µ:C6?:¥8;:¦¤28C:C­7¤Q8;:=<>63 8;FG¤Q8;5A9,HwªY<>FM8 4 5��?FR5�¤K� O <>:C698 3 U i = 1, 2 ZM¤K6?@ βj ªY<>FM8 4 5�¢�:¥¨H8;INFG5sU j = 1, 3 Z0<²�4576?<Q8;:C6�9
Rij

8 4 5PFG¤K6?��<Qª�8 4 5P:=6)67<>¢ O 8=5A8;5 D�@�¤u8«¤s8=<L92D+8C:C�Q5�8=: 4 <H<�@DªY<KFq¤D¢T: ¨H8;I?FR5P¢T<H@?5A8 W54 :B6 4]4 ¤ 3�S5A576�:C6?:¥8;:¦¤28C:C­A575 W :=8 4 3 8;FG¤Q8;5A9,H i, j 8 4 5�¢�<�@N5�8X: 3 W FG:=8R8;5A6#¤ 3 ªY<,8.8C< W 3A¯
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D ∀K ∈]K
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K

(h)
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),
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= P ¤K6?@ J̃P = K̃P
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∀K ∈ {P + 1, . . . , K̃P − 1}, DK = J̃K+1 − 2J̃K + J̃K−1.

\ � �



�������\�	�"
����#���d�"�����
%���
 ���R�&���V����������� �����A(���%����]���
*,
�%B�e�&%'(

J 4 5�6HIN¢D�S5AF£<Kª 3 5�9>¢�57698 3 : 3 6 4 < 3 5A6 3 I)6 4 8 4 ¤Q8 ¯
K̂ = max

K

{
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6�8CI 3 8;5AF 3 : 3�3 ¢�¤,8B8�< ¡ 6�675¬8 4 : 3 6HIN¢D�S5AF 4 ¤ 3 �S5A576�5 3 8G:C¢T¤Q8;5A@�a&8 4 5 4 :C@?@?5A6 3 57�EI?5A6)675�: 3FG5�6A<
G>57FR57@�I 3 :C6)9#8 4 5¬�P:¥8;57FR�?:µ¤,8.9><KFG:=8 4 ¢ W54 :.6 4 O FR<
G�:=@?5 3 8 4 5TFG5A67<
G>5AFG57@ 3 57�EI?576�675b<Kª
4 :C@?@N576�GQ¤KFG:C¤K�)8C5 3 a?6N<K8;5A@ z̃n1 :=6b8 4 5�ªY<L8B8C< W :C6)9�<

= 6®<>FR@?57FP8G<�6A<>¢ O ¤KFG5`8 4 5 O 57FRªY<KFG¢T¤K6)675w<Qªµ<KI?F�¢T5J8 4 <H@ W :=8 4 ¶4�L� 3 a W 5�6 4 <H< 3 58;<^@?5A:?6?5 3 <>¢�5w�HI?¤,8C:¥8�H~67FR:=8G57FG:C¤�8;<]67<K¢ O ¤QFG5,< b 5J8�I 3 FG5�67¤,8.8�8 4 ¤Q8 W 5¬�H6N< W 8 4 5w8;FRI?5
8¦¤K�n5�8S<Kª²8 4 5�@�¤Q8;¤�a W54 :.6 4 ¤KFR5�6?<K8;5A@ zt ªY<>F�8 4 5/8C¤K�n5�8X<Qª²@�¤u8«¤ O <>:=698 yt <

�B�O�(�O��� �H4J)O=(% #�� P 5&% #&7D5&%.)

J 4 5�¤K:=¢ <Qªl�S<K8 4 ¢�5A8 4 <�@ 3 : 3 8G< 6�8=I 3 8G57F�@?¤Q8«¤ O <>:=6E8 3 :=6E8G<w¤|:�6?:¥8;5�6HIN¢D�S5AF�<Kªq9>FR<>I O?3 <= 6�8 4 5�¶P�L� 67<>698G5J¨H8ea?8 4 : 3 6A8CI 3 8;57FR:C6)9¬: 3 @?<>6?5;GH:¦¤D8 4 5�FR5�6A<>6 3 8GFGI)6J8;:=<>6^<Kªt8 4 5 4 :C@N@?5763 57�EI?5A6)675�<KªcGQ¤KFG:C¤K�)8=5 3 a O FR5AGH:C<KI 3 8IH�6?<K8;5A@ z̃n1 < = 6�8 4 5 3 5�9>¢�57698;¤Q8;:=<>6VU26A8CI 3 8;57FR:C6)9]6A<>6�D8;5J¨H8�a�8 4 5�FR5�67<
GK57FG5A@]8¦¤K�n5�8�GQ¤KFG:C¤K�)8=5 3 ¤KFG5�<>�N8;¤K:C6N57@ W :¥8 4 8 4 5P� 2 ��FGI�8C5,aH¤K6N@�6?<K8G57@ ẑk a
k = 1, . . . , K <A��:C6)6A5 ẑk :C6?@?:B6�¤Q8G5 3 8 4 5�8¦¤Q�S5A8�<Kª 3 5A9>¢�57698 k a W 54:=6E8GFG<H@?I)6A54¤ 3 5�6A<>6?@�¤QF-H3 57�EI?5A6)675£<Kª)8¦¤K�n5�8[GQ¤KFG:C¤K�)8C5 3 6?<K8;5A@ ẑn1 W54 :.6 4 :C6N@?:.67¤Q8;5 3 8 4 5c8¦¤Q�S5A8H<QªV@�¤Q8«¤ O <>:=698 3 W :=8 4 :C63 5�9K¢T5A6E8 3£3 I)6 4 8 4 ¤Q8 ¯

∀t ∈ Ik, ẑt = ẑk.

J 4 576 W 5�@?5A:?6?5�8 4 5�ªY<L8.8=< W :C6)9D�EI�¤28C:=8�H�67FR:=8;5AFG:C¤�8;<�67<>¢ O ¤KFR5 ¯
DT8 4 5�5A¢ O :=FG:B6�¤,8n57FRFG<>F£F;¤u8;5�6?<K8G57@ EER aV¤K6?@^@?50:�6?57@ 3 I)6 4 8 4 ¤u8 ¯

EERHMM =
1

n

n∑

t=1

1l{z̃t 6= zt},

EERseg/clust =
1

n

n∑

t=1

1l{ẑt 6= zt}.

DT8 4 5 3 5A6 3 :¥8;:IG�:¥8�H W54 :B6 4 : 3 @?50:�6?5A@B¤ 3 8 4 5 O FG< O <>F�8;:=<>6b<Kª²8GFGI?5 O < 3 :¥8;:BGK5 3 @?5A8G5�6J8;57@
67<>¢ O ¤KFR57@ W :¥8 4 8 4 5�8G<K8«¤28?6EI?¢D�n57FM<Kª O < 3 :=8G:BGK5 3 < � 3 :C6)9�8;5AFG¢�:C6?<,8C<L9,H ¯ TP = 8GFGI?5O < 3 :=8G:BGK5 3 a FN = ª ¤,8 3 5�6?5A99¤Q8;:IG>5 3 a�:=8qªY<,8.8C< W 3 8 4 ¤Q8 ¯
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TP + FN
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67<>¢ O ¤KFR57@ W :=8 4 8 4 5M8;<Q8«¤,8>6EI?¢��S5AF,<KªN6N5�99¤Q8G:BGK5 3 < � 3 :C6)9q8;5AFG¢�:C6?<,8C<L9,H ¯ TN = 8GFGI?56?5�9>¤Q8;:IG>5 3 a FP = ª ¤,8 3 5 O < 3 :=8G:BG>5 3 a?:¥8�ªY<L8B8C< W 3 8 4 ¤u8 ¯

Specificity =
TN

TN + FP
.

��:C6)6A5F6A8CI 3 8;57F?W�: 3 W 5A8.8 3 5 O ¤KF;¤u8;57@}ªYFR<>¢(8 4 5#<K8 4 57F?6A8CI 3 8;57F 3 a W 5 W :.8B8�ªY<�6AI 3 <>6�8 4 53GO 5�67:I:�67:¥8�H^¤K6?@ 3 5A6 3 :¥8;:BGH:¥8�H�ªY<>F56�8=I 3 8G57F 3 1 ¤K6?@ 3 <K6)8BH,<RJ 4 5�ªY<L8B8C< W :C6)9D8;¤K�)8=5;9>:BGK5 3 8 4 5@?5A:�6N:=8;:=<>6 3 FR57�EI?:CFR57@^8;<�6�¤28.67I�8¦¤Q8G548 4 5 3 5/67FR:=8;5AFG:C¤�ªY<>F�6�8=I 3 8G57F ��ªY<>Fq:C6 3 8«¤K6�675,<
TP1

∑n
t=1 1l{z̃t = 1, zt = 1}

TN1

∑n
t=1 1l{z̃t 6= 1, zt 6= 1}

FP1

∑n
t=1 1l{z̃t = 1, zt 6= 1}

FN1

∑n
t=1 1l{z̃t 6= 1, zt = 1}
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hsh/g � � j<�sx j5m p u}pqo0r|m 	�j �Q��z0p �
�B�O������� �H4J)O=(% #�� P 5&% #&7D5&%.) � :A5 !,7>/B'*7>-M#,)+#,%(:O- 587>! 40= #,!

��:C6)6A5T8 4 5�<>�EZR5�6A8G:BGK5�<Kª£¶4�L� 3 : 3 ¤,8 3 <^8;< O FG<
GH:C@?5T¤ 3 5A9>¢�57698«¤Q8G:C<>6�<Kª�8 4 5�@�¤u8«¤�a W 5
67<>¢ O ¤KFR5T�n<K8 4 ¢T5J8 4 <H@ 3 W :=8 4 FG5 3GO 5�6A8�8;<#8 4 5�6EI?¢��S5AF�<Kªq5 3 8G:C¢T¤Q8;5A@ 3 5A9>¢�57698 3 aM¤K6?@8;<w8 4 5A:CFq¤Q�?:.8=:=8�H¬8;<�67<KFGFG5A6A8�8BH?8=<�67¤Q8;5�8 4 5��?FR5�¤K� O <>:C698 3 < 243 @?: 3 67I 3G3 5A@.:=6 > 4 ¤ O 8G57F � W 5@?5A:�6N5 3 5A9>¢T5A698 3 :=6�8 4 5�6�¤ 3 5�<Kª�¶4�L� 3 ¤ 3 ¤.FR5�9>:=<>6�ªY<>F W54 :B6 4 8 4 5TFG5�6A<
G>57FR57@^8¦¤Q�S5A8
GK¤QFG:¦¤Q�)8C5 3 z̃t ¤QFG5 4 <>¢�<L9>5A6?57<KI 3 aH¤K6?@ W 556�¤,8B8?�?FG57¤K� O <K:C698M8 4 5 O < 3 :¥8;:=<>6 t̃k ªY<>F W54 :B6 4 8 4 5
8¦¤K�n5�8�6 4 ¤K6)9>5 3 < J 4 : 3 ¤,8B8C< W 3 I 3 8G<T@?50:�6?5�¤ 3 5�9K¢T5A6E8 Ik 3 I)6 4 8 4 ¤Q8 ¯

∀t ∈ Ik , z̃t = z̃k.

= 6L<>FG@N57F48G<�¤ 3R3 5 3R3 8 4 5�¤K�?:.8=:=8�Hb<QªM8 4 5`¢T5J8 4 <H@ 3 8G<?8C<E6�¤u8;5�8 4 5D�NFG5�¤Q� O <>:=6E8 3 a W 5DI 3 5w¤3 5�6A<>6?@�¤QF-H 3 5A�EI?576)6A5 {rt}1,n

3 I)6 4 8 4 ¤u8 ¯

rt =

{
1 :=ªl8 4 57FG5�5J¨�: 3 8 3 k 3 I)6 4 8 4 ¤u8 t = tk.
0 <K8 4 57F W : 3 5 .

