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In£uence of themodelling approach on
the estimation of theminimum

temperature for growth in Be› lehraŁ dek-
typemodels

Philippe Dantigny1*and Paul Molin2

This paper compares three di¡erent approaches for describing the growth rate dependence on sub-
optimal temperatures {e.g., the square-root model described by Ratkowsky et al. (1982. J. Bacteriol.
154,1222^1226): ffip � ¼b.(T7Tmin1) or � ¼b2.(T7Tmin1)

2, the model originally found by Be› lehraŁ dek
(1926a. Nature 118, 117^118): � ¼ a:(T7T0)� and a dimensionless analysis described previously,
(Dantigny1998. J. Ind. Microbiol. Biotechnol. 21, 215^218.):

�dim ¼
�

�opt

� �
¼ Tÿ Tmin

Topt ÿ Tmin

� ��
¼ ½Tdim��g:

Data sets, growth rate vs temperature, have been taken from the literature for various organisms (e.g.
Lactobacillus plantarum,Yersinia enterolitica and Acinetobacter).

Firstly, this paper analyses the e¡ect of using dimensionless (e.g.Tdim and �dim) or natural variables
(e.g. T and �) on the estimation of the minimum temperature for growth (e.g. T0 and Tmin) and the a
value. Secondly, the Be› lehraŁ dek model is compared to the square-root model by using the natural vari-
ables. It has been demonstrated that the use of the square-root model leads to an under-estimation of
theminimum temperature for growthwhen the a-value is signi¢cantly less than 2. In such a case, it has
been highlighted that the dimensionless approach provides a closer estimation of the experimental
minimum temperature for growth than the square-root model. # 2000 Academic Press
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Introduction

Amongst the environmental factors that a¡ect
microbial growth, temperature is an important
parameter to consider for process transforma-
tion and for food preservation. Temperature is
also of fundamental interest in taxonomy, for
organisms are classi¢ed into distinct classes
by their positions in a temperature spectrum.
The Arrhenius law was originally proposed to
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describe the temperature dependence of the
speci¢c growth rate during the exponential
growth phase and has been used by several
authors (Hanus and Morita 1968, Herendeen
et al. 1979, Ingraham 1958, O’Donovan et al.
1965, Shaw 1967). Other mechanistic ap-
proaches based on theArrhenius law have been
developed (Sharpe andDeMichele 1977, School-
¢eld et al. 1981). Unfortunately, the original
relationship ¢ts the data poorly, as curves,
rather than straight lines, are obtained when
the natural logarithm of the growth rate
constant is plotted against the reciprocal of
# 2000 Academic Press
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the temperature. Mohr and Krawiec, (1980)
claimed two distinct slopes for some
mesophiles and thermophiles, but these
observations were rejected by Ratkowsky
et al. (1982) who suggested empirical square-
root models. These models are based upon
the observation of Ohta and Hirahara (1977)
that the square-root of nucleotide de-
gradation in carp muscle is related to tempera-
ture. The square-root model developed by
Ratkowsky et al. (1982) is valid at sub-optimal
temperatures only. Subsequently, it was found
(Ross, 1987) that the square-root model:ffip m ¼ b:ðT ÿ Tmin1Þ or m ¼ b2. ðT ÿ Tmin1Þ2 is
a particular case of the Beí lehra¤dek (1926a,
1926b) model based upon a power function
law: m ¼ a:ðT ÿ T0Þ�. It was found that the a-
value is greatly dependent on the type of
the biological reaction, ranges from 0?90 to
2?14 (amÝboid movement); from 1?16 to 4?10
(embryonic development) and from 1?06 to
3?00 (heart-beat). McMeekin et al. (1987) de-
monstrated that the power value of 2 can
be used for Staphylococcus xylosus. By exten-
sion, this value has been widely used in predic-
tive microbiology for describing the growth of
foodborne pathogens.