J 4 : 3 6?5 W 3 57�EI?576�675B¤,8B8C< W 3 I 3 8;<h@N5A:�6?5�8 4 5 3GO 5�6A:B:�6A:=8�Ho¤K6N@ 3 5A6 3 :¥8;:IG�:¥8�H�<KªP8 4 5¢T5J8 4 <H@TFR5�99¤QFG@?:=6)9`8 4 5�@N5A8;5A6A8G:C<>6�<Qª,�?FG57¤K� O <K:C698 3 < 2 ª ¤,8 3 5 O < 3 :¥8;:BGK5 W :B8.8��n5�@N5A:�6?5A@^¤ 3¤ O < 3 :¥8;:C<K6^ªY<KF W54 :.6 4 8 4 5`¢�5A8 4 <H@.@?5J8;5�6J8 3 ¤T�?FR5�¤K� O <>:C698 W54 57FR5�¤ 3 8 4 57FR5`: 3 6N<��?FR5�¤K�LDO <>:=698e< J 4 5¬ªY<L8.8=< W :C6)9�8;¤K�)8=5 9>:BGK5 3 8 4 5¬@?50:�6?:¥8;:C<K6®<Qª 3 I)6 4 67FR:=8G57FG:C¤�< > <>6 3 57�EI?5A698"8BH,a�¤
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[\U-3D5-$)78R6B?3:C¢7%Fh()3JI8CK3J�L&=>A�-ItwSxgy ()3Ju_Q63:�6@J3:(!>A(SF�"%$gFG$)78C �63J1 "%�6,jUd"%(`FG7
@:Q-()3:,
����������� ���"!�!�!$#&%�'�(*)+#-,.%0/.�.1�2�3"�0��4.25��'.4.10%"6�'7284*10�09�6":�;8(=<�>�4"(.%5:=4��"�.%?:74@# 15���8:�)
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A T A A C G A C C G T G A C T TA A AT G A C CA A T A A T C G G T G G A C T A A T AA

is issued from a Markov Chain  

Segmentation of the sequence Segmentation/Clustering

φ1 φ2 φ3 ϕ1 ϕ2 ϕ1

I

φI

��>AI%Q6$)3]�
�
Z �-½� ¾$'>A�6@J>A56B?3�7%Fq&=U63l()3JI8CD3:�L&M"�&)>A78�dN�@:B?Q6('&)3:$)>?�6I]CD7E,63JB9FG78$awSxgy ()3:u_Q63J�6@:3J(:Z

CoQ6@MU<"P&)&=3J�L&=>A7%��>?�«&)U63pBA"%('&lFG78Q6$l,63J@�"%,-3:(:Zt�T"��_e«(n&M"�&)>A('&)>A@:"%B�&=3J@MU6�6>Au_Q63J(�Ud"�^%3pR�3:3:�
@:78�6('>A,63J$)3J,Hv+('Q6@MU«"%(`k�>A,6,63J�£�T"%$'¦%7b^Y�t7E,-3:BA(Jv �E@:"%�Y(n&M"�&)>A('&)>A@J(:vH�c"be%3:('>X"%�T&)3:@MU6�->Au_Q63:(
"%�6,�@MUd"%�6I83¸¥�5�78>A�L&aCD3J&)U67E,-(:Z¾yz@:78CD56BA3�&=3�$'3J^
>A3�1 7%Fq&=U63J()3.CK3�&=U67
,6(a@�"%��R�3lFG7%Q6�6,�>A�
�c$="%Q-�t"��6,��tQ6B?BA3:$��n�����%� Z Z�����&)U6>A(;1478$)¦D1c3l@J78�6()>?,63:$;&)U63lw`x�y ('3:I8CD3:�L&="�&=>?78��56$)7%RE¥
BA3:C >A�o&)U63\FG$="%CD3J1478$)¦!7%F�&=U63aCoQ6Bf&=>?56BA34@MUd"%�6I83¸¥�5�78>A�L&¾56$'78R6B?3:C FG7%$�@�"�&)3:I87%$)>X"�B6,d"�&="-Z����
&=U6>?(c@:7%�_&)3��
&;&)U63`,d"�&="o"%$'3`"%('()Q6CD3:,r&)7oR93S,6$="�1a�rFG$)7%C�R->A�678CD>X"�Bd78$cCoQ-B?&=>?�678CD>X"%BE,6>A(¿¥
&=$)>?R6Q-&)>A78�6(����c$)"%Q6�t"%�6,T�tQ6BAB?3:$.�¿�����8� Z vd�c$)"%Q6� 
�¯;±%´��`���%©8©8© Z�Z v6"%�6,���3JRd"%$'R6>A3J$.�¤�%©8©8� Z$)3:@J3:�L&=Bfe£,63J^%3:B?78593J,�&)U63K@:"%()3D7%FcCoQ6B?&)>A56B?3o@MUd"%�-I83:(.>A���T"%$'¦%7b^«@MUd"%>A�-(l1aU->A@MU�1a>?BAB�R�3
56$)3J()3:�L&)3:,T>?��icUd"%5-&)3:$�� � Z¾��>AI8Q-$)3o�
�
Z ���GBA3JF & Z 56$'3:('3:�L&=(g"%��>AB?BAQ6(n&=$="P&=>A7%�K7%F�&)U6>A(\CD7E,-3:B¤v1aU63:$'3o&=U63],d"P&M"�"%$'3W"%()('Q6CK3J,j&=7�R�3o,6$="�1a�jFG$)7%C "��T"�$)¦%7b^j@MU6"%>A�Y1aU67%()3]&=$)"%�6()>f&=>?78�
Cp"�&)$)> �¡>A(D()Q65-5978('3:, &)7�R�3Y"�s93:@�&=3:, RLe "%R6$'Q65-&p@MUd"%�6I83J(�"�&KQ6�6¦_�67b1a� @:7
78$),->A�d"�&)3:(JZ
�t7E,-3:BAB?>A�6ITw`xgy�('3:u_Q63J�6@:3J(KRLe¡�t"%$)¦�7
^<@MUd"%>A�-(]>A(�&)U678Q6I8UL&o&)7j,63:('@:$'>AR�3r&=U63�,63J593J�E¥
,63:�6@�eT&)Ud"�&�3¸�->?('&)(`R93�&�1c3J3:�«�_Q6@:B?3:7%&)>A,63J(S1a>?&)U6>A�j"r('3:u_Q63J�6@:3�Z�y @J78CK5-BA3J&)3�,6>?()@JQ6()('>A78�
78��w`xgy ('3:u_Q63:�-@:3�CD7
,63:B?BA>A�-I!@:"%��R93`FG78Q-�6,�>A��xg>?@:78BA"%(����%©8© � Z v6�a78R6>?� 
�¯;±%´����¤��©8© � Z v"%�6, �E@MU_Rd"�&)U2�¤��©8©8© Z Z
� � �_�����E��}b|-}
�G�����-�L��~#�J}��
�P���q�	�q�
�O���G�
�

���£"�,6,6>?&)>A78��&=7K&=U63!U_e
5�7%&=U-3:()>?(S&=U6"�&�w`x�y ()3JI8CD3:�L&=(`('U678Q6B?,YR�3o7%F�U67%CK78I%3:�63J78Q6(
@:78CD597%()>?&)>A78�g1a>?&=U->A��()3JI8CD3:�L&=(#"%�6,.7%FEU63J&)3:$)7%I83:�63J78Q6(q@:78CD5�78()>f&=>A7%�`R93�&�1c3J3:�o('3:I8CD3:�L&)(:v
"%�67%&)U63:$.ULeE5�7%&)U63:('>A(o@:"%�<R�3pCK"%,63%Z��dQ6�6@�&=>?78�d"%B¾5d"�&'&=3J$)�6(�"%$)3KBA>A¦�3:BfeY&=7YR�3p$'3:5�3�"�&)3:,
"%BA78�-Ia&)U63;wSxgy CD78B?3:@:Q-BA3:(*>?�!&)3:$)CD(q7%F-FGQ6�-@J&=>?78�o"��6,�@J78CK5�78('>?&=>?78�HZ��d78$�>A�-('&M"��6@:3h&=U63J$)3
3��E>A(n&=(�"��o"%Bf&=3:$'�d"%�6@J3cR�3J&�143:3J�DV��li�$'>A@MU�$'3:I8>?78�6(#"%�6,WV
�li�5�7E78$q$)3JI8>A7%�6(:v�"%�6,]"�BA()7g"%�
"%B?&)3:$)�6"%�6@:3�R93�&�1c3J3:��@J7E,->A�6I�"%�-,«�-78�E¥�@J7E,->A�6Ir$'3:I8>?78�6(JZ �E>?�6@:3]Rd"�()3�¥05d"%>?$`@:78CD5�78()>f&=>A7%�
@�"%��R93lB?>A�6¦�3:,�&=7DR6>A78B?78I8>?@�"%BOFGQ6�6@�&=>A7%�Hv6>?&a>?(aBA>A¦�3:Bfep&=U6"�&a()3JI8CK3J�L&=(`"�$)3l('&)$)Q6@�&=Q6$'3:,T>?�L&=7
"!§d�6>f&=3��
Q-CoR93J$;7%F*@JBAQ6(n&=3J$)(c1aU6>?@MU�@:78Q-BA,pR�3`>?�_&)3:$'56$)3�&=3:,r"%(;@:B?Q6('&)3:$'(c7%F*FGQ6�-@J&=>?78�d"%BO>?�E¥
&=3:$'3:(n&�Z�[\U6>?(h$'3:@:"%BAB?(�&=U63\FG78$'CoQ6BX"P&=>A7%�o7%F+&)U63a()3JI8CK3J�L&M"�&)>A78�ONP@:BAQ-('&=3J$)>?�6Il56$)78R-BA3:C 1aU6>A@MU
Ud"%(aR93J3:��('&)Q6,6>A3J,t>?��&=U63!Vl"%Q6()('>X"%��@:"%()3l56$'3J^
>A78Q-(�56"%$'&)(:Z
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���<icUd"%5-&)3:$K� � 143p5-$)785�78()3W&=7t"%565-B?ej78Q-$!CD3J&)U67E,£FG78$�&=U-3p"%�6"%B?e
()>?(l7%Faw`x�y­('3�¥
u
Q-3:�6@J3:(:v41a>?&=U¡&=U-3�,-3J^83JBA785-CK3J�_&D7%FS"£()3:I%CK3J�_&="�&=>?78�ON�@JBAQ6(n&=3J$)>A�-IjCK7
,63:B4FG78$D�T"%$'¦%7b^
icUd"%>A�-(:Z �E>A�-@:3�&=U63tCK3�&=U67
,678B?78I%e<U6"%(pR�3:3J� 3��
&=3J�6()>f^83JB?eª,63J&="%>AB?3:, >A�¡&=U63YV."%Q-()()>A"%�
@�"%('3%v_1c3g@MU67E7%()3a&=7.I8>?^%3�&)U63gCK"%>?�]('&=3J56(c7�F+&=U-3g@J78�6('&)$)Q6@�&=>?78�p7%F9&=U63�CD7E,63JBd78�6Bfe8Z�[\U->A(
5d"%$'&q>?(#,63�^87%&)3:,�&)7g&)U63c"�5656BA>?@�"�&)>A78��7�F678Q6$qCD3J&=U-7E,l&=7g$)3�"�BEwSxgyª()3:u_Q63J�6@:3J(:Z 
 �63hCp"%>?�
"%,-^�"%�L&M"%I%3a1aU-3:�K1478$'¦
>?�6I.78�pwSxgy ()3:u_Q63J�6@:3J(;>A(�&)Ud"�&h()7%CK3aR6>?78BA78I%>A@�"�BE>?�-FG78$)CK"�&)>A78�o>?(
"%BA$'3�"%,-eY"�^%"�>ABX"�R6BA3.&=U6$'78Q6I8U«I83:�-78CK3W"��6�67%&="�&=>?78�6(:vH1aU->A@MU�5-$)7b^
>A,63]&=U-3D5�78('>?&=>?78�6>?�6Ir7%F
FGQ6�6@J&)>A78�6"%BH3:B?3:CD3:�L&=(�"%B?78�6Io&)U63l()3:u_Q63J�6@:3�Zc[\U63J()3!"%�6�67�&M"�&)>A78�6(;1a>?BAB9R93lQ6('3:,t&)7D"%()('3:()(
&=U63;5�3:$nFG78$)CK"%�6@J3c7%FO7%Q6$�CD3J&)U67E,+Z����o&=U->A(�icU6"%5-&=3J$:v8143c1a>AB?B-"�BA()7g@:78CD5d"%$'3c78Q-$�CK3�&=U67
,
&=7!kg>A,-,63:�r�T"%$)¦�7b^K�t7E,-3:BA(¾1aU6>?@MUp@:7%�6('&)>?&=QE&=3�"!CD3J&)U67E,D7%F+@MU678>A@J3\FG78$hw`xgy ()3:u_Q63J�6@:3
"%�d"%BfeE('>A(.���tQ6$)>h�¿������� Z v6x�>A@J78BX"%(��¤�%©8© � Z�Z Z
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�����c� � �����������=���0�-�����
���-���0� ���!�=�)�?���"���
	��#���¿�%$Y���'&
�)(K� � ���?���

* +-,/. �1032 465

7 .-.��98�	:, �;8=<?> < � �;+@0
�A0��CB 03>®�;, �18=<C>ED
	���
��D�10F2G89>�� B <��@0�� �1<

,H21I?<KJ 	L+-,H89>��

MONQP�M R SUTWVYX[Z�T�\E]_^�`�aUbc\edfX[a R `hgjilk�m ]_^�`cX[a�d
[\U63\@:78�-('&=$'Q6@J&)>A78�W7%FO&)U63;()3JI8CD3:�L&M"�&)>A78�dN�@:B?Q6('&)3:$)>?�6I`CD7E,-3:B->?(�BA>?�6¦%3J,o&=7`&)U63\Q6�6,63J$)BfeE>?�6I
()3:I%CK3J�_&="�&=>?78��CD7E,63JB¤Z�����&)U6>A(\('3:@J&)>A78��143."%>AC­"�&a56$'3:()3J�L&=>A�-ID&)U63�Cp"�>A��$)3J()Q6Bf&=(\,63�^83JBf¥
78593J,l>A� �*3:Rd"�$)R6>?3:$h�¤��©8©L�ond1aU6>A@MUl1a>AB?B�R�3¾Q6()3J,.&)7\@:78�6(n&=$'Q6@J&#"\()3JI8CK3J�L&M"�&)>A78�ONP@:BAQ-('&=3J$)>?�6I
CK7
,63:B9FG78$\@�"�&)3:I87%$)>X"�B+,d"�&="-Z

prqestpus'p vxw�y9z�y9{}|�~�|��!��{��u�Q|���y��C����y9�
��3�& {Y1, . . . , Yn}

,63:�67�&=3�"o('3:u_Q63:�-@:3l7%F�,63J593J�6,63:�L&�@�"P&=3:I%78$)>A"%Bd^%"�$)>X"�R6BA3J(h1a>f&=U
Yt
&="%¦8¥

>A�6IW^�"%BAQ63J(a>A�t"D§d�6>f&=3l()3�&`7%F�>A�L&=3JI83:$'( Y = {1, . . . , r} v61a>?&)U r ≥ 2
Z;[\U63!,63:5�3:�-,63:�6@�e

R93�&�1c3J3:��^�"%$)>A"%R6BA3J(4>?(4CD7
,63:B?BA3:,D&=U6$'78Q6I8Ur"]�T"%$'¦%7b^p@MU6"%>A�r7�F�78$),63J$
m
v
m
R�3:>?�6I!§E�-3J,HZ

���t&=U-3�CoQ6Bf&=>?56BA3`@MU6"%�6I83¸¥�5�78>A�L&g@:78�L&=3¸�
&�v9143�('Q6565�78()3.&=Ud"P&g&)U63:$'3�3��E>?('&=(S"K('3:u_Q63:�-@:3]7%F
R6$)3:"%¦_5978>?�L&=(

T = {t1, . . . , tK−1}
1aU->A@MUp,-3J§d�63J(\"l5d"%$'&)>?&)>A78�]7%F+&=U63�,d"�&=".>?�_&)7

K
>A�L&=3J$n¥

^%"�BA(h�67%&=3J,
I1, . . . , IK

>A�K1aU->A@MUp&)U63g&)$="%�6('>?&)>A78�DCp"P&=$)> �D"%�6,K&=U63g>A�6>f&=>X"�B6,6>A(n&=$'>AR6Q-&)>A78�D7%F
&=U63!�T"%$'¦%7b^�@MUd"%>?��"%$)3�('Q6@MUt&)Ud"�&�½

∀t ∈ Ik Pr {Yt = b|Yt−1 = a1, . . . , Yt−m = am} = φk(a1, . . . , am; b),

FG78$
(a1, . . . , am, b) ∈ Ym+1 "%�6,�1a>f&=U�&=U63l@J78�6,6>f&=>A7%�

∑

b∈Y

Pr {Yt = b|Yt−1 = a1, . . . , Yt−m = am} = 1.
�n� � Zf��n

yS(\FG78$\>A�->?&=>A"%B�,6>A(n&=$)>?R6Q-&)>A78�6(JvE143l()Q6565�78('3.&)Ud"�&�½

Pr{Ytk−1+1 = ai} = αk(ai).

��3JRd"%$'R6>A3J$��¤�%©8©8�on�3:CD56Ud"%('>A�J3:(�&=U63aF�"%@�&�&=Ud"�&h>?�6>?&)>X"%B
,6>A(n&=$'>AR6Q-&)>A78�-(�@:78�-('&=>f&=Q-&)3a�
Q->A(="��6@:3
5d"%$="�CK3�&=3:$'(:va"%�-, &=U6>?(p>A(D1aULe &=U-3Je "%$)3t�67%&�@J78�6()>?,63:$'3:, >?� &=U63�FG78BAB?7b1a>A�6I6v4Q6()>?�6I2"
5d"%$'&)>X"%B�BA>?¦%3:B?>AU67
7
,HvJ1aU6>?@MU.1a>?BAB�R93¾"%R-Q6()>f^83:Bfe�@�"�BABA3J,�BA>?¦%3:B?>AU67
7
,gFG78$H('>ACD56BA>?@:>f&�e8Z*wS3J�67%&)>A�6I
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M(i)×(j)([0, 1])
&=U63K()3�&]7%F\CK"�&=$'>A@J3:(.7%F\,6>?CK3J�6()>?78�

i × j
&="%¦_>A�6I�^�"%BAQ63J(�>?�

[0, 1]
v#143

�67%&=3

Φ = {φ1, φ2, . . . , φk, φi ∈ M(rm)×(r)([0, 1])
^83:$'>?F e
>A�-ID@J78�6,6>f&=>?78�

(13.1)},
&=U63l()3�&�7%F#&)$="%�-()>?&)>A78��CK"�&)$)>A@J3:(\7%Fq&=U-3.CD7
,63:B�vE&=U-3.B?>A¦�3:BA>?U67
7E,K7%F#&)U63lCK7
,63JBH>A(J½

LK(Y ;T,Φ) =

K∏

k=1

∏

a1,...,am,b∈Ym+1

φk(a1, . . . , am; b)N
k(a1 ,...,am,b),

1aU63:$'3
Nk(a1, . . . , am, b)

>A(�&)U63W@:78Q6�L&)>A�6I�7%Fh&=U63W1c7%$), {a1 . . . amb}
>A�«()3:u_Q63J�6@:3

Y k,63J§d�-3:,TRLe

Nk(a1, . . . , am, b) =

tk−m∑

t=tk−1+1

1l{Yt = a1, . . . , Yt+m−1 = am, Yt+m = b}.

prqestpus�� ��z�|��t�C~�|��!��{
 �"%$)"%CK3�&=3J$)(

T
"%�6,

Φ
"%$)3 � 7%>A�L&=Bfet3J('&)>ACK"�&=3J,jR_eTCp"
�->?CoQ6C BA>?¦%3JBA>AU-7E7
,Hv�"%�6,Y&)U63]BA7%I�¥

BA>A¦�3:B?>AU67
7E,W>?(4785E&=>ACD>A�J3:,KQ6()>?�6I]"�,-e
�d"�CK>?@g56$'78I8$)"%CKCD>A�-I!"�BAI878$'>?&)U6CtZ#wS3J�67%&=>?�6I
`(i, j)&=U63gBA7
@�"%BOBA7%I�¥�B?>A¦%3JBA>?U67E7
,o@:"%BA@JQ6BX"�&)3:,K78�r()3JI8CD3:�L&

Y ij 1a>f&=U i, j "%(c(n&M"%$n&=>?�6Io"%�-,r3:�6,->A�6I5978>?�L&=(:vE1c3.Ud"�^83�½

`(i, j) =
∑

a1,...,am,b∈Ym+1

N ij(a1, . . . , am, b) log φ̂ij(a1, . . . , am; b),
�¿� � Z��on

1a>?&=U

N ij(a1, . . . , am, b) =

j∑

t=i+1

1l{Yt = a1, . . . , Yt+m−1 = am, Yt+m = b},

N ij(a1, . . . , am,+) =
∑

b∈Y

N ij(a1, . . . , am, b),

φ̂ij(a1, . . . , am; b) =
N ij(a1, . . . , am, b)

N ij(a1, . . . , am,+)
.

φ̂ij(a1, . . . , am; b)
>?(+&=U63�&)$="%�-()>?&)>A78�S56$)78R6"%R6>AB?>?&�e�78��('3:I8CD3:�L&

Y ij vP"%�6, N ij(a1, . . . , am,+)>A(;&=U-3.@J78Q6�L&=>?�6IW7%Fq1c78$',
a1 . . . am

7%F�('>A�J3
m
>A��('3:I8CD3:�L&

Y ij Z
[\U-3:�W&=U63a,-e
�d"%CD>A@c56$)78I%$="%CDCK>?�6I`"�BAI878$'>?&)U6C >A(�Q6('3:,W&=7�3J('&=>?Cp"P&=3;&=U-3\R6$)3:"%¦_5978>?�L&=(

"%(l()U67b1a��>?��icUd"%5-&)3:$l¬6ZD»g�-FG7%$'&=Q-�d"�&=3JB?eT,-e
�d"%CD>A@]56$'78I8$="�CKCD>A�6Ip@�"%�«�67%&lR�3W$)Q6�«>?F
&=U63l()>?�:3l7%Fq&=U63l()"%CK5-BA3�>A(\7b^%3:$)Bfe�U6>?I8U�()>A�-@:3l>?&a$'3:u_Q6>A$'3:(\&=U-3.(n&=78$)"%I83l7%F�"D@J78('&�CK"�&=$'>f�
1aU6>A@MU�>A(

n× n
,6>?CK3J�6()>?78�d"%B�Z#����w`x�y ()3:u_Q63J�6@:3!"%�d"�B?e
()>?(:vE&)U63�()>?�:3`7�Fq&)U63�,d"�&="o()3�&a>A(

U
Q-I83%vO1a>?&)U
n ≥ 10, 000

>A�tCK78(n&�@�"%('3:(:Zg�d78$�>A�6(n&M"%�6@J3.&)U63�I%3:�678CD3.7%F¾�;"%@�&=3J$)>A7%56Ud"%I83
BX"%CoR�,d"-vq1aU6>A@MU2>?(]"��J('Cp"�BAB��]I83J�678CD3r>A(!@:78�6(n&=>f&=Q-&)3:,¡7%F