More recently (Dantigny 1998) a dimension-
less approach, based on biological parameters
(e.g. mopt;Topt and TminÞ, has been described
for comparing the growth rate dependence
on sub-optimal temperatures of some thermo-
philic, mesophilic and psychrotrophic organ-
isms. By implementing the following
normalized variables; mdim ¼ m=mopt and
Tdim ¼ ½T ÿ Tmin�= ½Topt ÿ Tmin�, within a power
function law: ½mdim� ¼ ½Tdim��, it has been de-
monstrated that the thermophiles considered
in this study are characterized by a-values less
than 1, whereas the other mesophiles and psy-
chrotrophs can be described by a-values
ranging from 1?18 to 2?21.These results suggest
that some organisms are characterized by a
power di¡erent from 2, which is the value
widely used in predictive microbiology for
describing the growth rate dependence on
the temperature. Although, the in£uence of
using dimensionless variables and setting the
optimal parameters (e.g., Topt and moptÞ on the
estimation of the power and the minimum tem-
perature for growth was not stated.
Therefore, it is the main objective of the pa-
per to analyse through literature data (e.g.,
growth rate vs temperature) already ¢tted by
the square-root model, (i) the in£uence of the
variables (dimensionless or natural) implemen-
tedwithin the Beí lehra¤dek model on the estima-
tion of a and the minimum temperature for
growth and (ii) the consequences of using the
square-root model for an organism character-
ized by a power-value di¡erent from 2.

Materials and Methods

Graphs have been taken from the literature
(e.g. Lactobacillus plantarum Zwietering et al.
1994,Yersinia enterolitica: Alber and Scha¡ner
1993, Acinetobacter 4?41: Ratkowsky et al. 1983)
and have been scanned. Then individual
points have been digitized by means of soft-
ware (UnGraph 4?0, BioSoft, Cambridge, UK).
In order to stabilize the variance of the growth
rate, a logarithmic transformation has been
used (Alber and Scha¡ner 1992, Zwietering
et al. 1994, Scha¡ner 1998) for all model
equations. The model parameters have been
estimated by a non-linear regression software
based upon the Levenberg-Marquardt Algo-
rithm, (SlideWrite 4?1, Advanced Graphics
Software, Inc., Carlsbad, California, USA).
The coe⁄cients of the non-linear ¢tting func-
tion are determined by an iterative process
minimizing the Chi-squared merit function
(least squares criterion). The Gauss-Jordan
method is employed for matrix inversion at
each iteration.

Models

Square-root model

m ¼ b2:½T ÿ Tmin1�2 ð1Þ
m ðhÿ1Þ is the speci¢c growth rate evaluated
during the exponential growth phase,
b ð�Cÿ1:hÿ0:5Þ is a parameter without any bio-
logical meaning, Tmin1 ð�CÞ is the minimum
temperature for growth. After data trans-for-
mation, Eqn (1) becomes:

LnðmÞ ¼ 2:LnðbÞ þ 2:LnðT ÿ Tmin1Þ ð2Þ
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Be› lehraŁ dek model

Natural variables

m ¼ a:½T ÿ T0�� ð3Þ
a ðhÿ1Þ is a constant, T0 ð�CÞ is the biological
zero, a is a parameter to be estimated which
has probably a wide biological interest (Beí leh-
ra¤dek 1926b). It should be noted here that, in
order to avoid any confusion between models
nomenclature, the original notations of the
Beí lehra¤dek model have been altered.
After data transformations, Eqn (3) becomes:

LnðmÞ ¼ LnðaÞ þ �:LnðT ÿ T0Þ ð4Þ

Dimensionless variables

mdim ¼
m

mopt

" #
¼ T ÿ Tmin

Topt ÿ Tmin

� ��
¼ ½Tdim�� ð5Þ

Topt is the temperature at which the speci¢c
growth rate, mopt, is maximal. The optimal
growth rate is evaluated at the optimal tem-
perature.When more than one datum is obtain-
able at the optimum temperature, the average
of all growth rates is taken. When no growth
rate is available at Topt, the optimum growth
rate is taken at the closest temperature. Usual-
ly the units are ðhÿ1Þ and ð�CÞ for m and T
Table 1. Parameter values and model estimations fo
from the data: growth rate vs temperature

Organism Model Estimates

Square-root
model

b= 0?0375
Tmin1 = 3?32

Lb. plantarum Belehra¤ deí k
model

a=0?00174
T0 = 3?57,a=1?

Dimensionless
approach

Tmin = 4?51
a=1?67

Square-root
model

b=0?0315
Tmin1=76.29

Yerisinia enterolitica Belehra¤ deí k
model

a=0?00355
T0 =74?14, a=

Dimensionless
approach

Tmin =73?77
a=1?57

Square-root
model

b=0?0315
Tmin1 =72?36

Acinetobacter Belehra¤ deí k
model

a=0?0116
T0 = 3?47, a=1

Dimensionless
approach

Tmin = 4?40
a=1?21
respectively, although the use of dimensionless
variables (e.g. with no units): mdim and Tdim,
allows any other unit to be used. For example,
temperature unit can be Celsius, Kelvin, or
even Farenheit, In addition, the dimensionless
variables are normalized, they are varying in
the range [0,1]. After data transformation, Eqn
(5) becomes:

LnðmÞ ¼ LnðmoptÞ þ �½LnðT ÿ TminÞ

ÿLnðTopt ÿ TminÞ� ð6Þ
Equation (5) can be rewritten as follows:

m ¼
mopt

½Topt ÿ Tmin��
½T ÿ Tmin�� ð7Þ

Assuming that Tmin and T0 are both represent-
ing the minimum temperature for growth,
Eqn (7) can be seen as a particular case of the
Beí lehra¤dek equation in which a ¼ mopt=
½Topt ÿ Tmin��.

Results

In£uence of the variables

The results of the simulations are reported in
Table 1. By using the dimensionless variables,
r Lb. plantarum,Yersinia enterolitica andAcinetobacter

95% con¢dence
interval

Fixed
parameters

r2

0?0363 ; 0?0387
3?02 ; 3?61

None 0?983

94
0?00079 ; 0?00270

2?87 ; 4?27, 1?77 ; 2?10
None 0?983

4?04 ; 4?99
1?58 ; 1?76

Topt = 37?0
mopt = 1?27

0?972

0?0289 ; 0?0340
77?27 ;75?31

None 0?986

1?66
70?00034 ; 0?00745

75?95 ;72?33, 1?35 ; 1?96
None 0?989

75?12 ;72?43
1?38 ; 1?75

Topt = 37?0
mopt = 1?57

0?988

0?0300 ; 0?0330
73?25 ;71?48

None 0?990

?35
0?0032 ; 0?199

1?72 ; 5?22, 1?14 ; 1?55
None 0?995

3?17 ; 5?64
1?09 ; 1?33

Topt = 29?0
mopt = 0?87

0?994
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the a-values are signi¢cantly di¡erent from 2 in
all cases, when compared to the square-root
model. Although the square-root model does
not utilize dimensionless variables, but the nat-
ural ones. Therefore, the results for the Beí leh-
ra¤dek model obtained through using the
dimensionless approach and the natural vari-
ables should be compared ¢rst. For Lb. plantar-
um, the a-value determined by means of the
dimensionless variables, 1?67, di¡ers signi¢-
cantly from a=1?94 found with the natural
variables. In contrast, the use of either the di-
mensionless or the natural variables in Beí leh-
ra¤dek model does not a¡ect signi¢cantly the a
value forYersinia enterolitica and Acinetobacter.
Moreover, these organisms exhibit a values
signi¢cantly di¡erent from 2.

For the Beí lehra¤dek model, it is shown on
Table 1 by comparing T0 and Tmin for all the
organisms, that the choice of the variable
(natural or dimensionless) has no signi¢cant
in£uence on the estimation of the minimum
temperature for growth. Although it should be
stated that ¢xing the optimal parameters is of
paramount importance for Lb. plantarum. The
curve growth rate vs temperature as shown in
Fig. 1 exhibits a pronounced S-shape, with an
in£exion point at about 278C, thus preventing
any of the equation based on a power law to ¢t
Figure 1. Comparison between the square-root
model (- - -) the Beí lehra¤ dek model (. . .) and the di-
mensionless approach (ö) for ¢tting the Lb. plantar-
um data (~) growth rate vs temperature.
accurately all the experimental data.When the
optimal parameters are not set, a great discre-
pancy occurs at temperatures close to Topt. For
example the square-root model predicts a
growth rate of 1?59 h71 at the optimal tempe-
rature of 378C, whereas mopt is about 1?27 h71