48, 502
Rd"%('3�¥05d"%>A$'(:Z£���<&=U-3

V."%Q-()()>A"%�r@:"%()3.V�3Jer"%�6, �*3:Rd"�$)R6>?3:$����%©8©L�)nh56$'78597%()3:,�&)7W"%,d"%5-&4&=U63.icyS��[ "%BAI%78$)>f&=U6C
&=7W,63J&)3:@�& � Q6CD56(a>A��&)U63lCK3:"%��FG7%$\BX"%$'I83�(="%CD56B?3:(:vO"��6, �*3JRd"%$)R->A3:$.���%©8©L�)nc56$)785�78('3:(a&=7
"%,d"%5-&\&)U6>A(a"�BAI878$'>?&)U6C�&)7]&=U63l@�"�()3l7%F#@�"�&)3:I878$'>X"%B9^%"�$)>X"�R6BA3J(:Z
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&�7%F�('3:I8CD3:�L&="�&=>?78�ON�@JBAQ6(n&=3:$'>A�6I-vc1c3t()Q65-5978('3Y&=Ud"P&K&)U63:$'3Y3��E>A(n&=(p"�()3J@�¥
78�6,d"%$neª('&=$'Q6@J&)Q6$)3T7%F`&=U-3Y,d"�&="-vc1aU6>?@MU >A(W&=U63YR�3:B?78�6I8>?�6I£7%Fl()3JI8CD3:�L&=(r>?�L&=7<"«§d�6>?&)3
�
Q-CoR93J$�7%Fo@JBAQ6(n&=3:$'(:Z­[\U63:� &=U63£()3JI8CD3:�L&M"�&)>A78�dN�@:B?Q6('&)3:$)>?�6I¡CK7
,63JBS1aU6>A@MU Ud"%(�R�3:3:�
('&=Q-,6>A3J,�>A�K&)U63lVl"%Q6('()>X"��r@�"%('3�@�"%�pR93�"�,d"%5-&)3:,r&=7!&=U63`@:"%()3�7�F�@�"�&)3:I878$'>X"%Bd^�"%$'>X"%R6B?3:(4"%(
FG78BAB?7
1a(JZ �*3�&`Q6(`�-7%&=3 {Z1, . . . , ZK} vO1a>?&=U Zk = {Zk

1 , . . . , Z
k
P}
v+"p()3Ju
Q-3:�6@J3]7%F¾>A�6,-3�¥

593J�6,63:�L&�@�"�&)3:I878$'>X"%B#^%"�$)>X"�R6BA3J(.>?�6,6>?@�"�&)>A�6Ir&)U63pR�3:B?78�6I8>?�6I�7%F;('3:I8CD3:�L&=( {Y 1, . . . , Y K}&=7
P
5�78()('>AR6B?3�@:B?Q6('&)3:$)(JZ¡[\U63:�¡1c3�CD7E,-3:Bc&)U63�,63:5�3:�6,-3:�6@�e R�3J&�143:3J� B?3J&)&)3:$'(o1a>?&=U->A�

()3:I%CK3J�_&
Y k 1a>?&=U�"K�T"%$'¦%7b^�@MUd"%>?��7�F�78$',63:$ m ()Q6@MU�&=Ud"�&:½

∀t ∈ Ik Pr{Yt = b|Yt−1 = a1, . . . , Yt−m = am, Z
k
p = 1} = φp(a1, . . . , am; b),

1a>?&=U
φp(a1, . . . , am; b)

R93J>A�6I]&)U63�&=$="��6()>f&=>A7%�r56$)7%Rd"%R6>?BA>?&�eK@MUd"%$)"%@J&)3:$'>A�:>?�6IW@:B?Q6('&)3:$
p
Z

[\U-3:�t143l,63J§6�63l¹�°¸µ¤¶P°]"��6,r¹d¶b³�¯ 
�°¸µ¤¶P°o56$'78Rd"%R->ABA>f&=>?3:(h7%F�CD3:C�R93J$)()U->A5�7%F#()3:I%CK3J�_&
k&=7W@:B?Q6('&)3:$

p
()Q6@MU�&=Ud"P&�½

πp = Pr{Zk
p = 1},

τkp =
πp Pr{Y k|Zk

p = 1}∑
` π` Pr{Y k|Zk

` = 1} ,
1a>?&=U��67�&M"�&)>A78�H½

Pr{Y k|Zk
p = 1} =

∏

a1,...,am,b∈Ym+1

φp(a1, . . . , am; b)N
k(a1 ,...,am,b).

�E3:I8CD3:�L&
Y k 1a>AB?B;R�3T"�s93:@�&=3J, &=7�"�@JBAQ6(n&=3J$W1a>f&=Uª&=U63t�T"P�E>?CoQ6C y¢ #78(n&=3J$)>A7%$)>a$)Q6B?3

�¤�tyS }n¸Z9[\U-3�5d"%$)"%CD3J&=3J$)(�7%F�&)U6>A(�CD7E,63JBq"%$)3l&=U63.R6$'3�"%¦_5�78>A�L&g@:7
78$),6>?�d"�&)3:(
T
"%�6,t&)U63

5d"%$="�CK3�&=3:$'(\7%Fq&=U63lCD>f�
&=Q6$'3��67%&)3:,
ψ
()Q6@MU�&=Ud"P&�½

ψ = {π1, . . . , πp;φ1, . . . , φP} .

prqes � s'p 
���{�{��!{�
 |���yF������w��!� ~u��
u�_w�� |�� � �!{?|���y���~uz�y:�u�	�E~uw��u���
� ��~��!{�z

[\U6>A(�"%B?I878$)>f&=U6C >A(�$'Q6� FG7%$�"¡§-�E3J, �_Q6CoR�3:$�7%F!@:BAQ-('&=3J$)(t"%�6, ()3JI8CK3J�L&=(:Z kg3J$)3£1c3
()U67b1 U67b1 CD>f�
&)Q6$)3WCD7E,63JB�5d"%$)"%CD3J&=3J$)(!"%$)3W3J('&=>?Cp"P&=3:,£1aU63J��R6$'3�"%¦_5�78>A�L&=(!"%$'3W§E�-3J,Hv
"%�6,«U67b1 &=U63DR6$'3�"%¦_5�78>A�L&=(!"%$'3D3J('&)>ACK"�&=3J,«1aU63J��&)U63KCD>f�
&)Q6$)3]5d"�$="%CD3J&)3:$)(!"%$'3W§E�-3J,HZ
[\U63\('&)$)Q6@�&=Q6$'3\7%Fd&=U63cU_e
R6$'>A,W"%B?I878$'>?&=U-C >A(�('>ACD>ABA"%$*&=7S&)U63\78�63;5-$)3:('3:�L&=3J,K>?�WicUd"%5E&=3:$ �EZ
���J}
� ��|-}
����� �<���+}
~q�
���������
� �q|6�
| ���L}b�_�P�

���o&)U63;>?�6@:78CD56B?3J&=3¸¥�,d"P&M"�FG$)"%CD3J1478$)¦�143\,63J§d�-3;&=U63;>?�6@:7%CK56B?3J&)3c"%�-,]@:78CD56BA3�&=3¸¥�,d"�&="
BA>A¦�3:B?>AU67
7E,-(c7%Fq&=U63lCD7E,-3:B+('Q6@MUt&)Ud"�&:½

logLKP (Y ;T, ψ) =

K∑

k=1

log





P∑

p=1

πp
∏

a1,...,am,b∈Ym+1

φp(a1, . . . , am; b)N
k(a1 ,...,am,b)




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logLcKP (Y, Z;T, ψ) =
K∑

k=1

P∑

p=1

Zk
p



log πp +

∑

a1,...,am,b∈Ym+1

Nk(a1, . . . , am, b) logφp(a1, . . . , am; b)





[\U-3:�j"%�T¼h� "%BAI%78$)>f&=U6C�@�"%�TR93.$)Q6��&=7K3:('&)>ACK"�&=3lCD>f�
&=Q-$)3l5d"%$)"%CK3�&=3J$)(a1aU63:�T&)U63
R6$)3:"%¦_5978>?�L&=(�"%$)3`§E�-3J,HZh[\U63l$)3:('Q6B?&)>A�6IW3J('&=>?Cp"P&=78$'(\"%$)3�½

π̂(h+1)
p =

∑K
k=1 τ

k(h)
p

K
,

φ̂(h+1)
p (a1, . . . , am; b) =

∑K
k=1 τ

k(h)
p Nk(a1, . . . , am; b)

∑K
k=1 τ

k(h)
p Nk(a1, . . . , am,+)

.

xg7%&)3D&)Ud"�& ∑K
k=1 τ

k(h)
p Nk(a1, . . . , am; b)

$)3J56$)3J()3J�_&)(�&=U-3D143:>?I8UL&=3:,�@:78Q6�L&)>A�6I�7%F;1478$),
a1 . . . amb

>A��@:B?Q6('&)3:$
p
Z

���J}
� ��|-}
�����j�#�
�_|�� �������9}
�
yg(#FG78$*&)U63c3J('&=>?Cp"P&=>A7%�.7�F6&=U63hR6$'3�"%¦_5�78>A�L&#@:7
78$),6>?�d"�&)3:(:v
&=U-3c,-e
�d"%CD>A@¾56$'78I8$)"%CKCD>A�-I

CK3�&=U67
,�('&=>?BAB9U678BA,-(\Q6()>?�6I

`(i, j) = log





P∑

p=1

πp
∏

a1,...,am,b∈Ym+1

log φp(a1, . . . , am; b)N
ij(a1 ,...,am,b)





�¿� � Z � n
"%(W"YBA7
@�"%BhBA7%I�¥�B?>A¦%3JBA>?U67E7
,j1aU63:�2&)U63�5d"%$)"%CK3�&=3J$)(]7%Fa&=U-3�CK> �E&)Q6$)3r"%$)3p§E�-3J,HZ2x�3J^83J$n¥
&=U63JBA3:('(:vq&=U63K()>A�J3K7�Fc&=U-3K,d"P&M"tR�3:>?�6I�7
^%3:$'B?e«U6>AI%UHvq143p5-$)785�78()3W&=7�Q6('3r"t5-$)3:B?>ACD>A�d"�$'e
()3:I%CK3J�_&="�&=>?78��R6"%()3J,]78��&=U-3aicy`��[¡"�BAI878$'>?&)U6Ctv
>?��78$',63:$q&=7`$'3:,6Q6@J3c&=U-3;@:78CD56Q-&="�&=>?78�d"%B
BA7L"%,�7�F#&)U63lCK3�&=U67
,HZ

prqes � s�� �){�� |��t~u�!�����!{�
 |���y ������w��!�@~u� 
u�_w�� |�� �
{t�_� � �0�O�r| �#�
�
��� �<����|6���¡�:�_� ���
�9}b|-}
�G���

�
>A�6@J3g&=U-3`()>?�:3S7�F*&=U63`,6"�&M".>A(cBA"%$)I%3�1aU63J��"%�d"%Bfe
�:>A�-Iow`x�y¨()3Ju
Q-3:�6@J3:(:vd143`56$'78597%()3
&=7oQ6('3S&=U-3`I8$)7b1a>?�6Io('&)3:5�7%F*&)U63licyS��[ "%BAI87%$)>?&)U6C &=7�56$)7b^
>A,63S"o56$)3JBA>?CK>?�d"%$'e�()3JI8CK3J�E¥
&M"�&)>A78�j&=U6"�&!1a>?BAB�R�3pQ-()3:,�R_ej&)U63p,-7
1a�-('&=$'3�"%C ULe
R6$)>?,<"%B?I878$'>?&=U-CtZD[\U63D56$)>?�6@:>?56BA3W7%F
&=U6>?(DCD3J&)U67
, >A(]&)7�$)3J,6Q6@J3t&=U-3t('>A�:3�7%F`&)U63�>A�6>f&=>X"�Bc,d"�&="�('3J&�v\Q-()>A�-I�"«()3:I%CK3J�_&="�&=>?78�
CK3�&=U67
,Y1aU6>A@MU£56$'7b^E>?,63:(