experimentally. In contrast, the use of the di-
mensionless approachwith setting the optimal
parameters prevents from ¢tting the data in
the range 20^308C, thus leading to a low regres-
sion coe⁄cient of 0?972. The low regression
coe⁄cient obtained for Lb. plantarum is due to
setting the parameters Topt and mopt at ¢xed va-
lues and to the S-shaped curve m vs T. In the
case of Y. enterolitica and Acinetobacter, the S-
shape is not so pronounced (see on Figs 2 and
3), there is no penalty inusing ¢xed parameters
as suggested by the regression coe⁄cients
reported in Table 1.

In£uence of the model

In contrast it is shown in Table 1 that the best
¢t can be obtained through using the natural
variables in the Beí lehra¤dek equation. In fact,
better regression coe⁄cients are obtained
when the power of the function is a variable to
be estimated. Although, two parameters are to
Figure 2. Comparison between the square-root
model (- - -) the Beí lehra¤ dek model (. . .) and the di-
mensionless approach (ö) for ¢tting theY. enteroliti-
ca data (&) growth rate vs temperature.



Figure 3. Comparison between the square-root
model (- - -) the Beí lehra¤ dek model (. . .) and the di-
mensionless approach (ö) for ¢tting theAcinetobac-
ter data (*) growth rate vs temperature.
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be estimatedwhenusing the square-root model
as compared to three parameters when using
the Beí lehra¤dek equation. Therefore, no fair
comparison can be made, the advantages and
the drawbacks of each model will be discussed
in the next section.

Lactobacillus plantarum is characterized by
estimates which are not signi¢cantly depen-
dent from the model. In such a case, the a-value
almost equals 2, the organism can be described
by the square-root model. Accordingly, there is
no great di¡erence between Tmin1 and T0.

Yersinia enterolitica can be considered as an
intermediate case. The a-value is signi¢cantly
di¡erent from 2, but the estimation of the mini-
mum for growth does not signi¢cantly depend
from the model.

More interestingly, Acinetobacter exhibits
di¡erences between both the estimations of
the power and the minimum temperature for
growth. The estimation, Tmin1 =72?368C, is
below the freezing point with the square-root
model. Acinetobacter is a psychrotrophic
Gram-negative rod-shaped bacteria capable of
growing at low temperatures ranging from 3
to 78C (Larpent 1996). Pin and Baranyi (1998)
have reported that a strain isolated from refri-
gerated lamb carcass meat developed at 28C,
although at a very low growth rate. But, to our
knowledge, nobody has reported that any
strain of Acinetobacter is capable of growing at
negative temperatures. Therefore the estima-
tions of the minimum temperature for growth,
T0 = 3?478C and Tmin =4?408C, obtained with
the Beí lehra¤dekequation and the dimensionless
approach respectively, are closer to the experi-
mental minimum temperature for growth than
Tmin1. In addition, it is highlighted that the
power is far di¡erent from 2. As suggested by
a comparison between the regression coe⁄-
cients reported in Table 1, the square-root
model performs less satisfactorily than the Beí -
lehra¤dek model. It is shown in Fig. 3, that the
minimum temperature for growth, Tmin1, is un-
der estimatedwhile using the square-root mod-
el.This is due to the use of 2 for the power in the
square-root equation. It is demonstrated in the
appendix section through a comparison be-
tween the square-root model and the Beí lehra¤-
dek model that a power a less than 2 leads to
T0 greater than Tmin1 under certain conditions.