Kcart

()3JI8CD3:�L&=(�1a>?&)U
Kcart << n

ZWic78�-()3:u_Q63J�L&=B?ej&)U63]$)7%BA3
7%F*&=U63.icyS��[ "%BAI%78$)>f&=U6C >?(4&=7]$'3:(n&=$)>?@J&;&)U63`@J78BAB?3:@J&)>A78�K7%F�^
>A()>f&=3J,r5d"%$n&=>?&)>A78�-(:vE"%(;()U-7
1a�
>A����>AI%Q6$)3o� � Z?�%Z

[\U-3!@J78CK5-Q-&M"�&)>A78�6"%B9('@MU63:CK"K7�F#&)U6>A(\(n&=3:5�>A(a"�(aFG7%BABA7b1a(J½
¥�ic78CD56Q-&=3�&)U63�@MUd"%�6I83¸¥�5�78>A�L&

t̂c
()Q6@MU "�(

t̂c = Argmax
j

{`(1, j) + `(j + 1, n)} Z
1a>?&)U

`(1, j)
"��6,

`(j + 1, n)
,63�§d�63:,£"�(S>A�T¼�u
Q6"�&=>?78�¡�n� � ZÔ�)n�Za[\U63o78R � 3:@J&)>?^%3o7%F

&=U6>?(\('&)3:5�>A(;&=7W§d�6,�&=U-3l§6$)('&�R�3:(n&g56"%$'&)>?&=>?78�r7%F {1, . . . , n} >A�L&=7K�o()3JI8CD3:�L&=(JZ
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xg3JCp"P&=7
,6( �
Z �
wS$'78()785-U6>ABA" �
y�Zd[\U6"%BA>A"%�d" �
Z?�
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[#"%R6BA3W� � Z?�8½�yq^%3:$="�I83!I%3:�63l()>?�:3�FG78$\,6>fs+3J$)3J�_&�78$'IL"%�6>?()CD(:Z

¥pyS565-B?e�&)U63�(="%CD3�56$'7E@J3:,6Q6$'3�78�2&=U63��63�1�,63J§6�63:,ª()3JI8CK3J�L&=(:vc"%�6,ª()7£78�¡Q6�L&=>?B
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&=U6$'3:('U678BA,

lmin
Z

y;&`&=U63]3J�6,£7%F¾&=U63�I8$)7b1a>A�-I�('&=3J5£7%F¾&=U63WicyS��[ "%BAI87%$)>?&)U6C &=U-3],d"�&M"rU6"b^%3]R93J3:�£56$'3�¥
BA>ACD>A�6"%$'e]('3:I8CD3:�L&)3:,HvO"%�-,�&)U63�ULe
R6$)>?,t"�BAI878$'>?&)U6C®>A(;$'Q6��78� {Y 1

cart, . . . , Y
Kcart
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lmin
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Abstract

Background: Microarray-CGH experiments are used to detect and map chromosomal

imbalances, by hybridizing targets of genomic DNA from a test and a reference sample to

sequences immobilized on a slide. These probes are genomic DNA sequences (BACs) that are

mapped on the genome. The signal has a spatial coherence that can be handled by specific statistical

tools. Segmentation methods seem to be a natural framework for this purpose. A CGH profile can

be viewed as a succession of segments that represent homogeneous regions in the genome whose

BACs share the same relative copy number on average. We model a CGH profile by a random

Gaussian process whose distribution parameters are affected by abrupt changes at unknown

coordinates. Two major problems arise : to determine which parameters are affected by the abrupt

changes (the mean and the variance, or the mean only), and the selection of the number of

segments in the profile.

Results: We demonstrate that existing methods for estimating the number of segments are not

well adapted in the case of array CGH data, and we propose an adaptive criterion that detects

previously mapped chromosomal aberrations. The performances of this method are discussed

based on simulations and publicly available data sets. Then we discuss the choice of modeling for

array CGH data and show that the model with a homogeneous variance is adapted to this context.

Conclusions: Array CGH data analysis is an emerging field that needs appropriate statistical tools.

Process segmentation and model selection provide a theoretical framework that allows precise

biological interpretations. Adaptive methods for model selection give promising results concerning

the estimation of the number of altered regions on the genome.

Background
Chromosomal aberrations often occur in solid tumors:
tumor suppressor genes may be inactivated by physical
deletion, and oncogenes activated via duplication in the
genome. Gene dosage effect has become particularly
important in the understanding of human solid tumor

genesis and progression, and has also been associated
with other diseases such as mental retardation [1,2].
Chromosomal aberrations can be studied using many dif-
ferent techniques, such as Comparative Genomic Hybrid-
ization (CGH), Fluorescence in Situ Hybridization
(FISH), and Representational Difference Analysis (RDA).
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Although chromosome CGH has become a standard
method for cytogenetic studies, technical limitations
restrict its usefulness as a comprehensive screening tool
[3]. Recently, the resolution of Comparative Genomic
Hybridizations has been greatly improved using microar-
ray technology [4,5].

The purpose of array-based Comparative Genomic
Hybridization (array CGH) is to detect and map chromo-
somal aberrations, on a genomic scale, in a single experi-
ment. Since chromosomal copy numbers can not be
measured directly, two samples of genomic DNA (referred
to as the reference and test DNAs) are differentially
labelled with fluorescent dyes and competitively hybrid-
ized to known mapped sequences (referred to as BACs)
that are immobilized on a slide. Subsequently, the ratio of
the intensities of the two fluorochromes is computed and
a CGH profile is constituted for each chromosome when
the log2 of fluorescence ratios are ranked and plotted
according to the physical position of their corresponding
BACs on the genome [6]. Different methods and packages
have been proposed for the visualization of array CGH
data [7,8].

Each profile can be viewed as a succession of "segments"
that represent homogeneous regions in the genome
whose BACs share the same relative copy number on aver-
age. Array CGH data are normalized with a median set to
log2(ratio) = 0 for regions of no change, segments with
positive means represent duplicated regions in the test
sample genome, and segments with negative means repre-
sent deleted regions. Even if the underlying biological
process is discrete (counting of relative copy numbers of
DNA sequences), the signal under study is viewed as being
continuous, because the quantification is based on fluo-
rescence measurements, and because the possible values
for chromosomal copy numbers in the test sample may
vary considerably, especially in the case of clinical tumor
samples that present mixtures of tissues of different
natures.

Two main statistical approches have been considered for
the analysis of array CGH data. The first has focused many
attentions, and is based on segmentation methods where
the purpose is to locate segments of biological interest
[7,9-11]. A second approach is based on Hidden Markov
Models (aCGH R-package [12]), where the purpose is to
cluster individual data points into a finite number of hid-
den groups. Our approach can be put into the first cate-
gory. Segmentation methods seem to be a natural
framework to handle the spatial coherence of the data on
the genome that is specific to array CGH. In this context
the signal provided by array CGH data is supposed to be
a realization of a Gaussian process whose parameters are
affected by an unknown number of abrupt changes at

unknown locations on the genome. Two models can be
considered, according to the characteristics of the signal
that is affected by the changes: it can be either the mean of
the signal [7,10,11] or the mean and the variance [9].
Since the choice of modeling is crucial in any interpreta-
tion of a segmented CGH profile, we provide guidelines
for this choice in the discussion. Two major issues arise in
break-points detection studies: the localization of the seg-
ments on the genome, and the estimation of the number
of segments. The first point has lead to the definition of
many algorithms and packages: segmentation algorithms
[9,10] and smoothing algorithms [11] where the break-
points are defined with a posterior empirical criterion.
These methods are defined by a criterion to optimize and
an algorithm of optimization. Different criteria have been
proposed: the likelihood criterion [9,11], the least-
squares criterion [7], partial sums [10], and algorithms of
optimization are based on genetic algorithms [9],
dynamic programing [7], binary segmentation (DNAcopy
R-package [10]) and adaptive weigths smoothing (GLAD
R-package [11]). Since many criteria and algorithms have
been proposed, one important question is the resulting
statistical properties of the break-point estimators they
provide. Note that smoothing techniques do not provide
estimators of the break-point coordinates, since the pri-
mary goal of the underlying model is to smooth the data,
and break-points are not parameters of the model (in this
case, they are defined after the optimization of the crite-
rion [11]). Here we consider the likelihood criterion and
we use dynamic programming that provides a global opti-
mum solution, contrary to genetic algorithms [9], in a rea-
sonable computational time.

As for the estimation of the number of segments, the exist-
ing articles have not defined any statistical criterion
adapted to the case of process segmentation. This problem
is theoretically complex, and has lead to ad hoc procedures
[9-11]. Since the purpose of array CGH experiments is to
discover biological events, the estimation of the number
of segments remains central. This problem can be handled
in the more general context of model selection. In the dis-
cussion we explain why classical criteria based on penal-
ized likelihoods are not valid for break-points detection.
Criteria such as the Akaike Information Criterion (AIC)
and the Bayes Information Criterion (BIC) lead to an
overestimation of the number of segments. For this rea-
son, an arbitrary penalty constant can be chosen in order
to select a lower number of segments in the profile [9]. We
propose a new procedure to estimate the number of seg-
ments, choosing the penalty constant adaptively to the
data. We explain the construction of such penalty, and its
performances are compared to other criteria in the Results
Section, based on simulation studies and on publicly
available data sets. Put together, we propose a methodol-
ogy that considers a simple modeling, a fast and effective
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algorithm of optimization and that takes advantages of
the statistical properties of the maximum likelihood. Our
procedure has been implemented on MATLAB Software
and is freely available http://www.inapg.fr/ens_rech/
mathinfo/recherche/mathematique/outil.html.

Results
Comparison of model selection criteria

To show the importance of the choice of the model selec-
tion criterion on simple data, we use the results of a single
experiment performed on fibroblast cell lines (see the
Materials Section), with one known chromosomal aberra-
tion. Figure 1 shows the resulting segmentations when
using the Bayesian Information Criterion, and our crite-
rion. BIC leads to an oversegmented profile that is not
interpretable in terms of relative copy numbers. Our pro-

cedure estimates the correct number of segments .
This example shows the practical consequences of the use
of theoretically unappropriated criteria. This point consti-
tutes the main purpose of the discussion (see the Discus-
sion Section).

Numerical simulations are performed to study the sensi-
tivity of different criteria to varying amounts of noise. The
simulation design is described in the Methods Section. We
compare four different criteria: the Bayesian Information
Criterion, two previously described criteria [9,13], and the
criterion we propose, in their ability to estimate the cor-
rect number of segments. Two configurations were tested,
for a true number of segments K* = 5. In the first situation,
the segments are regularly spaced with a jump of the mean
of 1 (Figure 3), whereas in the second case, the segments

Results of the segmentation procedure when using the Bayesian Information Criterion (BIC) and the proposed criterionFigure 1
Results of the segmentation procedure when using the Bayesian Information Criterion (BIC) and the proposed 
criterion. Data shown corresponds to Coriell cell lines GM03563, chromosome 3. Red lines represent the estimated mean of 
each segments, and green lines, the estimated mean plus one standard deviation.
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Estimated number of segments for 4 different penalized criteria in the regular case (top) and the irregular case (bottom)Figure 2
Estimated number of segments for 4 different penalized criteria in the regular case (top) and the irregular 
case (bottom). Top : Results of the simulations for 5 regularly spaced segments with n = 100 data points. The graph repre-
sents the average estimated number of segments for each criterion according to the standard deviation of the noise ( ). Bot-
tom: Results of the simulations for 5 unregularly spaced segments with n = 100 data points. The adaptive criterion is robust to 
the additional noise since it maintains an estimate close to 5 segments whatever the noise and the configuration.
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Example of a simulation in the regular case, and result of the dynamic programming algorithm for the estimation of the break-point coordinatesFigure 3
Example of a simulation in the regular case, and result of the dynamic programming algorithm for the estima-
tion of the break-point coordinates. Top: Example of simulation for 100 data points and 5 segments in the regular case. 
The true break-points are designated by vertical lines, and the red lines correspond to the mean of each segment. The differ-
ence of means d is constant and equals 1. Bottom: Estimated frequency for a break-point to be located at coordinate t for t = 1 
to 100. Different levels of noise are considered with  = 0.1,  = 0.5,  = 1.
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Example of a simulation in the irregular case, and result of the dynamic programming algorithm for the estimation of the break-point coordinatesFigure 4
Example of a simulation in the irregular case, and result of the dynamic programming algorithm for the esti-
mation of the break-point coordinates. Top: Example of simulation for 100 data points and 5 segments in the irregular 
case. The true break-points are designated by vertical lines, and the red lines correspond to the mean of each segment. The dif-
ference of means varies between d = 2 to d = 0.5. Bottom: Estimated probability for a break-point to be located at coordinate 
t for t = 1 to 100. Different levels of noise are considered with  = 0.1,  = 0.5,  = 1.
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are not regularly spaced and the differences of means vary
between d = 2 and d = 0.5 (Figure 4). The first result is that
BIC overestimates the number of segments, whatever the
noise and the configuration (Figure 2). On the contrary,
previously described criteria [9,13] tend to underestimate
the number of segments when the noise increases, what-
ever the configuration. These results suggest that those
two criteria "prefer" to detect no break-point as the noise
increases, leading to possible false negative results.

The behavior of the criterion we propose is different. It
seems to be more robust to the noise, as it will give a
number of segments that is close to the true number. In
particular, the irregular configuration presents a segment
of small size (5 points at t = 80) that could be interesting
to detect in the case of array CGH profile (a putative
gained region for instance). Since the previously described
criteria [9,13] tend to underestimate the number of seg-
ments, this particular region would not be detected. On
the contrary, the adaptive criterion will be able to detect it,
even if the noise is important, since it selects a constant
number of segments close to the true number whatever
the noise. These simulation examples perfectly illustrate
the capacity of an adaptive criterion to find a reasonable
number of segments even in configurations where the
profile is not very separated.

We also compare the performance of our criterion and of
the arbitrary criterion [9] on breast cancer cell lines. Figure
5 shows the resulting segmentations on chromosomes 9
and 10 of the Bt474 cell line (see the Materials Section for
further description). As previously mentioned, the arbi-
trary criterion [9] selects a lower number of segments
compared to the adaptive criterion, and we note that
interesting regions are not detected (a putative outlier on
chromosome 9 at 1.58 Mb and a putative deleted region
on chromosome 10 at 1.76 Mb). Since the aim of array
CGH experiments is to discover unknown chromosomal
aberrations, the use of an adaptive criterion seems more
appropriate in this context since it allows the identifica-
tion of regions that seem biologically relevent.

The second simulation-based result concerns the ability of
dynamic programming to locate the break-points at the
correct coordinate, given different amounts of noise (Fig-
ures 3 and 4). In the regular configuration (Figure 3), sim-
ulation results show that dynamic programming perfectly
localizes the break-points when the variability of the noise

2 is low regarding the jump d of the mean. If d/  = 10 the
estimated probability to localize the break-points at the
correct coordinate is 1, and this probability deacreases
with the noise (probability close to 0.65 for d/  = 2 and
0.25 for d/  = 1). The effect of additional noise is to wid-
den the zone of estimation, but the estimated break-
points remain close to the true break-points. If the true

break-point is located at t*, the estimated break-point
stays in the interval t* ± 3. In the irregular configuration,
additional noise has similar effects on the break-point's
positioning, but the probability to correctly estimate a
break-point depends on the jump of the mean between
two segments. In the irregular case, Figure 4, at position t
= 40 the difference of mean is d = 2, and the probability to
locate the break-point at the true coordinate is higher than
0.65 for any additional noise. On the contrary, at position
t = 85 where the different of mean equals d = 0.5 the prob-
ability to correctly locate the break-point decreases dra-
matically with the noise (probability 1 for  = 0.1 and
probability 0.25 for  = 0.5). This means that dynamic
programming is sensitive to small segments that present
little differences in the mean regarding the noise. Never-
theless, the example on the real data set presented in Fig-
ure 5 shows that using an adaptive criterion with dynamic
programming allows for the identification of small
regions of putative biological interest as mentioned
above. Put together, these simulation results show that the
adaptive method selects the good number of segments
even in the presence of important noise, and that when
this number is selected, dynamic programming is able to
correctly localize the break-point. In addition to its ability
to locate precisely the break-points, it is important to
notice that dynamic programming provides a global opti-
mum of the likelihood that is required for any model
selection procedure to select the number of segments,
compared to genetic algorithms [9].

Segmentation models in the Gaussian framework

The CGH profile is supposed to be a Gaussian signal. In a
segmentation framework, two types of changes can be
considered: changes in the mean and the variance of the
signal, or changes in the mean only. Let us define model

 where each segment has a specific mean and variance

[9], and model , where the variance is common

between segments [7].

Since both models can be used, it is important to explore
their behavior in order to know which model is the best
adapted to the special case of array CGH data. We use clin-
ical data obtained from primary dissected tumors of color-
ectal cancers (see the Materials Section for further details).
Figure 6 presents the results of segmentations for three
experiments obtained with the two models  and 
when our criterion is used to estimate the number of seg-
ments. The main result of this comparison is that the
number of segments is higher using model  com-
pared to model . This behavior of model  could
be interpreted as a trend to divide large segments into
smaller parts, in order to maintain the variance
homogeneous between segments. This leads to a more
segmented profile, maybe more precise, but that may be
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more difficult to interpret in terms of relative copy num-
bers. Nevertheless, as model  allows the exploration
of segments with one observation, it will be more efficient
for the identification of outliers, as shown in Figure 6
(experiment X411, model , point at 100 Mb).

Discussion
The definition of an appropriate penalized criterion has
been an issue for previous works using segmentation
methods for array CGH data analysis [8,9,11]. In this sec-
tion, we explain the specificity of model selection in the
case of process segmentation, in order to give further jus-
tification to the inefficiency of classical criteria to select
the number of segments, as shown in the Results Section.

Estimating the number of segments via penalized 

likelihood

When the number of segments is known, the maximiza-

tion of the log-likelihood  gives the best segmentation

with K segments (see the Methods Section). In real situa-
tions this number is unknown, and one has to choose
among many possible segmentations. The maximum of

the log-likelihood  can be viewed as a quality meas-

urement of the fit to the data of the model with K seg-
ments, and will be maximal when each data point is in its
own segment. Therefore selecting the number of segments
only based on the likelihood criterion would lead to over-
fitting. Furthermore, the number of parameters to esti-
mate is proportional to the number of segments, and a

Comparison of segmentation results based on Breast Cancer Cell lines using the adaptive criterion and Jong criterionFigure 5
Comparison of segmentation results based on Breast Cancer Cell lines using the adaptive criterion and Jong 
criterion. Results of the segmentation procedure for Breast cancer cell lines Bt474, chromosomes 9 and 10. Fluoresence log2-
ratios are plotted according to their location on the genome in megabases. Left profiles are segmented using the adaptive crite-
rion and right profiles using Jong's criterion. The adaptive method detects a break-point at 1.58 MB on chromosome 9 that 
seems to be an outlier, and detects a putative deleted region on chromosome 10 at 1.76 MB.
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Comparison of segmentation results based on colorectal cancer data, using model  and Figure 6

Comparison of segmentation results based on colorectal cancer data, using model and . Results of the 

segmentation procedure for colorectal cancer data, chromosome 1 and chromosome 8. Fluoresence log2-ratios are plotted 

according to their location on the genome in megabases. Left profiles are segmented using model , and right profiles using 

model . Our criterion is used to estimate the number of segments.
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too large number of segments would lead to a large esti-
mation error. A penalized version of the likelihood is used
as a trade-off between a good adjustement and a reasona-
ble number of parameters to estimate. It is noted

where pen(K) is a penalty function that increases with the
number of segments, and  is a constant of penalization.
The estimated number of segments is such as :

It is crucial to notice that the criterion which is penalized
should provide the best partition of K-dimensional, ie for
a fixed K the criterion has to be globally maximized to
ensure convergence of the break-point estimators to the
true break-points [14]. This optimum is provided by
dynamic programming, but not by other algorithms
[9,10].

Choice of the penalty function and constant

Classical penalized likelihoods use the number of inde-
pendent continuous parameters to be estimated as a pen-
alty function. Even though those criteria are widely used
in the context of model selection, theoretical considera-
tions suggest that they are not appropriate in the context
of an exhaustive search for abrupt changes.

Let us focus on the penalty function in a first step. Table 1
provides a summary of different penalties. For classical
information criteria, such as the Akaike Information Cri-
terion and the Bayes Information Criterion, the penalty
function equals to 2K (K means and K variances) for a het-
eroscedastic model with K segments. Penalized criteria
have already been used in the context of array CGH data
analysis to estimate the number of segments [9]. In addi-
tion to the 2K parameters, they implicitly consider that
the break-points are also continuous parameters, leading
to a new penalty function pen(K) = 3K - 1, which considers

K - 1 break-points. Nevertheless, the characteristic of
break-point detection models lies in the mixture of con-
tinuous parameters and discrete parameters that can not
be counted as continuous parameters, since the number
of possible configurations for K segments is finite and

equals  (with n the total number of points) [13].

This leads to the definition of a new penalty function
adapted to the special context of the exhaustive search of
abrupt changes. This function (table 1) is proportional to
the number of continuous parameters, but is also propor-

tional to a new term in  that takes the complexity

of the visited configurations into account. It is written

pen(K) = 2K(c1 + c2 ), where c1 and c2 are constant

coefficients that have to be calibrated using numerical
simulations. Since AIC and BIC and the criterion pro-
posed in [9] do not consider the complexity of the visited
models, they select a too high number of segments. The
second term of the penalty is the penalty constant . This
term is constant in the case of AIC and BIC (  = 1,  =

, respectively), and contributes to the overseg-

mentation as mentioned above. This can lead to an empir-
ical choice for the constant, in order to obtain expected
results based on a priori knowledge. For this reason, an
arbitrary penalty constant can be chosen for the procedure
to select a reasonable number of segments (  = 10/3 in
[9]). Instead of an arbitrary choice for this constant,  can
be adaptively chosen to the data [13,14]. Furthermore,
when the number of segments is small with respect to the
number of data points (which is the case in CGH data
analysis), the log-term can be considered as a constant
[14]. The author rather suggests to use the penalty
function pen(K) = 2K and to define an automatic proce-
dure to choose the constant of penalization  adaptively.

Table 1: Constants and penalty funtions for different penalized criteria, in a heteroscedastic model with K segments.

criterion pen(K)

AIC I 2K

BIG 2K

Jong (2003) 10/3 3K - 1

Lebarbier (2003) adaptive

Lavielle (2003) adaptive 2K

1

2
log n( )

2 1 2K c c
n

K
+ 
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
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





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log

K K pen K= − ( )ˆ ,

ˆ .K ArgmaxK K= ( )

n
K
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−
1
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log
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K


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
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log
n
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We explain the estimation procedure for the penalty con-
stant in the Methods Section.

The power of adaptive methods for model selection lies in
the definition of a penalty that is not universal (such as in
the case of AIC and BIC). This means that the dimension
of the model is estimated adaptively to the data. The effi-
ciency of such method has been shown on simulated data
as well as on experimental results (Results Section), and
adaptive model selection criteria seem to be very appro-
priate for array CGH data analysis.