Discussion

There is more interest in sub-optimal tem-
peratures in the ¢elds of food preservation, for
goods are stored at room temperature or in
cold rooms. In such cases, it is very unlikely
that the temperature exceeds the optimal one.
Accordingly, in this paper the in£uence of tem-
perature throughout the entire biokinetic
range was not examined. Although, most mod-
els used in predictive microbiology are valid
from Tmin to Tmax (maximum temperature for
growth). Aside from a wider validity range,
these models allows a better accuracy at tem-
peratures close to Topt. The S-shaped curve,
growth rate vs temperature, exhibits an in£ex-
ion point. Therefore, the power law function
cannot ¢t the data at temperatures close to
the optimum.The square-root model has extent
its use up to Tmax (Ratkowsky et al. 1983) who
suggested the relationship: m ¼ fb:ðTÿ Tmin2Þ.
ð1ÿ expðc½T ÿ Tmax2�ÞÞg2 latter altered by
Zwietering et al. (1994) to: m ¼ fb:ðTÿ
Tmin3Þg2:ð1ÿ expðc½T ÿ Tmax3�ÞÞ: It should be
pointed out that, aside from extending the
validity range of the model, the factor
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ð1ÿ expðc½T ÿ Tmax�ÞÞ allows an in£exion point
to be exhibited through the use of the square-
root model. Thus, a better prediction under
optimal conditions can be obtained through
using models valid throughout the entire bio-
kinetic range.

A better ¢t can be obtained by setting
the optimal parameters mopt and Topt in the
Beí lehra¤dek model. Although, for organisms
characterized by a pronounced S-shaped curve
m vs T (such as Lb. plantarum) the dimension-
less approach leads to a lower regression coe⁄-
cient than when the natural variables (e.g. m
andT ) are used. It has been shown previously
(Dantigny 1998) that a very pronounced S-
shaped curve m vs T prevents one from using
the dimensionless approach.The use of dimen-
sionless growth rate and temperature allows
the comparison between organisms classi¢ed
into distinct classes by their position in the
temperature spectrum, the use of di¡erent de-
¢nitions for the growth rate (Demetz and Dan-
tigny 2000) and units for the temperature
(Dantigny 1997), the comparison between en-
vironmental factors, temperature and water
activity, for the fungal development of Peni-
cillium chrysogenum, (Dantigny et al. 2000).
Although, to become even more attractive, the
dimensionless approach should be applied to
model equations valid throughout the entire
biokinetic range. In such a case, there is prob-
ably no penalty in determining experimentally
the optimum parameters. For example, the car-
dinal temperature model with in£ection devel-
oped by Rosso et al. (1993) provides an estima
tion of the optimum parameters. In general
the precision of the estimates are about
þ/728C and þ/710% for Topt and mopt respec-
tively. A similar accuracy can be attainable by
direct reading.

The square-root model is a particular case of
the Beí lehra¤dek equation, but sometimes the
square-root model is called Beí lehra¤dek-type
model. There is a great di¡erence in both the
approaches. The square-root model considers
that the curvature of the representation
growth rate vs temperature is ¢xed and does
not depend on the micro-organism. In contrast,
Beí lehra¤dek considered that the power a has
probably a wider biological interest. In fact, it
has been demonstrated that organisms are
characterized bydi¡erent a-values. In addition,
it has been highlighted in this paper that the
use of the square-root model to describe the in-
£uence of temperature on the growth rate of an
organism characterized by a a-value less than 2
leads to an under estimation of Tmin1 which is
recognised as one of the weakness of the
square-root model (Ross 1993). Therefore, it is
suggested for abetter prediction in food micro-
biology, to checkout whether another exponent
than 2 should be used, especially when a great
discrepancy between the estimated and the
observed minimumtemperature for the growth
of an organism is pointed out.
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Appendix

Let’s consider the number of intercepts be-
tween the square-root model:

m ¼ fðTÞ ¼ b2:ðT ÿ Tmin1Þ2 ðA1Þ
and the Beí lehra¤dek equation:

m ¼ gðTÞ ¼ a:ðT ÿ T0Þ� ðA2Þ
Both the functions described by Eqns (A1) and
(A2) exhibit convex shapes if a is greater than1,
which is the case in this paper for organisms
herein considered.

Let’s de¢ne: hðTÞ ¼ fðTÞ ÿ gðTÞ. By study-
ing the variations of hðTÞ; h0ðTÞ and h00ðTÞ
between T0 and T, it can be easily demon-
strated (not shown) that the two convex func-
tions, as above described, exhibit no more
than two intercepts if a is less than 2.

No intercept

Both the functions are ¢tting the same experi-
mental data. For the curvatures are di¡erent,
(it is assumed that a is di¡erent from 2), no in-
tercept betweenboth the functions should have
led to a bias ¢tting. Therefore there is at least
one intercept.

One intercept:

For T ! þ1, b2:ðT ÿ Tmin1Þ2 > a:ðT ÿ T0Þ�:
the growth rate calculated through the
square-root model is over the growth rate cal-
culated by means of the Beí lehra¤dek function.

Let’s de¢ne the intercept as ðTint; mintÞ, eq (3)
makes sense if Tint is greater than equal to
T0, only.

For T > Tint; b2: ðT ÿ Tmin1Þ2 > a:ðT ÿ T0Þ�,
and for T5 Tint; b2:ðT ÿ Tmin1Þ25a:ðT ÿ T0Þ�



Figure A1. Di¡erence between the estimation of
the growth rate given by the square-root model: fðTÞ
in eq (A1) and the estimation of the growth rate
given the Beí lehra¤ dek model: g(T) in eq (A2) for
Acinetobacter.

604 P. Dantigny and P. Molin
Therefore, for T5Tint, the square-root curve is
under the Beí lehra¤dek one.

Accordingly, T05Tmin1.
Let’s calculate the derivative functions, for

T ¼ Tmin1, and for T ¼ T0 for the square-root
model and the Beí lehra¤dek function respectively.

df
dT

� �
T¼Tmin1

¼ 2:b2 ðA3Þ

dg
dT

� �
T¼T0

¼ �:a: ðA4Þ

Calculating the ratio (A3)/(A4):

df
dT

� �
T¼Tmin1

dg
dT

� �
T¼T0

¼ 2
a
b2

�
ðA5Þ

All the organisms herein considered are
characterised by the ratio 2b2/aa less than
one: Lb. plantarum, 0?833, Y. enterolitica, 0?337,
Acinetobacter, 0?127. At minimum temperature
for growth, the derivative at T ¼ T0; g0ðT0Þ is
greater than the derivative at T ¼ Tmin1;
f 0ðTmin1Þ.

Both fðTÞ and gðTÞ are convex, strictly
monotonous functions, therefore for a given
temperature, the derivative function g0ðTÞ is
greater than f 0ðTÞ. In such a case, no intercept
can be found if T05 Tmin1.

Two intercepts:

Thus, the only solution lays in two intercepts as
illustrated in Fig. A1 forAcinetobacter. The as-
sumption of two intercepts is also con¢rmed
for Lb. plantarum andYersinia enterolitica.

There is a ¢rst intercept at Tint1 for which
fðTint1Þ ¼ gðTint1Þ. It is clearly shown, that for
T4Tint1; fðTÞ4gðTÞ; the square-root curve is
over the Beí lehra¤ dek one.

There is a second intercept at Tint2 for which
fðTint2Þ ¼ gðTint2Þ. For de¢nition purpose, we
also have: Tint24T0 and Tint24Tmin1. For
Tint25T5Tint1; fðTÞ5gðTÞ; the square-root
curve is under the Beí lehra¤ dek one.

Eventually, for T5Tint2; the square-root
curve is over the Beí lehra¤ dek one.

From Tint2 with decreasing temperature,
there is no other intercept until the intercept
with the X-axis, which occurs ¢rst at T ¼ T0
for the lower curve (e.g., Beí lehra¤ dek equation)
and then for T ¼ Tmin1 for the square-root
model (not shown on Fig. A1, for Eq (A2) is not
de¢ned for T5T0Þ.

More generally, providing that 2b2/aa is less
than one, the use of the square-root model
whereas a value a52 should be used in Beí le-
hra¤ dek model leads to an underestimation
of the minimum temperature for growth:
T04Tmin1.
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