Choice of modelling for array CGH data

Since the choice of modeling affects the resulting segmen-
tation, it is crucial to provide guidelines for their use. This
can be done with the interpretation of the statistical mod-
els in terms of their biological meaning. The difference

between model  and  concerns the modeling of

the variance: model  assumes that the variability of

the signal is organized along the chromosome, whereas

model  specifies that the variance is constant. Since it

has been shown that the vast majority of clones all had the
same response to copy number changes in the aneuploid

cell lines [6], the use of model  would be justified

regarding this experimental argument.

Outliers seem to be a major concern in microarray CGH
data analysis. For instance, if only one BAC is altered
whereas its neighbors are not, the conclusion could be
either that it is biologically relevant, or that the signal is
due to technical artefacts. Replications are crucial in this
situation, as well as secondary validations. An other pos-
sibility could be that the BAC is misannotated: if the ratio
is plotted at the wrong coordinate on the genome, it will
appear as an outlier, when it is not. The importance of
outlier identification is another argument in favor of

model , that can detect changes for one data point,

whereas with model  outliers would belong to seg-

ments with higher variance.

It has to be noted that classical models used in segmenta-
tion methods assume the independence of the data. This
may be a reasonnable assumption for BAC arrays whose
genome representation is approximately 1 BAC every 1.4
Mb [6]. Nevertheless, a new generation of arrays now pro-
vides a tiling resolution of the genome [15]. The overlap-
ping of successive BACs could lead to statistical
correlations that will require developments of new seg-
mentation models for correlated processes.

Conclusions
Microarray CGH currently constitutes the most powerful
method to detect gain or loss of genetic material on a

genomic scale. To date, applications have been mainly
restricted to cancer research, but the emerging potentiali-
ties of this technique have also been applied to the study
of congenital and acquired diseases. As expression profile
experiments require careful statistical analysis before any
biological expertise, CGH microarray experiments will
require specific statistical tools to handle experimental
variability, and to consider the specificity of the the stud-
ied biological phenomena. We introduced a statistical
method for the analysis of CGH microarray data that
models the abrupt changes in the relative copy number
ratio between a test DNA and a reference DNA. We discuss
the effects of different modelings that can be used in seg-
mentation methods, and suggest the use of a model that
considers the homogeneity of the signal variability based
on experimental arguments and regarding the specificity
of array CGH data.

The main theoretical issue of array CGH data analysis lies
in the estimation of the number of segments that requires
the definition of appropriate penalty function and con-
stant. We define a new procedure that estimates the
number of segments adaptively to the data. This method
selects the number of segments with high accuracy com-
pared to previously mapped aberrations, and seems to be
more efficient compared to others proposed to date. The
use of dynamic programming remains central to localiz-
ing the break-points, and the simulation results show that
when the good number of segments are selected, the algo-
rithm localizes the break-points very close to the truth.
Assessing the number of segments in a model is theoreti-
cally complex, and requires the definition of a precise
model of inference. To that extent, microarray CGH anal-
ysis not only requires computational approaches, but also
a careful statistical methodology.

Methods
Materials

We briefly present the data we used in this article. The first
data we use in the Results Section consist of a single exper-
iment on fibroblast cell lines (Coriell Cell lines) whose
chromosomal aberrations have been previously mapped.
Those defaults concern partial or whole chromosome ane-
uploidy. This data have been previously used by other
authors [10]. The second group of data used in the Results
section is described in [6]. A test genome of Bt474 cell
lines is compared to a normal reference male genome. The
last data set used is described in [16] and consists of 125
primary colorectal tumors that were surgically dissected
and frozen. The arrays used for these analysis are BAC
arrays described in [6].

Models and Likelihoods

In this section, we define the models  and . Let us

consider a CGH profile, and note yt, the log2-ratio of the

1 2

1

2

2

2

1

1 2
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intensities for the tth BAC on the genome. Precisely yt rep-

resents the average signal obtained from the replicated
spots on the slide. BACs are the basic units in our model,
and are ordered according to their physical position. We
suppose that the yt are the realizations of independent ran-

dom variables {Yt}t = 1...n, with Gaussian distributions

. We assume that K - 1 changes affect the

parameters of the distribution of the Ys, at unknown coor-
dinates (t0, t1, t2,...,tK - 1, tK) with convention t0 = 1 and tK =

n, and that the parameters of the Ys distributions are con-
stant between two changes:

where k is the mean of the kth segment. Model  spec-

ifies that the variance is segment-specific ( ), whereas

 considers that the variance is common between seg-

ments ( 2). Since BACs are supposed to be independent,
the log-likelihood can be decomposed into a sum of
"local" likelihoods, calculated on each segments:

, with

Estimation of the segment's mean and variance

Given the number of segments K and the segments' coor-
dinates (t0, t1, t2,...,tK-1, tK), we estimate the mean and the
variance for each segment using maximum likelihood :

If the variance of the segments is homogeneous, its esti-
mator is given by:

Notice that when the segment coordinates are known, the
estimation of the mean and variance for each segment is
straightforward. Then, the key problem is to estimate K
and (t0, t1, t2,...,tK - 1, tK). We will proceed in two steps: in
the first step, we will consider that the number of seg-

ments is known, and the problem will be to estimate the
tks, that is, to find the best partition of a set of n individu-
als into K segments. In the second step, we will estimate
the number of segments, using a penalized version of the
likelihood.

A segmentation algorithm when the number of segments is 

known

When the number of segments K is known, the problem
is to find the best partition of {1,...,n} into K segments,
according to the likelihood, where n is the size of the sam-
ple. An exhaustive search becomes impossible for large K
since the number of partitions of a set with n elements

into K segments is . To reduce the computational

load, we use a dynamic programming approach
(programs are coded in MATLAB language and are availa-

ble upon request). Let  be the maximum log-

likelihood obtained by the best partition of the data {Y(i),
Y(i + 1),...,Y(j)} into k + 1 segments, with k break-points,

and let note . The algorithm is

as follows:

Dynamic programming takes advantage of the additivity
of the log-likelihood described above, considering that a
partition of the data into k + 1 segments is a union of a
partition into k segments and a set containing 1 segment.
This approach presents two main advantages: it provides
an exact solution for the global optimum of the likelihood

[17], and reduces the computational load from (nK) to

(n2) for a given K (the algorithm only requires the stor-
age of an upper n × n triangular matrix). At the end of the

procedure, the quantities  are

stored and will be used in the next step. Notice that this
problem of partitioning is analogous to the search for the
shortest path to travel from one point to another, where

 represents the total length of a (k + 1)-step-

path connecting the point with coordinate 1 to the point
with coordinate n.

An adaptive method to estimate the penalty constant

The purpose of this section is to explain an adaptive
method to estimate the number of segments. Further the-
oretical developments can be found in [14]. If we consider

that the likelihood  measures the adjustment of a

model with K segments to the data, we aim at selecting the
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dimension for which  ceases to increase significantly.

For this purpose, let us define a decreasing sequence ( )
such as 0 =  and

If we represent the curve (pen(K), ), the sequence of i

represents the slopes between points (pen(Ki + 1), )

and (pen(Ki), ), where the subset {(pen(Ki), ),i 

1}) is the convex hull of the set {(pen(K), )}.

Since we aim at selecting the dimension for which 

ceases to increase significantly, we look for breaks in the
slope of the curve. We define li, the variation of the slope,

that exactly corresponds to the length of the interval ] i, i

- 1] : li = i - 1 - i. The length of these intervals is directly

related to the second derivative of the likelihood. The
automatic procedure to estimate the number of segments
is then to calculate the second derivative (finite differ-
ence) of the likelihood:

and we select the highest number of segments K such that
the second derivative is lower than a given threshold :

Other procedures have been developed to automatically
locate the break in the slope of the likelihood. Neverthe-
less, the criterion we use can be interpreted geometrically
and is easy to implement. The choice of the constant s is
arbitrary. According to our experience, a threshold s = -0.5
seems appropriate for our purpose. A criticism that can be
made to this procedure is its dependency on the threshold
which is chosen. Nevertheless, it is important to point out
that despite this thresholding the procedure remains
adaptive, since the penalty constant is estimated accord-
ing to the data.

Simulation studies

We performe numerical simulations to assess the sensitiv-
ity of our procedure to the addition of noise. In the first
case, we simulate 100 points with K* = 5 segments. In the
first case Figure 3, the segments are regularly spaced and
the difference of the means between two segments is d =
1. In the second case (Figure 4) the segments are irregu-
larly spaced and the difference of the means varies
between d = 2 and d = 0.5. The standard deviation of the
Gaussian errors varies from  = 0.1 to  = 2. Each config-

uration is simulated 500 times, and we calculate the aver-
age selected number of segments over 500 simulations. In
order to assess the performance of the dynamic program-
ming algorithm, we calculate the empirical probability
over 500 simulations for a break-point to be located at
coordinate t (for t = 1 to 100).
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A Segmentation-Clustering problem

for the analysis of array CGH data ?
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Abstract Microarray-CGH experiments are used to detect and map chromosomal
imbalances, by hybridizing targets of genomic DNA from a test and a reference
sample to sequences immobilized on a slide. A CGH profile can be viewed as a
succession of segments that represent homogeneous regions in the genome whose
representative sequences (or BACs) share the same relative copy number on average.
Segmentation methods constitute a natural framework for the analysis, but they do
not assess a biological status to the detected segments. We propose a new model
for this segmentation-clustering problem, combining a segmentation model with a
mixture model. We present an hybrid algorithm to estimate the parameters of the
model by maximum likelihood. This algorithm is based on dynamic programming
and on the EM algorithm. We also propose to adaptively estimate the number of
segments when the number of clusters is fixed. An example of our procedure is
presented, based on publicly available data sets.
Keywords: Segmentation methods, Mixture Models, Dynamic Programming, EM
algorithm, Model Selection.

Introduction

Chromosomal aberrations often occur in solid tumors: tumor suppressor
genes may be inactivated by physical deletion, and oncogenes activated via
duplication in the genome. The purpose of array-based Comparative Ge-
nomic Hybridization (array CGH) is to detect and map chromosomal aber-
rations, on a genomic scale, in a single experiment. Since chromosomal copy
numbers can not be measured directly, two samples of genomic DNA (re-
ferred as the reference and the test DNA) are differentially labelled with
fluorescent dyes and competitively hybridized to known mapped sequences
(referred as BACs) that are immobilized on a slide. Subsequently, the ratio
of the intensities of the two fluorochromes is computed and a CGH profile
is constituted for each chromosome when the log2 of fluorescence ratios are
ranked and plotted according to the physical position of their corresponding
BACs on the genome.
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Each profile can be viewed as a succession of ’segments’ that represent
homogeneous regions in the genome whose BACs share the same relative
copy number on average. Array CGH data are normalized with a median
set to log2(ratio)= 0 for regions of no change, segments with positive means
represent duplicated regions in the test sample genome, and segments with
negative means represent deleted regions. It has to be noted that even if the
underlying biological process is discrete (counting of relative copy numbers
of DNA sequences), the signal under study is viewed as being continuous,
because the quantification is based on fluorescence measurements, and be-
cause the possible values for chromosomal copy numbers in the test sample
may vary considerably, especially in the case of clinical tumor samples that
present mixtures of tissues of different natures.

Segmentation methods seem to be a natural framework to handle the
spatial coherence on the genome that is a specificity of array CGH data
[Autio et al., 2003,Jong et al., 2003]. These methods provide a partition of
the data into segments, each segment being characterized by its mean and
variance µk and σ2

k in the Gaussian case. Nevertheless, even if the data are
instrinsically segmented, they are also structured into clusters which have a
biological interpretation: we can define a group of deleted segments, a group
of unaltered segments, and many groups of amplified segments for instance.
This refinement means that the mean and variance of each segment should be
restricted to a finite set such that µk ∈ {m1, . . . ,mP } and σ2

k ∈ {s21, . . . , s
2
P }

if the segments are structured into P clusters.
We propose to handle this segmentation-clustering problem combining a

segmentation model and a mixture model to assign a biological status to seg-
ments. Section 1 is devoted to the precise definition of such model. In Section
2 we propose an hybrid algorithm combining dynamic programming and the
EM algorithm to alternatively estimate the break-point coordinates and the
parameters of the mixture. The convergence properties of this algorithm are
presented.

Once the parameters of the model have been estimated, a key issue is
the estimation of the number of segments and of the number of clusters. We
propose to estimate the number of segments when the number of groups is
fixed, using a penalized version of the likelihood. We propose to apply the
procedure defined by [Lavielle, 2005], that has been successfully applied to
array CGH data [Picard et al., 2005]. An example of our method is provided
in Section 3, using publicly available data sets.

1 A new model for the segmentation-clustering

problem

Let yt represent the log2 ratio of the tth BAC on the genome and y =
{y1 . . . , yn} the entire CGH profile constituted by n data points. We suppose
that y is the realization of a Gaussian process Y whose mean and variance are
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affected byK+1 abrupt changes at unknown coordinates T = {t0, t1, . . . , tK}
with the convention t0 = 1 and tK = n. This defines a partition of the
data into K segments of length nk. We write Y as {Y 1, . . . , Y K}, where
Y k = {Yt, t ∈ Ik}, with Ik = {t, t ∈]tk−1, tk]}. We suppose that the mean
and the variance of the process are constant between two break-points and
they are noted µk and σ2

k.
More than classical segmentation models, we assume that the mean and

variance of the segment Y k can only take a limited number of values with µk ∈
{m1, . . . ,mP }, and σ2

k ∈ {s21, . . . , s
2
P }. In addition to the spatial organization

of the data, via the partition T , there exists a secondary structure of the
process into P clusters, and we adopt a mixture model approach to handle
this problem.

We assume that the partitionned data {Y 1, . . . , Y K} are structured into
P clusters with weights πp (

∑

p πp = 1). We introduce a sequence of inde-

pendent hidden random variables, Zk = {Zk1 , . . . , Z
k
P } such that Zk is dis-

tributed according to a multinomial distribution consisting of one draw on P
categories with probabilities π1, . . . , πP . The mixing proportions π1, . . . , πP
then represent the prior probability for segment Y k to belong to the pth com-
ponent, while the posterior probability of membership to the pth component
with yk having been observed is: τkp = Pr

{

Zkp = 1|Y k = yk
}

. Contrary to
classical mixture models, where the indicator variables provide informations
about the labelling of individual data points (which would be Yt in our case),
our model focuses on the belonging of the segments Y k to different clusters.

We focus on the case where the data are supposed to be drawn from a
mixture of Gaussian densities, with parameters θp = (mp, s

2
p). If we suppose

the indepence of individual data points Yt within a segment, the model can
be formulated as follows:

Y k|Zkp = 1 ∼ N (mp1lnk
, s2pInk

).

We note ψ = {π1, . . . , πP−1, θ1, . . . , θP } the vector of unknown independent
parameters of the mixture, and the log-likelihood of the model is:

logLKP (T, ψ) =

K
∑

k=1

log

{

P
∑

p=1

πpf(yk; θp)

}

.

f(yk; θp) represents the conditional density of a vector of size nk. Our purpose
is to optimize this likelihood to estimate the parameters of the model using
an hybrid algorithm.

2 An hybrid algorithm combining the EM algorithm

and Dynamic Programming

The principle of our algorithm is simple: when the break-point coordinates
T are known, the EM algorithm is used to estimate the mixture parameters
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ψ, and once ψ has been estimated, the break-point coordinates are computed
using dynamic programming. This algorithm requires the prior knowledge
of both the number of segments K and the number of populations P . The
choice for these components of the model will be discussed in a later section.

2.1 Estimating the break-point coordinates when the mixture

parameters are known

When the number of segments K and the parameters of the mixture are
known, the problem is to find the best K-dimensional partition of the data
according to the log-likelihood logLKP (T, ψ). Since the number of of par-
titions of a set with n elements into K segments is CK−1

n−1 , and because of
the additivity in K of the log-likelihood, we use a dynamic programming ap-
proach to reduce the computational load from O(nK) to O(n2), as suggested
by [Auger and Lawrence, 1989].

Let Ĉk+1,P (i, j;ψ) be the maximum log-likelihood obtained by the best
partition of the data Y ij = {Yi, Yi+1, ..., Yj} into k + 1 segments, when the
mixture parameters ψ are known. The algorithm starts as follows: for k = 0
and for (i, j) ∈ [1, n]2, with i < j, calculate:

Ĉ1,P (i, j;ψ) = log

{

P
∑

p=1

πpf(yij ; θp)

}

= log

{

P
∑

p=1

πp

j
∏

t=i+1

f(yt; θp)

}

.

Ĉ1(i, j;ψ) represents the local log-likelihood for segment Y ij . Then the al-
gorithm is run as follows:

∀k ∈ [1,Kmax] Ĉk+1,P (1, j;ψ) = max
h

{

Ĉk,P (1, h;ψ) + Ĉ1,P (h+ 1, j;ψ)
}

Dynamic programming considers that a partition of the data into k + 1 seg-
ments is a union of a partition into k segments and a set containing 1 segment.
More than a reduction in the computational load, this approach provides an
exact solution for the global optimum of the likelihood, that will be central
for downstream model selection procedures.

2.2 Estimate the mixture model parameters when the

break-point coordinates are known

When the break-point coordinates are known, we dispose of a partition of
the data into K segments {Y 1, . . . , Y K}. This partition defines the statisti-
cal units of a mixture model whose parameters have to be estimated. The
purpose is then to maximize the log-likelihood of the model logLKP (T, ψ)
according to ψ. As it is the case in classical mixture models, the direct op-
timization of the likelihood is impossible, but can be handled using the EM

�*Õ �
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algorithm in the complete-data framework [Dempster et al., 1977]. Let us
define the complete-data log-likelihood:

logLcKP (T, ψ) =
K

∑

k=1

P
∑

p=1

zkp log
{

πpf(yk; θp)
}

.

The EM algorithm is as follows:

- E-step: compute the conditional expectation of the complete-data log-
likelihood, given the observed data Y , using the current fit ψ(h) for ψ.

QKP (ψ|ψ(h);T ) =

K
∑

k=1

P
∑

p=1

τk(h)
p log

{

πpf(yk; θp)
}

,

with

τk(h+1)
p =

π
(h)
p f(yk; θ

(h)
p )

∑P

`=1 π
(h)
` f(yk; θ

(h)
` )

.

- M-step: The M-step on the (h+ 1)th iteration requires the global max-
imization of QKP (ψ|ψ(h);T ) with respect to ψ to give the updated esti-
mate ψ(h+1):

ψ(h+1) = Argmax
ψ

{

QKP (ψ|ψ(h);T )
}

.

2.3 Convergence properties of the hybrid algorithm

The proof of the convergence of our algorithm is based on the properties
of both dynamic programming and EM. It can be seen that both algorithms
are linked through the likelihood they alternatively optimize: the incomplete-
data likelihood of the mixture of segments.

Dynamic programming globally optimizes the likelihood with respect to
T . At iteration (`) we have:

logLKP
(

T (`+1);ψ(`)
)

≥ logLKP
(

T (`), ψ(`)
)

.

On the other hand, the key convergence property of the EM algorithm is the
increase of the incomplete-data log-likelihood at each step [Dempster et al., 1977]:

logLKP
(

T (`), ψ(`+1)
)

≥ logLKP
(

T (`), ψ(`)
)

.

Put together, our algorithm generates a sequence
(

T (`), ψ(`)
)

`≥0
that in-

creases the incomplete-data log-likelihood such as:

logLKP
(

T (`+1), ψ(`+1)
)

≥ logLKP
(

T (`), ψ(`)
)

.
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3 Estimating the number of segments K when the

number of clusters P is fixed.

Once the parameters of the model have been estimated (for a fixed K and a
fixed P ), the next question is the estimation of the number of segments and
of the number of clusters. Since the principal objective of biologists is rather
the detection of biological events on the genome rather than the clustering of
those events into groups, we choose to focus on the estimation of the number
of segments when the number of groups is fixed.

The maximum of the log-likelihood log L̂KP = logLKP (T̂ , ψ̂) can be
viewed as a quality measurement of the fit to the data of the model with K
segments. In classical segmentation models, this quantity is maximal when
the number of segments equals the number of data points. Nevertheless, as
our model also considers the clustered nature of segments, it appears that
the quality of fit of the model is not always increasing with the number of
segments, as shown in Figure 1. For P = 2 the incomplete-data log-likelihood
is decreasing for a number of segments K ≥ 12 for instance. This behavior
of the model can be interpreted as follows: since the segmentation-clustering
model is under the constraint P ≤ K, the addition of new segments can
lead to contiguous segments affected to the same cluster. This configuration
leads to an increase in the number of parameters (one additional break-point)
without any gain for the fit of the mixture model. These considerations imply
that there will be a number of segments above which the addition of a new
segment will not increase the log-likelihood.
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L K
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Figure1. Evolution of the incomplete-data log-likelihood log L̂KP with the number
of segments K for different number of clusters (P = 2, 3, 4).
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A penalized version of the likelihood is used as a trade-off between a
good adjustement and a reasonnable number of break-points. The estimated
number of segments is such as:

K̂P = Argmax
K

(

L̂KP − βP pen(K)
)

,

with pen(K) a penalty function that increases with the number of segments,
and βP a penalty constant. The definition of an appropriate penalty function
and constant has lead to theoretical developments in the context of break-
point detection models. Recently, [Lavielle, 2005] proposed to use an adap-
tive procedure to estimate the penalty constant, that has been successfully
applied to array CGH data [Picard et al., 2005]. The principle of this proce-
dure is to find the number of segments for which the log-likelihood ceases to
increase significantly. It is geometrically linked to the finding of the number
of segments for which the second derivative of the log-likelihood function is
maximal (see [Lavielle, 2005] for further details). A result of our procedure
is shown in Figure 2. For a number of clusters P = 3, the adpative proce-
dure estimates a number of segments K̂3 = 10. This leads to a profile which
presents three types of segments that can be interpreted in terms of biological
groups, as shown in Figure 2.
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Figure2. Result of the segmentation-clustering procedure for a fixed number of
clusters P = 3 and an estimated number of segments K̂3 = 10. These data concern
chromosome 1 of breast cancer cell lines Bt474.
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4 Discussion

Microarray CGH currently constitutes the most powerful method to detect
gain or loss of genetic material on a genomic scale. We introduced a statis-
tical methodology for the analysis of CGH microarray data, that combines
segmentation methods and clustering techniques. It terms of modeling, the
discovery of homogeneous regions clustered into groups could have been han-
dled using Hidden Markov Models, as in [Fridlyand et al., 2004]. In those
models, the segmented structure of the data is recovered using the posterior

probability of membership of individual data points into a fixed number of
hidden groups, whereas our method focuses on the labelling of segments to
hidden groups. Moreover, a property of Hidden Markov Models is that the
distance between two ’break-points’ is dependent on the probability distri-
bution of the hidden sequence: the within-class sojourn time is geometrically
distributed. Our approach is free from those constraints, since break-point
coordinates are ’real’ parameters of the model that are not randomly dis-
tributed.

The definition of this new model leads to unusual statistical considera-
tions: it appears that the statistical units of the mixture model (when the
segmentation is known) are segments of different size. Since the partition
of the data is random, the individuals of the mixture model themselves are
random. This explains the difficulty of the joint estimation of K the number
of segments, and P the number of clusters, since classical model selection
procedures are based on a compromize between a reasonnable number of
parameters to estimate given a fixed number of statistical units. To these
extents, this problem of model selection for two components remains an open
question.
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